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Introduction

This book is the third and final volume of a full and detailed course in the

elements of real and complex analysis that mathematical undergraduates

may expect to meet. Indeed, I have based it on those parts of analysis that

undergraduates at Cambridge University meet, or used to meet, in their first

two years. I have however found it desirable to go rather further in certain

places, in order to give a rounded account of the material.

In Part Five, we develop the theory of functions of a complex variable. To

begin with, we consider holomorphic functions (functions which are complex-

differentiable) and analytic functions (functions which can be defined by

power series), and the results seem similar to those of real case. Things

change when path-integrals are introduced. To use these, a good under-

standing of the topology of the plane is needed. We give a careful account

of this, including a proof of the Jordan curve theorem (every simple closed

curve has an inside and an outside). With this in place, various forms of

Cauchy’s theorem and Cauchy’s integral formula are proved. These lead on

to many magical results. Chapter 25 is geometric. A single-valued holomor-

phic function is conformal (that is, it preserves angles and orientations). We

consider the problem of mapping one domain conformally onto another, and

end by proving the celebrated Riemann mapping theorem, which says that

if U and V are domains in the complex plane which are proper subsets of

the plane and are simply-connected (there are no holes) then there exists a

conformal mapping of U onto V . In Chapter 26, we apply the theory that

we have developed to various problems, some of which were first introduced

in Volume I.

In Volume I, we developed properties of the Riemann integral. This is very

satisfactory when we wish to integrate continuous or monotonic functions,

and is a useful precursor for the complex path integrals that we consider

in Part Five, but it has serious shortcomings. In Part Six, we introduce

ix



x Introduction

Lebesgue measure on the real line. Abstract measure theory is a large and

important subject, but the topological properties of the real line make the

construction of Lebesgue measure on the real line rather straightforward.

With this example in place, we introduce the notion of a measure space,

and the corresponding space of measurable functions. This then leads on

easily to the theory of integration, and the space Lp of p-th power inte-

grable functions. These results are used to construct Lebesgue measure in

higher dimensions, using Fubini’s theorem. Properties of the Hilbert space

L2 are then used to give von Neumann’s proof of the Radon–Nikodym the-

orem, and this is used to establish differentiability properties of measures

and functions on Rd. Almost all measures that arise in practice are defined

on topological spaces, and we establish regularity properties, which show

that such measures are rather wellbehaved. A final chapter uses the the-

ory that we have established to obtain further results, largely concerning

Fourier series (first considered in Volume I), and the boundary behaviour of

harmonic functions on the unit disc.

The text includes plenty of exercises. Some are straightforward, some

are searching, and some contain results needed later. All help develop an

understanding of the theory: do them!

I am again extremely grateful to Zhuo Min ‘Harold’ Lim, who read the

proofs and found many errors. Any remaining errors are mine alone. Cor-

rections and further comments can be found on a web page on my personal

home page at www.dpmms.cam.ac.uk.

http://www.dpmms.cam.ac.uk
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20

Holomorphic functions and analytic functions

20.1 Holomorphic functions

Suppose that f is a continuous complex-valued function defined on an open

subset U of the complex plane C. Recall that the set U is the union of

countably many connected components, each of which is an open subset of

U (Volume II, Proposition 16.1.15 and Corollary 16.1.18). The behaviour

of f on each component does not depend on its behaviour on the other

components. For this reason, we restrict our attention to functions defined

on a connected open subset of C; such a set is called a domain.

We begin by considering differentiability: the definition is essentially the

same as in the real case. Suppose that f is a complex-valued function on

a domain U , and that z ∈ U . Then f is differentiable at z, with derivative

f ′(z), if whenever ε > 0 there exists δ > 0 such that the open neighbour-

hood Nδ(z) = {w : |w − z| < δ} of z is contained in U and such that if

0 < |w − z| < δ then ∣∣∣∣f(w)− f(z)

w − z
− f ′(z)

∣∣∣∣ < ε.

In other words,

f(w)− f(z)

w − z
→ f ′(z) as w → z.

Thus if f is differentiable at z, then the derivative f ′(z) is uniquely

determined. The derivative f ′(z) is also denoted by df
dz (z).

Proposition 20.1.1 Suppose that f is a complex-valued function on a

domain U , that Nδ(z) ⊆ U , and that l ∈ C. The following statements are

equivalent.

627



628 Holomorphic functions and analytic functions

(i) f is differentiable at z, with derivative l.

(ii) There is a complex-valued function r on N∗
δ (0) = Nδ(0) \ {0} such that

f(z + w) = f(z) + lw + r(w) for 0 < |w| < δ

for which r(w)/w → 0 as w → 0.

(iii) There is a complex-valued function s on Nδ(0) such that

f(z + w) = f(z) + (l + s(w))w for |w| < δ

for which s(0) = 0 and s is continuous at 0.

If so, then f is continuous at z.

Proof This corresponds to Volume I, Proposition 7.1.1, and the easy proof

is essentially the same. �

If f is differentiable at every point of U , then we say that f is holomorphic

on U . If U = C, then we say that f is an entire function. Although the

form of the definition of differentiability that we have just given is exactly

the same as the form of the definition in the real case, we shall see that

holomorphic functions are very different from differentiable functions on an

open interval of R.

Example 20.1.2 Let f(z) = 1/z for z ∈ C \ {0}. Then f is holomorphic

on C \ {0}, with derivative −1/z2.

For if 0 < |w| < |z|, then z + w �= 0 and

f(z +w) − f(z)

w
− −1

z2
=

z2 − (z + w)z + w(z + w)

wz2(z + w)
=

w

z2(z + w)
→ 0

as w → 0.

Proposition 20.1.3 Suppose that f and g are complex-valued functions

defined on a domain U , and that f and g are differentiable at z. Suppose

also that λ, μ ∈ C.

(i) λf + μg is differentiable at z, with derivative λf ′(z) + μg′(z).
(ii) The product fg is differentiable at z, with derivative f ′(z)g(z) +

f(z)g′(z).

Proof An easy exercise for the reader. �

Theorem 20.1.4 (The chain rule) Suppose that f is a complex-valued

function defined on a domain U , that h is a complex-valued function defined
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on a domain V and that f(U) ⊆ V . Suppose that f is differentiable at z

and that h is differentiable at f(z). Then the composite function h ◦ f is

differentiable at z, with derivative h′(f(z)).f ′(z).

Proof There are two possibilities. First, there exists δ > 0 such that

Nδ(z) ⊆ U and f(z + w) �= f(z) for 0 < |w| < δ. If 0 < |w| < δ then

h(f(z + w))− h(f(z))

w
=

(
h(f(z + w)) − h(f(z))

f(z + w)− f(w)

)
.

(
f(z + w)− f(z)

w

)
.

Since f is continuous at z, f(z + w)− f(z)→ 0 as w → 0, and so

h(f(z + w))− h(f(z))

f(z + w)− f(z)
→ h′(f(z)) as w → 0.

Since (f(z + w)− f(z))/w → f ′(z) as w → 0, the result follows.

Secondly, z is the limit point of a sequence (zn)
∞
n=1 in U \ {z} for which

f(zn) = f(z). In this case it follows that f ′(z) = 0, and we must show that

(h ◦ f)′(z) = 0. We use Proposition 20.1.1. Let b = f(z). There exists η > 0

such that Nη(f(z)) ⊆ V and a function t on Nη(0), with t(0) = 0, such that

h(b+ k) = h(b) + (h′(b)+ t(k))k for k ∈ Nη(0) and such that t is continuous

at 0. Similarly, there exists δ > 0 such that Nδ(z) ⊆ U and a function s on

Nδ(0), with s(0) = 0, such that f(z + w) = b + s(w)w for h ∈ Nδ(0) and

such that s is continuous at 0. Since f is continuous at z, we can suppose

that f(Nδ(z)) ⊆ Nη(b). If 0 < |w| < δ then

h(f(z + w)) = h(b+ s(w)w) = h(b) + (h′(b) + t(s(w)w))s(w)w

so that

h(f(z + w))− h(f(z))

w
= (h′(b) + t(s(w)w))s(w) → 0 as w→ 0,

since s(w)→ 0 and t(s(w)w) → 0 as w → 0. �

This is essentially the same proof as in the real case. But, as we shall

see (Theorem 23.1.1), the second case can only arise if f is constant on U :

complex differentiation is in fact very different from real differentiation.

Corollary 20.1.5 Suppose that g is a complex-valued function on U ,

which is differentiable at z. If g(z) �= 0 then there is a neighbourhood

Nδ(z) ⊆ U such that g(w) �= 0 for w ∈ Nδ(z). The function 1/g on
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Nδ(z) is differentiable at z, with derivative −g′(z)/g(z)2. Furthermore f/g

is differentiable at z, with derivative(
f

g

)′
(z) =

f ′(z)g(z) − f(z)g′(z)

(g(z))2
.

Proof Since g is continuous at z, there is a neighbourhood Nδ(z) ⊆ U

such that g(w) �= 0 for w ∈ Nδ(z). Then g(Nδ(z)) ⊆ C\{0}. Let h(z) = 1/z

for z ∈ C \ {0}. Then the first result follows from the chain rule, and the

second from Proposition 20.1.3. �

For example, if p(z) = a0 + · · · + anzn is a polynomial function, then p

is an entire function, and p′(z) = a1 + 2a2z + · · · + nanz
n−1. Similarly, if p

and q are polynomials, and U is an open set in which q has no zeros then

the rational function r(z) = p(z)/q(z) is holomorphic on U , and

r′(z) =
q(z)p′(z)− q′(z)p(z)

q(z)2
.

Exercises

20.1.1 Suppose that f is a holomorphic function on N1(i) and that (f(z))5 =

z for z ∈ N1(i). What is f ′(i)?
20.1.2 Suppose that f is a holomorphic function on D = {z ∈ C : |z| < 1}.

Show that the set {n ∈ N : f(1/(n + 1)) = 1/n} is finite.

20.2 The Cauchy–Riemann equations

Suppose that f is a complex-valued function on a domain U , and that z =

x+ iy ∈ U . We can write f(z) as u(x, y)+ iv(x, y), where u(x, y) and v(x, y)

are the real and imaginary parts of f(z). The functions u and v are real-

valued functions of two real variables. How are differentiability properties of

f related to differentiability properties of u and v?

Let us make this more explicit. Let k : R2 → C be defined by setting

k((x, y)) = x+ iy; k is a linear isometry of R2 onto C, considered as a real

vector space. Let j : C → R2 be the inverse mapping. If f is a complex-

valued function on U , let f̃ = j◦f ◦k; f̃ is a mapping from the open set j(U)

into R2. If f̃(x, y) = (u(x, y), v(x, y)), then f(x+ iy) = u(x, y) + iv(x, y):

x+ iy
f−→ f(x+ iy) = u(x, y) + iv(x, y)

k ↑ ↓ j

(x, y)
˜f−→ (u(x, y), v(x, y))
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Theorem 20.2.1 Suppose that f is a complex-valued function on a

domain U , and that z0 = x0 + iy0 ∈ U . With the notation described above,

the following are equivalent:

(i) f is differentiable at z0;

(ii) the function f̃ : (x, y)→ (u(x, y), v(x, y)) from j(U) to R2 is differ-

entiable at (x0, y0), and the partial derivatives satisfy the Cauchy–

Riemann equations:

∂u

∂x
(x0, y0) =

∂v

∂y
(x0, y0) and

∂u

∂y
(x0, y0) = −

∂v

∂x
(x0, y0).

If so, then

df

dz
(z0) =

∂u

∂x
(x0, y0) + i

∂v

∂x
(x0, y0) =

∂v

∂y
(x0, y0)− i

∂u

∂y
(x0, y0).

Proof Suppose first that f is differentiable at z0. Then

df

dz
(z0) = lim

x→0

f(z0 + x)− f(z0)

x

= lim
x→0

u(x0 + x, y0)− u(x0, y0)

x
+ i lim

x→0

v(x0 + x, y0)− v(x0, y0)

x
,

so that the partial derivatives (∂u/∂x)(x0, y0) and (∂v/∂x)(x0, y0) exist, and

df

dz
(z0) =

∂u

∂x
(x0, y0) + i

∂v

∂x
(x0, y0).

But also

df

dz
(z0) = lim

y→0

f(z0 + iy)− f(z0)

iy

= −i lim
y→0

u(x0, y0 + y)− u(x0, y0)

y
+ lim

y→0

v(x0, y0 + y)− v(x0, y0)

y

=
∂v

∂y
(x0, y0)− i

∂u

∂y
(x0, y0),

so that the partial derivatives (∂u/∂y)(x0, y0) and (∂v/∂y)(x0, y0) exist, and

df

dz
(z0) =

∂v

∂y
(x0, y0)− i

∂u

∂y
(x0, y0).

Thus the partial derivatives satisfy the Cauchy–Riemann equations.
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Suppose that z ∈ U . Using these equations, we see that the real part of

(z − z0)f
′(z0) is

(x− x0)
∂u

∂x
(x0, y0) + i(y − y0)(−i

∂u

∂y
(x0, y0))

= (x− x0)
∂u

∂x
(x0, y0) + (y − y0)

∂u

∂y
(x0, y0),

so that if we set

r(x, y) = u(x, y)− u(x0, y0)− (x− x0)
∂u

∂x
(x0, y0)− (y − y0)

∂u

∂y
(x0, y0)

then r(x, y) is the real part of f(z) − f(z0) − (z − z0)f
′(z0). Consequently,

u is differentiable at (x0, y0). An exactly similar argument shows that the

same is true for v.

Conversely, suppose that (ii) holds. Let

g =
∂u

∂x
(x0, y0) + i

∂v

∂x
(x0, y0) =

∂v

∂y
(x0, y0)− i

∂u

∂y
(x0, y0).

Suppose that z ∈ U . Let f(z)− f(z0)− (z − z0)g = h(z) + ik(z). Then easy

calculations show that

h(x+ iy) = u(x, y)− u(x0, y0)− (x− x0)
∂u

∂x
(x0, y0)− (y − y0)

∂u

∂y
(x0, y0),

k(x+ iy) = v(x, y) − v(x0, y0)− (x− x0)
∂v

∂x
(x0, y0)− (y − y0)

∂v

∂y
(x0, y0),

so that

f(z)− f(z0)

z − z0
− g =

h(z) + ik(z)

z − z0
→ 0

as z → z0; hence f is differentiable at z0, with derivative g. �

Corollary 20.2.2 If f is holomorphic and twice continuously differen-

tiable on U then u and v are harmonic functions; that is

∂2u

∂x2
+

∂2u

∂y2
=

∂2v

∂x2
+

∂2v

∂y2
= 0.
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Proof For

∂2u

∂x2
=

∂2v

∂x∂y
=

∂2v

∂y∂x
= −∂2u

∂x2
,

∂2v

∂x2
= − ∂2u

∂x∂y
= − ∂2u

∂x∂y
= −∂2v

∂x2
. �

We shall see later that every holomorphic function is infinitely differen-

tiable. Harmonic functions in Euclidean space were considered in Volume II,

Section 19.8.

This result suggests a rather different approach. Suppose that f̃ is dif-

ferentiable at (x0, y0). Let f̌ = f ◦ k, so that f̌(x, y) = f(x + iy). We

set

∂f =
1

2

(
∂f̌

∂x
− i

∂f̌

∂y

)
, ∂f =

1

2

(
∂f̌

∂x
+ i

∂f̌

∂y

)
.

Then

∂f =
1

2

((
∂u

∂x
− ∂v

∂y

)
+ i

(
∂v

∂x
+

∂u

∂y

))
,

so that f is differentiable at z0 if and only if ∂f(z0) = 0. If this is so, then

∂f(z0) =
1

2

((
∂u

∂x
+

∂v

∂y

)
(x0, y0) + i

(
∂v

∂x
− ∂u

∂y

)
(x0, y0)

)
= f ′(z0).

We can use the Cauchy–Riemann equations and the differentiable inverse

mapping theorem to prove an inverse mapping theorem for holomorphic

functions. An injective holomorphic function on a domain U is said to be

univalent: that is, it takes each value at most once on U .

Theorem 20.2.3 Suppose that f is a univalent function on a domain

U , with continuous derivative f ′, and suppose that f ′(z) �= 0 for all z ∈
U . Then f(U) is an open subset of C, the mapping f : U → f(U) is a

homeomorphism, the inverse mapping f−1 : f(U)→ U is holomorphic, and

if f(z) = w then (f−1)′(w) = 1/f ′(z).

Proof Suppose that z = x+ iy ∈ U . Let r = |f ′(z)|. Since

f ′(z) =
∂u

∂x
(x, y) + i

∂v

∂x
(x, y),



634 Holomorphic functions and analytic functions

it follows that

r2 =

(
∂u

∂x
(x, y)

)2

+

(
∂v

∂x
(x, y)

)2

,

so that there exists 0 ≤ θ < 2π such that

∂u

∂x
(x, y) =

∂v

∂y
(x, y) = r cos θ,

∂u

∂y
(x, y) = −∂v

∂x
(x, y) = −r sin θ.

Hence f ′(z) = r(cos θ + i sin θ). Thus the Jacobian J(f̃)) of the mapping f̃

from j(U) to j(f(U)) is

det

[
r cos θ −r sin θ
r sin θ r cos θ

]
= r2 > 0.

By the differentiable inverse mapping theorem (Volume II, Theorem 17.4.1),

j(f(U)) is an open subset of R2, and the inverse mapping f̃−1 : j(f(U))→
j(U) is differentiable, with derivative

(Df̃−1)(u(x,y),v(x,y)) = ((Df̃)(x,y))
−1 =

[
r−1 cos θ r−1 sin θ

−r−1 sin θ r−1 cos θ

]
.

Consequently, the Cauchy–Riemann equations are satisfied by f−1, and f−1

is holomorphic; if w = s+ it = f(z) ∈ f(U) then

(f−1)′(w) =
∂f̃−1

∂s
(s, t) + i

∂f̃−1

∂t
(s, t) =

cos θ − i sin θ

r
=

1

f ′(z)
.

�

At first sight, this looks like a strong and useful result. In fact, as we

shall see, two of the hypotheses are redundant. First, the derivative of a

holomorphic function on a domain is always continuous (Corollary 22.6.6),

and secondly, if f is a univalent function on a domain U , then its derivative

cannot take the value 0 on U (Theorem 23.6.8).

Exercises

20.2.1 Why was the chain rule not used to prove the Cauchy–Riemann

equations?

20.2.2 Suppose that f is holomorphic on a domain U and that |f | is constant
on U . By considering |f |2 and using the Cauchy–Riemann equations,

show that f is constant on U .

20.2.3 Suppose that f is a non-constant holomorphic function on a domain

U . Show that if c ∈ R then {z ∈ U : |f(z)| = c} has an empty

interior.
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20.2.4 Suppose that f is an entire function and that u and v are its real and

imaginary parts. Show that if u(z) + v(z) ≥ 0 for z ∈ C, then f is

constant. Show that if u(z)v(z) ≥ 0 for z ∈ C, then f is constant.

20.2.5 Suppose that u is a harmonic twice-differentiable function on an open

neighbourhood Nr(x0, y0) of (x0, y0) in R2. If (x, y) ∈ Nr(x0, y0) let

v(x, y) = −
∫ x

x0

∂u

∂y
(s, y0) ds +

∫ y

y0

∂u

∂x
(x, t) dt.

Show that u and v satisfy the Cauchy–Riemann equations. If z0 =

x0+ iy0 and z = x+ iy ∈ Nr(z0), let f(z) = u(x, y)+ iv(x, y). Then f

is a holomorphic function on Nr(z0). The function v is the harmonic

conjugate of u.

20.3 Analytic functions

So far, we only have a meagre supply of examples of holomorphic functions.

When we considered functions of a real variable, we used a power series to

define the exponential function and the circular functions. We shall see that

power series not only enable us to do the same in the complex case, but also

play a fundamental role in the theory of functions of a complex variable.

First we consider power series quite generally.

Recall that a complex power series is an expression of the form∑∞
n=0 an(z − z0)

n, where (an)
∞
n=0 is a sequence of complex numbers, z0 is a

complex number, and z is a complex number, which we also allow to vary.

Here are some of the fundamental results that were established in Volume

I, Sections 4.7 and 6.6.

• Suppose that
∑∞

n=0 an(z − z0)
n is a complex power series. There exists

0 ≤ R ≤ ∞ (the radius of convergence) such that
∑∞

n=0 an(z − z0)
n

converges locally absolutely uniformly on {z : |z−z0| < R} to a continuous
function f on {z : |z−z0| < R}; that is, if 0 < S < R then

∑∞
n=0 an(z−z0)n

converges absolutely uniformly to f on {z : |z − z0| ≤ S}. If |z − z0| >
R, then the sequence (an(z − z0)

n)∞n=0 is unbounded, so that the series

certainly does not converge. All sorts of things can happen on the circle

of convergence {z : |z − z0| = R}.
• Suppose that

∑∞
n=0 an(z−z0)

n is a power series with radius of convergence

R. Let Λ = lim sup |an|1/n. If Λ = 0 then R = ∞. If Λ = ∞ then R = 0.

Otherwise, R = 1/Λ.

• If
∑∞

n=0 an(z − z0)
n and

∑∞
n=0 bn(z − z0)

n are power series, we can form

the formal product
∑∞

n=0 cn(z − z0)
n, where cn =

∑n
j=0 ajbn−j . If

∑∞
n=0
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an(z − z0)
n has radius of convergence R and

∑∞
n=0 bn(z − z0)

n has

radius of convergence R′, then the power series
∑∞

n=0 cn(z − z0)
n has

radius of convergence greater than or equal to min(R,R′). If |z − z0| <
min(R,R′) then( ∞∑

n=0

an(z − z0)
n

)( ∞∑
n=0

bn(z − z0)
n

)
=

∞∑
n=0

cn(z − z0)
n.

• Provided that their radii of convergence are positive, different power

series define different functions. Suppose that each of the power series∑∞
n=0 an(z− z0)

n and
∑∞

n=0 bn(z− z0)
n has radius of convergence greater

than or equal to R > 0. Let f(z) =
∑∞

n=0 an(z − z0)
n and g(z) =∑∞

n=0 bn(z − z0)
n, for |z − z0| < R. Suppose that (wk)

∞
k=1 is a null

sequence of non-zero complex numbers in {z : |z| < R} such that

f(z0 + wk) = g(z0 + wk) for all k ∈ N. Then an = bn for all n ∈ Z+.

This means that if we obtain two power series for the same function, we

can ‘equate coefficients’.

• Suppose that the power series
∑∞

n=0 an(z − z0)
n has positive radius of

convergence R; if |z− z0| < R, let f(z) =
∑∞

n=0 an(z− z0)
n. Suppose that

0 < S ≤ R, and that f has no zeros in {z : |z − z0| < S}. Then there

exists a power series
∑∞

n=0 cn(z− z0)
n with positive radius of convergence

T such that, if g(z) =
∑∞

n=0 cn(z−z0)
n for |z−z0| < T , then f(z)g(z) = 1

for |z − z0| < min(S, T ).

What about the differentiability of power series?

Theorem 20.3.1 Suppose that the power series
∑∞

n=1 an(z − z0)
n has

radius of convergence R. Then the power series
∑∞

n=1 nan(z − z0)
n−1 has

radius of convergence R. If f(z) =
∑∞

n=0 an(z − z0)
n for |z − z0| < R, then

f is differentiable on the set {z ∈ C : |z − z0| < R}, and

f ′(z) =
∞∑
n=1

nan(z − z0)
n−1 =

∞∑
n=0

(n+ 1)an+1(z − z0)
n.

In other words, we can differentiate a power series term by term within

its circle of convergence.

Proof We can clearly suppose that z0 = 0. Since (log(n + 1))/n → 0 as

n→∞, (n+ 1)1/n → 1 as n→∞, and so

lim sup((n+ 1)|an+1|)1/n = lim sup |an|1/n.

Thus the power series
∑∞

n=0(n+ 1)an+1z
n has radius of convergence R.
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O

s

t

z

δ

Figure 20.3.

Suppose that |z| = r < R. Choose s and t with r < s < t < R, and

let M = supn |an|tn; then M < ∞. Let δ = s − r and let Bδ = {w ∈ C :

|w − z| ≤ δ}; Bδ ⊆ {w : |w| ≤ s}.
We use the identity

an − bn = (a− b)(an−1 + ban−2 + · · · + bn−2a+ bn−1).

If w ∈ Bδ, let

q1(w) = 1,

qn(w) = (z + w)n−1 + z(z + w)n−2 + · · · + zn−2(z + w) + zn−1

for n > 1. Then qn(0) = nzn−1, and qn(w) = ((z + w)n − zn)/w for w �= 0,

so that

f(z + w)− f(z)

w
=

∞∑
n=1

anqn(w).

Now if |w| ≤ δ then |qn(w)| ≤ n(|z|+ |w|)n−1 ≤ nsn−1, so that

sup{|anqn(w)| : w ∈ Bδ} ≤ nsn−1

(
M

tn

)
=

(
nM

s

)(s
t

)n
.

Since
∑∞

n=1 n(s/t)
n <∞, the series

∑∞
n=1 anqn(w) converges absolutely and

uniformly on Bδ. Consequently, the function
∑∞

n=1 anqn is continuous on Bδ,
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and so

f(z + w)− f(z)

w
=

∞∑
n=1

anqn(w)→
∞∑
n=1

anqn(0) =

∞∑
n=1

nanz
n−1

as w → 0. �

Corollary 20.3.2 f(z) is infinitely differentiable on the set {z ∈ C :

|z − z0| < R}, and

f (k)(z) =

∞∑
j=0

(k + 1)(k + 2) · · · (k + j)ak+jz
j =

∞∑
j=0

(k + j)!

j!
ak+jz

j .

Proof For we can apply the result inductively to f ′, and to the higher

derivatives of f . �

Corollary 20.3.3 an = f (n)(z0)/n!, so that

f(z) =

∞∑
n=0

f (n)(z0)

n!
(z − z0)

n

is the Taylor series expansion of f .

Corollary 20.3.4 If |z − z0| < R then

f (k)(z) =

∞∑
j=0

f (k+j)(z0)

j!
zj .

Thus if a power series has positive radius of convergence, it defines a

holomorphic function within the radius of convergence, and this function is

infinitely differentiable.

This leads to the following definition. Suppose that f is a complex-valued

function on a domain U . f is analytic on U if for each w ∈ U there exists a

power series
∑∞

n=0 an(w)(z −w)n with positive radius of convergence R(w)

such that f(z) =
∑∞

n=0 an(w)(z − w)n for all z ∈ NR(w)(w) ∩ U .

Corollary 20.3.5 If f is analytic on a domain U , then f is holomorphic,

and indeed is infinitely differentiable on U .

We shall see later (Theorem 22.6.5) that the converse holds: a holomorphic

function on a domain is analytic.

Theorem 20.3.6 Let A(U) denote the set of all analytic functions on a

domain U . If f, g ∈ A(U), then f + g ∈ A(U) and fg ∈ A(U). If f ∈ A(U)

and f(z) �= 0 for z ∈ U then 1/f ∈ A(U).
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Proof These results follow directly from the properties of power series

listed at the beginning of this section. �

Corollary 20.3.7 The function J(z) = 1/z is analytic on C \ {0}.

Proof For the function f(z) = z is analytic on C \ {0}, and f(z) �= 0 on

C \ {0}. �

It is instructive to obtain the power series expansion of J .

Proposition 20.3.8 If z0 �= 0 then

1

z0 + w
=

1

z0
− w

z20
+ · · ·+ (−w)n

zn+1
0

+ · · · ,

for |w| < |z0|, and the power series has radius of convergence |z0|.

Proof Suppose that |w| < |z0|. Using the formula

(1− y)(1 + y + · · ·+ yn) = 1− yn+1,

with y = −w/z0, we find after a little manipulation that

1

z0 +w
=

1

z0
+
−w
z20

+ · · ·+ (−w)n

zn+1
0

+
(−w)n+1

zn+1
0 (z0 + w)

.

Now ∣∣∣∣ (−w)n+1

zn+1
0 (z0 + w)

∣∣∣∣ ≤ 1

|z0| − |w|

(
|w|
|z0|

)n+1

→ 0 as n→∞,

and so the series converges. It follows directly from the definition that the

radius of convergence of the power series is |z0|. �

Proposition 20.3.9 Suppose that f is an analytic function on a domain

U , and that there exists z0 ∈ U such that f (k)(z0) = 0 for all k ∈ N. Then

f is constant on U .

Proof We use the connectedness of U . Let

A = {z ∈ U : f (k)(z) = 0 for all k ∈ N}.

If k ∈ N then f (k) is continuous on U , so that {z ∈ U : f (k)(z) = 0} is closed
in U . Since A = ∩k∈N{z ∈ U : f (k)(z) = 0}, A is closed in U . If w ∈ A,

there exists R > 0 such that NR(w) ⊆ U and

f(z) =

∞∑
n=0

f (n)(w)

n!
(z − w)n = f(w) for z ∈ NR(w).
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Thus f (k)(z) = 0 for z ∈ NR(w) and k ∈ N. Hence NR(w) ⊂ A, and A is

open. Since U is connected and A is not empty, it follows that A = U , and

that f is constant on U . �

This means that an analytic function on a domain U is determined by its

values near an arbitrary point of U .

Corollary 20.3.10 Suppose that f and g are analytic functions on a

domain U , and that there exists z0 ∈ U such that f (k)(z0) = g(k)(z0) for

all k ∈ Z+. Then f = g.

Proof Apply the proposition to f − g. �

We now show that a power series with positive radius of convergence

R defines an analytic function within its circle of convergence. The Taylor

series expression suggests that it is convenient to consider power series of

the form
∑∞

n=0 cn(z − z0)
n/n!.

Theorem 20.3.11 Suppose that the power series
∑∞

n=1 cn(z − z0)
n/n!

has positive radius of convergence R; for |z − z0| < R let f(z) =∑∞
n=1 cn(z− z0)

n/n!. Suppose that |w− z0| = r < R. Then the power series∑∞
k=0 f

(k)(w)(z − w)k/k! has radius of convergence at least R − r, and if

|z − w| < R− r then

f(z) =

∞∑
k=0

f (k)(w)

k!
(z − w)k.

Proof We can clearly suppose that z0 = 0. First,

f (k)(w) =

∞∑
n=k

n(n− 1) . . . (n− k + 1)

n!
cnw

n−k =

∞∑
n=k

cn
(n− k)!

wn−k.

We consider absolute values, and change the order of summation. If |z| <
R− |w| then

∞∑
k=0

|f (k)(w)||z|k
k!

≤
∞∑
k=0

( ∞∑
n=k

|cn|
(n− k)!

|w|n−k

)
|z|k
k!

=

∞∑
n=0

|cn|
n!

(
n∑

k=0

n!

(n − k)!k!
|w|n−k|z|k

)

=

∞∑
n=0

|cn|
n!

(|w| + |z|)n <∞.
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Thus the radius of convergence of the power series
∑∞

k=0 f
(k)(w)zk/k! is at

least R− |w|, and the double sum

∞∑
k=0

( ∞∑
n=k

cn
(n− k)!

wn−k

)
zk

k!

is absolutely convergent for |z| < R−|w|. We can therefore change the order

of summation:

∞∑
k=0

f (k)(w)zk

k!
=

∞∑
k=0

( ∞∑
n=k

cn
(n − k)!

wn−k

)
zk

k!

=

∞∑
n=0

cn
n!

(
n∑

k=0

n!

(n− k)!k!
wn−kzk

)

=

∞∑
n=0

cn
n!

(w + z)n = f(w + z).
�

Exercises

20.3.1 Suppose that the power series
∑∞

n=0 anz
n has positive radius of con-

vergence R, and that f(z) =
∑∞

n=0 anz
n for |z| < R. Show that there

exists an analytic function F on |z| < R such that F ′(z) = f(z) for

|z| < R.

20.3.2 Suppose that f is an analytic function on a domain U . Use the con-

nectedness of U to show that there exists an analytic function F on

U such that F ′ = f .

20.4 The exponential, logarithmic and circular functions

In Volume I, we used power series to define the real-valued exponential and

circular functions on the real line. We now consider their complex-valued

counterparts, defined on C. First, the power series

ez = exp(z) = 1 +
z

1!
+

z2

2!
+ · · · + zn

n!
+ · · ·

has infinite radius of convergence and so defines an entire function. Of

course, the restriction of exp to R is real-valued, and is the function that

we considered in Volume I, Section 7.4. Differentiating term by term, we

see that dez/dz = ez, and multiplying the series for ez and ew, we see that
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ez+w = ezew. Consequently, if z = x+ iy then ez = exeiy. Since −iy = iy it

follows that e−iy = eiy. Thus

|eiy|2 = eiyeiy = eiye−iy = eiy−iy = 1,

so that |eiy| = 1.

The power series

cos z =

∞∑
n=0

(−1)n z2n

(2n)!
and sin z =

∞∑
n=0

(−1)n z2n+1

(2n+ 1)!

also have infinite radii of convergence, and inspection shows that

cos z =
eiz + e−iz

2
and sin z =

eiz − e−iz

2i
,

so that eiz = cos z+i sin z. In particular, if x ∈ R then cos x and sinx are the

real and imaginary parts of eix. Many of the results about the real-valued

circular functions can be deduced from this.

Proposition 20.4.1 The mapping t → eit = cos t + i sin t from R to

T = {z : |z| = 1} is a continuous homomorphism of the additive group

(R,+) onto the multiplicative group (T, .), with kernel 2πZ.

Proof The mapping is certainly continuous, and is a homomorphism into

(T, .). If z = x+iy ∈ T then −1 ≤ x ≤ 1; by the intermediate value theorem,

there exists s ∈ [0, π] such that x = cos s. Then y2 = 1 − cos2 s = sin2 s. If

y = sin s take t = s, and if y = − sin s take t = −s. Then eit = z, and so the

mapping is surjective. Finally, eit = cos t+ i sin t = 1 if and only if cos t = 1

and sin t = 0, and this happens if and only if t = 2πk, for some k ∈ Z. �

Recall that C∗, the punctured plane, is the set C \ {0}.

Corollary 20.4.2 The mapping exp : z → ez is a continuous homomor-

phism of the additive group (C,+) onto the multiplicative group (C∗, .), with
kernel {2πki : k ∈ Z}.

Proof Again, the mapping is certainly continuous, and is a homomorphism

into (C∗, .). If w ∈ C∗ and r = |w| then w/r ∈ T, so that there exists y ∈ R

such that w/r = eiy. Let x = log r. Then r = ex, and so w = exeiy = ez,

where z = x + iy; the mapping is surjective. Since ez = 1 if and only if

z = 2πki for some k ∈ Z, its kernel is {2πki : k ∈ Z}. �

Thus if w ∈ C∗, we can write w = reiθ with r = |w| and θ ∈ R; this is the

polar form of w. The number θ is not unique; we set Argw = {θ ∈ R : w =
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|w|eiθ}. The set Argw is called the argument of w, and elements of Argw

are called values of the argument. There is a unique θ ∈ Argw ∩ (−π, π];
this is the principal value of the argument, and is denoted by argw. Then

Argw = {argw + 2kπ : k ∈ Z}.
In the same way, if w ∈ C∗ we set Logw = {z ∈ C : ez = w}, so that

Logw = log |w|+iArgw. Thus Log is a set-valued function onC∗: an element

of Log w is called a value of Log w. We define the principal logarithm of w

to be log |w| + iargw, where arg is the principal value of the argument.

The strip {z = x + iy : −π < y < π} is a connected open subset of C,

and the restriction of exp to the strip is a univalent map of the strip onto

the cut complex plane

C0 = C \ (−∞, 0] = {w = reiθ : r > 0,−π < θ < π}.

Then the restriction of log to C0 is the inverse mapping from the cut

complex plane C0 onto the strip {z = x + iy : −π < y < π}. It is also a

univalent mapping, and log′ w = 1/w, as in the real case.

Proposition 20.4.3 If |z| < 1 then log(1 + z) =
∑∞

n=1(−1)n+1zn/n.

Proof For the power series on the right-hand side has radius of conver-

gence 1; if |z| < 1, let l(z) =
∑∞

n=1(−1)n+1zn/n. Then

d

dz
(log(1 + z)− l(z)) =

1

1 + z
−

∞∑
n=0

(−z)n = 0,

so that log(1 + z) − l(z) is constant on {z : |z| < 1}. But log 1 = 0 = l(0),

and so log(1 + z) = l(z), for |z| < 1. �

The complex function log and the real function arg cannot be extended

to continuous functions on C∗, or on T, since

lim
y↘0

log(−r + iy) = log r + iπ and lim
y↗0

log(−r + iy) = log r − iπ.

We can cut the complex plane in other ways. If −π < β ≤ π, let

Cβ = C \ {−reiβ : 0 ≤ r <∞} = {w = reiθ : r > 0, β − π < θ < β + π}.

Cβ is a cut plane, cut along a ray in the direction opposite to eiβ. If w ∈ Cβ

there exists a unique θ ∈ Argw∩(β−π, β+π), which we denote by arg (β)w.

Similarly, if w ∈ Cβ, we set log(β) w = log |w| + iarg (β)w. Then log(β) is a

holomorphic function on Cβ.
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Care is needed when working with principal values. If w1 = elogw1 and

w2 = elogw2 are in C∗, then

w1w2 = elogw1elogw2 = elogw1+logw2 ,

so that logw1 + logw2 ∈ Log (w1w2), but logw1 + logw2 need not equal

log(w1w2). For example, if w = i− 1 then

w =
√
2e3πi/4, so that 2 logw = log 2 + 3πi/2,

whereas

w2 = −2i, so that log(w2) = log 2− πi/2 �= 2 logw.

We can use the exponential and logarithmic functions to define complex

powers. If w ∈ C∗ and α ∈ C, we define {wα} to be the set {exp(αz) : z ∈
Log w}; any element of {wα} is then a value of wα. The principal value of

wα is obtained by taking the principal value of logw. If −π < β ≤ π, and

w ∈ Cβ, we set wα
(β) = exp(α log(β) w). Then the function w → wα

(β) is a

holomorphic function on Cβ.

Exercises

20.4.1 The functions cosh z and sinh z are defined as

cosh z =
ez + e−z

2
and sinh z =

ez − e−z

2
.

Write down their power series. Show that cos z = cosh iz and i sin z =

sinh iz, and prove the inequalities

| sinh y| ≤ | sin z| ≤ cosh y, | sinh y| ≤ | cos z| ≤ cosh y

for z = x+ iy ∈ C.

20.4.2 Find the zeros of cosh z and sinh z, and of cos z + sin z.

20.4.3 Suppose that f is a complex-valued function on a domain U which

does not contain 0, and that f(reiθ) = u(r, θ) + iv(r, θ). Show that

the Cauchy-Riemann equations become

∂u

∂r
=

1

r

∂v

∂θ
and

∂v

∂r
= −1

r

∂u

∂θ
.

20.4.4 Suppose that w ∈ C∗, and that argw = −β. Find the power series

for log(β)(w + z) in a neighbourhood of w. What is its radius of

convergence?

20.4.5 Evaluate ii.

20.4.6 Define the function zz on the cut complex plane C0, and show that

it is holomorphic. What is its derivative? What happens as z → 0?
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20.5 Infinite products

We now use properties of the complex functions exp and log to consider

infinite products of the form
∏∞

j=1(1 + aj), where aj ∈ C and |aj | < 1 for

j ∈ N. We need the following inequality.

Proposition 20.5.1 Suppose that z1, . . . , zk are complex numbers for

which
∑k

j=1 |zj | ≤ σ < 1
2 . Then∣∣∣∏k

j=1(1 + zj)− 1
∣∣∣ < σ

1− 2σ.

Proof If |z| < 1 then

| log(1+ z)| =

∣∣∣∣∣∣−
∞∑
j=1

(−z)j
j

∣∣∣∣∣∣ ≤
∞∑
j=1

|z|j
j

= − log(1− |z|) ≤
∞∑
j=1

|z|j = |z|
1− |z| ,

and

|ez − 1| =

∣∣∣∣∣∣
∞∑
j=1

zj

j!

∣∣∣∣∣∣ ≤
∞∑
j=1

|z|j
j!

= e|z| − 1 ≤
∞∑
j=1

|z|j = |z|
1− |z| .

Thus ∣∣∣∣∣∣
k∏

j=1

(1 + zj)− 1

∣∣∣∣∣∣ =
∣∣∣∣∣∣exp

⎛⎝ k∑
j=1

log(1 + zj)

⎞⎠− 1

∣∣∣∣∣∣
≤ exp

⎛⎝∣∣∣∣∣∣
k∑

j=1

log(1 + zj)

∣∣∣∣∣∣
⎞⎠− 1

≤

∣∣∣∣∣∣exp
⎛⎝ k∑

j=1

|log(1 + zj)|

⎞⎠− 1

≤ exp

⎛⎝ k∑
j=1

|zj |
1− |zj |

⎞⎠− 1 ≤ exp(σ/(1 − σ)) − 1

≤ σ/(1 − 2σ).
�

The following result corresponds to Corollary 14.2.10 of Volume II.
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Proposition 20.5.2 [Weierstrass’ uniform M -test for complex products]

Suppose that (X, τ) is a topological space and that (fj)
∞
j=1 is a sequence

of bounded continuous complex-valued functions on X. If ‖fj‖∞ ≤ Mj for

each j ∈ N, and
∑∞

j=1Mj < ∞, then the infinite product
∏∞

j=1(1 + fj(x))

converges uniformly to a bounded continuous function on X.

Further, if
∑∞

j=1Mj = σ < 1
4 then |

∏∞
j=1(1 + fj(x))− 1| ≤ 2σ.

Proof First we show that the finite products are uniformly bounded. If

k ∈ N and x ∈ X, then∣∣∣∣∣∣
k∏

j=1

(1 + fj(x))

∣∣∣∣∣∣ ≤
k∏

j=1

(1 + |fj(x)|)

≤
k∏

j=1

(1 +Mj) ≤
∞∏
j=1

(1 +Mj) <∞.

Thus there exists K ≥ 1 such that |
∏k

j=1(1+ fj(x))| ≤ K for all k ∈N and

all x ∈ X.

Suppose that 0 < ε < 1/2. There exists j0 such that
∑∞

j=j0
Mj < ε/2K.

By Proposition 20.5.1, ∣∣∣∏l
j=k+1(1 + fj(x))− 1

∣∣∣ ≤ ε

K
,

and so ∣∣∣∣ l∏
j=1

(1 + fj(x))−
k∏

j=1

(1 + fj(x))

∣∣∣∣
=

∣∣∣∣ k∏
j=1

(1 + fj(x))

∣∣∣∣ · ∣∣∣∣1− l∏
j=k+1

(1 + fj(x))

∣∣∣∣ < ε.

Thus the products converge uniformly on X.

The final statement follows by applying Proposition 20.5.1 to the product

of k terms, and then letting k tend to infinity. �

20.6 The maximum modulus principle

Theorem 20.6.1 (The maximum modulus principle) Suppose that U is

a bounded domain and that f is a non-constant continuous function on U
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whose restriction to U is analytic. If z0 ∈ U then

|f(z0)| < sup{|f(z)| : z ∈ ∂U}.

Proof Since U is compact and |f | is continuous on U , |f | is bounded on

U . Let M = sup{|f(z)| : z ∈ U}. Then L = {z ∈ U : |f(z)| = M} is a closed

non-empty subset of U .

We must show that L ∩ U is empty. Suppose not, and suppose that z0 ∈
L ∩ U . There exists δ > 0 such that Nδ(z0) ⊆ U . Since f is analytic on U ,

there exists a power series
∑∞

n=0 an(z − z0)
n which converges to f(z) for

z ∈ Nδ(z0). Note that a0 = f(z0), so that |a0| = M . By Proposition 20.3.9,

there is a least index k in N for which ak �= 0. Thus

f(z) = a0 + ak(z − z0)
k + s(z)(z − z0)

k, where s(z) =

∞∑
n=1

ak+n(z − z0)
n,

for z ∈ Nδ(z0). Then s(z)→ 0 as z → z0, and so there exists 0 < η < δ such

that |s(z)| < |ak|/2 for |z−z0| ≤ η. Now consider f(z0+ηeit), for t ∈ [0, 2π):

f(z0 + ηeit) = a0 + ηkeiktak + ηks(z0 + ηeit),

so that

|f(z0 + ηeit)| ≥ |a0 + ηkeiktak| − ηk|ak|/2.
Now Arg(ηkeiktak) = (Arg ak) + kt, and so we can choose t ∈ [0, 2π) such

that Arg(ηkeiktak) = Arg a0; a0 and ηkeiktak point in the same direction.

Thus

|a0 + ηkeiktak| = |a0|+ |ηkeiktak| = |a0|+ ηk|ak|,
and so |f(z0+ηeit)| ≥ |a0|+ηk|ak|/2 > |a0| = M . This gives a contradiction,

and so L ∩ U = ∅. �

In particular, if f is not constant, |f | has no local maxima in U .

Corollary 20.6.2 If |f(z)| is constant on ∂U , then f has a zero in U :

there exists z0 ∈ U for which f(z0) = 0.

Proof Let c be the value of |f(z)| on ∂U . By the maximum modulus

principle, c > 0. Suppose that f(z) �= 0 for z ∈ U . Then the function g = 1/f

is continuous on U , and its restriction to U is analytic. But if z0 ∈ U then

|g(z0)| > 1/c = sup{|g(z)| : z ∈ ∂U}, contradicting the maximum modulus

principle. �

We shall improve on this in Corollary 20.6.6. As an application, let us

give the first of several proofs of the fundamental theorem of algebra.
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Corollary 20.6.3 (The fundamental theorem of algebra) Suppose that

p(z) = a0+ · · ·+anz
n is a non-constant complex polynomial function on C.

Then there exists z1 ∈ C such that p(z1) = 0.

Proof Suppose not. Then a0 = p(0) �= 0. Since p is not constant, n > 0,

and we can suppose that an �= 0. If z �= 0 let

p(z) = zn
(
an +

an−1

z
+ · · ·+ a0

zn

)
= znh(z).

Then h(z)→ an as z →∞, and so |p(z)| → ∞ as z →∞. Thus there exists

R such that |p(z)| ≥ 2|a0| for |z| ≥ R. Let

V = {z ∈ C : |p(z)| < 2|a0|}.

V is a non-empty bounded open subset; let U be a connected component.

Then |p(z)| = 2|a0| for z ∈ ∂U (justify this!). Then p has a zero in U , by

the previous corollary. �

Corollary 20.6.4 If an �= 0 there exist z1, . . . , zn such that

p(z) = an(z − z1) . . . (z − zn)

Proof A straightforward induction argument. �

Theorem 20.6.5 (The open mapping theorem) If f is a non-constant

analytic function on a domain U , and if V is an open subset of U , then

f(V ) is an open subset of C.

Proof Suppose that z0 ∈ V . Let g(z) = f(z)− f(z0). Arguing as in Theo-

rem 20.6.1, there exists δ > 0 and m > 0 such that Mδ(z0) = {z : |z − z0| ≤
δ} ⊆ U and such that |g(z)| ≥ m for |z − z0| = δ. Suppose now that

|ζ − f(z0)| < m/2. Let h(z) = f(z) − ζ. Then |h(z)| > m/2 for z ∈ Tδ(z0),

and |h(z0)| < m/2. Let W = {z ∈ Mδ(z0) : |h(z)| < m/2}. Then W is a

non-empty open set, and W ∩Tδ(z0) = ∅, so that W ⊆ Nδ(z0). Let X be a

connected component of W . As before, |h(z)| = m/2 for z ∈ ∂X, and so, by

Corollary 20.6.2, there exists w ∈ X such that h(w) = 0. Thus f(w) = ζ,

and so f(Nδ(z0)) ⊃ Nm/2(f(z0)). This implies that f(V ) is open. �

Corollary 20.6.6 Suppose that U is a bounded domain and that f is a

non-constant continuous complex-valued function on U which is analytic on

U . If |f(z)| takes the constant value c on ∂U , then

f(U) = {z : |z| < c} and f(∂U) = {z : |z| = c}.
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Proof The set f(U) is compact, and is therefore closed in C. Since f(U) =

f(U) ∩ {w : |w| < c}, f(U) = ∩{w : |w| < c} in the subspace topology. But

f(U) is open in {w : |w| < c}, by the open mapping theorem. The set

{z : |z| < c} is connected, and so f(U) = {z : |z| < c}. Since f(U) is closed,

it contains f(U) = {z : |z| ≤ c} and so

f(∂U) = {z : |z| = c}.

�

Compare the open mapping theorem with Theorem 20.2.3. We give

another proof of the open mapping theorem in Section 23.5.

Exercises

20.6.1 Suppose that f is analytic on a bounded domain U and that

lim sup (z→w:z∈U)|f(z)| ≤ K

for each w ∈ ∂U . Show that |f(z)| ≤ K for each z ∈ U . [Hint: Show

that if L > K and V = {z ∈ U : |f(z)| > L} then V is a compact

subset of U .]

20.6.2 Let U = {z = x+ iy : −π/2 < y < π/2} and let f(z) = exp(ez), for

z ∈ U . (You may assume that f is analytic.) Show that

lim sup (z→w:z∈U)|f(z)| = 1

for each w ∈ ∂U , but that f is unbounded on U .

20.6.3 Suppose that f is analytic on an unbounded domain U , that

lim sup (z→w:z∈U)|f(z)| ≤ K

for each w ∈ ∂U and that lim sup z→∞|f(z)| ≤ K. Show that |f(z)| ≤
K for each z ∈ U .

20.6.4 Let Ar,R be the annulus {z ∈ C; r < |z| < R}. Show that if p is a

polynomial then sup{|p(z) − 1/z| : z ∈ Ar,R} ≥ 1
2 (1/r − 1/R). The

function J(z) = 1/z cannot be approximated uniformly on Ar,R by

polynomials.



21

The topology of the complex plane

21.1 Winding numbers

The complex analysis that we have so far developed is essentially a straight-

forward development of ideas from real analysis. In the next chapter, we

consider path integrals, and things will change dramatically. For this, we

need to establish some of the topological properties of the complex plane C.

Since the mapping (x, y) → x + iy is an isometry of R2 onto C, these

properties correspond to topological properties of R2.

Suppose that (X, τ) is a topological space and that f is a continuous

mapping fromX intoC∗. A continuous branch of Arg f onX is a continuous

mapping θ of (X, τ) into R such that θ(x) ∈ Arg f(x) for each x ∈ X. We

shall be concerned with the question of when continuous branches exist.

Note that continuous branches are functions on X, and not on f(X). As a

particular case, if X ⊆ C∗ and f(z) = z, then a continuous branchof Arg z

on X is a continuous branch of the inclusion mapping of X into C∗.
For example, the principal value mapping z → arg z is a continuous

branch of Arg z on the cut plane C0. Similarly, the mapping z → arg αz

is a continuous branch of Arg z on the cut plane Cα.

Proposition 21.1.1 Suppose that f : (X, τ) → C∗ is continuous and

that θ is a continuous branch of Arg f on (X, τ), that x0 ∈ X and that

t0 ∈ Arg f(x0).

(i) If g is a continuous mapping of a topological space (Y, σ) into (X, τ),

then θ◦g is a continuous branch of Arg (f ◦g) on Y . In particular, if Y

is a subset of X, then the restriction of θ to Y is a continuous branch

of Arg f on Y .

(ii) There exists a continuous branch θ0 of Arg f on (X, d) with θ0(x0)= t0.

650
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(iii) If (X, d) is connected, the continuous branch θ0 of Arg f on (X, d) with

θ0(x0) = t0 is unique.

Proof (i) follows directly from the definition. For (ii), let θ0 = θ + (t0 −
θ(x0)); θ0 satisfies (ii). If θ1 also satisfies (ii), then (θ0−θ1)/2π is a continuous

integer-valued function, which vanishes at x0; thus if X is connected, then

(θ0 − θ1)/2π = 0, so that θ0 = θ1. �

Corollary 21.1.2 There is no continuous branch of Arg z on T = {z :

|z| = 1}.

Proof Suppose that a continuous branch existed on T. Since T is con-

nected, there would be a unique branch a on T with a(1) = 0. But T\{−1}
is connected, and so the restriction of a would be the principal value of

the argument. But, as we saw in Section 20.4, arg has no continuous

extension to T. �

Recall that a path γ in C is a continuous mapping from a closed interval

[a, b] into C. γ(a) is the initial point of the path, and γ(b) is its final point,

and γ is a path from a to b. The image γ([a, b]) is called the track from

γ(a) to γ(b), and is denoted by [γ]. A path γ is closed if γ(a) = γ(b); we

return to our starting point. A path γ : [a, b] → C is simple if γ is an

injective mapping from [a, b] into C. A simple closed path γ : [a, b] → C is

a closed path whose restriction to [a, b) is injective. If γ : [a, b] → X and

δ : [c, d]→ X are paths, and γ(b) = δ(c), the juxtaposition γ ∨ δ is the path

from [a, b + (d − c)] into X defined by γ ∨ δ(x) = γ(x) for x ∈ [a, b] and

γ∨ δ(x) = δ(x+(c− b)) for x ∈ [b, b+(d− c)]. If γ : [a, b]→ X is a path, the

reverse γ←(t) is defined as γ←(t) = γ(a+b− t) for t ∈ [a, b]. If γ : [a, b]→ X

and δ : [c, d]→ X are paths, γ and δ are similar paths, or equivalent paths, if

there exists a homeomorphism φ : [c, d]→ [a, b] such that φ(c) = a, φ(d) = b

and δ = γ ◦φ. Properties of paths are established in Volume II, Section 16.2.

Theorem 21.1.3 If γ : [a, b] → C∗ is a path in C∗ then there exists a

continuous branch of Arg γ on [a, b].

If α and α′ are two such continuous branches, then α(b)−α(a) = α′(b)−
α′(a).

Proof (i) We use the fact that [a, b] is connected. If s, t ∈ [a, b], set s ∼ t

if there is a continuous branch of Arg γ on [s, t]. We show that this is an

equivalence relation on [a, b]. Clearly t ∼ t, and t ∼ s if s ∼ t. Suppose

that s ∼ t and t ∼ u, and that θ is a continuous branch of Arg γ on

[s, t], θ′ a continuous branch of Arg γ on [t, u]. Let k = θ(t)− θ′(t), and let
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θ(v) = θ′(v) + k, for v ∈ [t, u]. Then θ is a continuous branch of Arg γ on

[s, u], so that s ∼ u.

Suppose that s ∈ [a, b], and that arg γ(s) = α. Then γ(s) ∈ Cα. Since γ is

continuous, there exists δ > 0 such that γ(Nδ(s)∩ [a, b] ⊆ Cα. Then arg α ◦γ
is a continuous branch of Arg γ on Nδ(s) ∩ [a, b], and so the equivalence

classes of ∼ are open. Since [a, b] is connected, there is just one equivalence

class, namely [a, b], and so there exists a continuous branch of Arg γ on [a, b].

(ii) The function (α − α′)/2π is a continuous integer-valued function on

the connected set [a, b], and is therefore constant. �

Suppose that γ : [a, b] → C is a path and that w does not belong to the

track [γ] of γ. Then γ −w is a path in C∗, and so there exists a continuous

branch θ of Arg (γ −w) on [a, b]. The winding number n(γ,w) of γ about w

is defined to be

n(γ,w) =
θ((γ −w)(b)) − θ((γ − w)(a))

2π
=

θ(γ(b)− w)− θ(γ(a)− w)

2π
.

It follows from Theorem 21.1.3 that this is well defined. In fact, we shall

be principally concerned with the case where γ is a closed path, so that

γ(a) −w = γ(b)− w, and n(γ,w) is an integer.

As an easy example, let γ(t) = w + reikt for t ∈ [0, 2π], where r > 0

and k ∈ Z. Then kt is a continuous branch of Arg(γ − w) on [0, 2π], and

so n(γ,w) = k. This accords with common sense: the path winds k times

round w. But note that k can be positive, negative or zero; if k > 0 then γ

winds k times round w in an anti-clockwise sense, and if k < 0 then γ winds

|k| times round w in a clockwise sense.

Here are some basic properties of winding numbers.

Proposition 21.1.4 Suppose that γ : [a, b] → C is a path, and that

w �∈ [γ].

(i) If γ is a constant path then n(γ,w) = 0.

(ii) If γ = α∨ β is the juxtaposition of two paths then n(γ,w) = n(α,w) +

n(β,w).

(iii) If s : [c, d]→ [a, b] is continuous, and s(c)= a, s(d)= b then n(γ ◦
s,w)=n(γ,w).

(iv) If s : [c, d] → [a, b] is continuous, and s(c) = b, s(d) = a then n(γ ◦
s,w) = −n(γ,w).

Proof The easy proofs are left as worthwhile exercises for the reader. �

Corollary 21.1.5 If γ and δ are similar paths, or similar closed paths,

then n(γ,w) = n(δ, w).
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Corollary 21.1.6 n(γ←, w) = −n(γ,w).

We can rotate, dilate and translate C without changing winding numbers.

Proposition 21.1.7 Suppose that γ : [a, b]→ C is a path, and that w �∈ [γ].

(i) If θ ∈ R then n(eiθγ, eiθw) = n(γ,w).

(ii) If λ > 0 then n(λγ, λw) = n(γ,w).

(iii) If b ∈ C then n(γ + b, w + b) = n(γ,w).

Proof More easy exercises for the reader. �

Proposition 21.1.8 Suppose that γ : [a, b]→ C is a closed path.

(i) If w �∈ [γ], and if there exists α ∈ (−π, π] such that

−α �∈ Arg (γ(t)− w) for a ≤ t ≤ b,

then n(γ,w) = 0.

(ii) Suppose that δ : [a, b]→ C is a closed path for which

|δ(t) − γ(t)| < |γ(t)− w|+ |δ(t) − w| for all t ∈ [a, b].

Then w �∈ [γ] ∪ [δ] and n(δ, w) = n(γ,w).

Proof (i) The track [γ − w] is contained in Cα and arg α is a continuous

branch of Arg z on Cα. Then

n(γ,w) = arg α(γ(b) − w)− arg α(γ(a) −w) = 0.

(ii) Translating and rotating if necessary, we can suppose that w = 0 and

that γ(a) is real and positive. Then the inequality implies that 0 �∈ [γ] ∪ [δ]

and that δ(t) �= −λγ(t), for some λ > 0. Let θγ be a continuous branch of

Arg γ on [a, b] with θγ(a) = arg γ(a) = 0, and let θδ be a continuous branch

of Arg δ on [a, b] with θδ(a) = arg δ(a). Since δ(a) is not real and negative,

−π < θδ(a) < π, so that |θδ(a)−θγ(a)| < π. We claim that |θδ(t)−θγ(t)| < π

for all t ∈ [a, b]. If not, then by the intermediate value theorem there exists

t0 ∈ [a, b] with |θδ(t0)− θγ(t0)| = π. But then δ(t) = −λγ(t) for some λ > 0,

giving a contradiction. In particular, |θδ(b)− θγ(b)| < π; thus

|n(δ, 0) − n(γ, 0)| ≤ (|θδ(b)− θγ(b)|+ |θδ(a)− θγ(a)|)/2π < 1.

Since n(δ, 0)and n(γ, 0) are integers, it follows that n(δ, 0) = n(γ, 0). �

The track [γ] of a closed path γ is a compact subset of C. Its com-

plement C \ [γ] is an unbounded open subset of C. It therefore has one
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unbounded connected component, and finitely many or countably many

bounded components.

Corollary 21.1.9 The function nγ : C \ [γ] → Z defined by nγ(w) =

n(γ,w) is continuous, and so is constant on each of the connected com-

ponents of C \ [γ]. If w is in the unbounded component of C \ [γ] then

n(γ,w) = 0.

Proof Suppose that w ∈ C \ [γ]. Let

δ = d(w, [γ]) = inf{|γ(t) − w| : t ∈ [a, b]}.

Since [γ] is closed, δ > 0. If z ∈ Nδ(w) and t ∈ [a, b], then

|(γ(t)− w)− (γ(t)− z)| = |w − z| < |γ(t)− w|.

Thus

n(γ, z) = n(γ − z, 0) = n(γ − w, 0) = n(γ,w),

and so nγ is continuous on C \ [γ]. Since nγ is integer-valued, it is constant

on each of the connected components of C \ [γ].
Let M = sup{|γ(t)| : t ∈ [a, b]}. If r > M then −r is in the unbounded

connected component of C \ [γ], and [γ + r] ∩ C0 = ∅, so that n(γ,−r) =
n(γ + r, 0) = 0. The result follows, since nγ is constant on the unbounded

connected component. �

Exercises

21.1.1 Give the details of the proof of Proposition 21.1.7.

21.1.2 Suppose that f is holomorphic on a domain U and that arg f is

constant on U . Show that f is constant on U .

21.1.3 Suppose that γ1 : [0, 1] → C∗ and γ2 : [0, 1] → C∗ are closed paths.

Let γ(t) = γ1(t)γ2(t). Show that n(γ, 0) = n(γ1, 0) + n(γ2, 0).

21.1.4 Suppose that γ1 : [0, 1] → C and γ2 : [0, 1] → C are closed paths,

and that w �∈ [γ1]. By considering the path

η(t) = 1− γ1(t)− γ2(t)

γ1(t)− w
=

γ2(t)− w

γ1(t)− w
,

show that if |γ1(t) − γ2(t)| < |γ1(t) − w| for t ∈ [0, 1] then w �∈ [γ2]

and n(γ1, w) = n(γ2, w).

21.1.5 Give an example of a closed rectifiable path γ in C for which

{n(γ,w) : w �∈ [γ]} = Z.
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21.2 Homotopic closed paths

Proposition 21.1.8 shows that a small perturbation of a path does not change

its winding number about a point. We can obtain further results like this.

In order to do so, we need to introduce the notion of homotopy of closed

paths.

Suppose that γ0 : [a, b] → U and γ1 : [a, b] → U are two closed paths in

a domain U . Then γ0 and γ1 are homotopic in U if there is a continuous

mapping Γ : [0, 1] × [a, b]→ U such that

(i) Γ(0, t) = γ0(t) and Γ(1, t) = γ1(t) for t ∈ [a, b], and

(ii) Γ(s, a) = Γ(s, b) for s ∈ [0, 1].

Let us set γs(t) = Γ(s, t). Then γs is a closed path in U . As s increases

from 0 to 1, γs moves continuously from γ0 to γ1. The function Γ is called a

homotopy connecting γ0 and γ1.

Theorem 21.2.1 Suppose that γ0 : [a, b] → U and γ1 : [a, b] → U are

homotopic closed paths in a domain U , and that w ∈ C\U . Then n(γ0, w) =

n(γ1, w).

Proof Let Γ be a homotopy connecting γ0 and γ1. Since Γ([0, 1] × [a, b])

is a compact subset of U , δ = d(w,Γ([0, 1] × [a, b])) > 0. Thus |Γ(s, t) −
w| ≥ δ for all (s, t) ∈ [0, 1] × [a, b]. The function Γ is uniformly continuous

on [0, 1] × [a, b], and so there exists η > 0 such that if |u − s| < η then

|Γ(u, t)− Γ(s, t)| < δ for all t ∈ [a, b]. If so, then

|γu(t)− γs(t)| < |γs(t)− w| for all t ∈ [a, b].

Thus n(γu, w) = n(γs, w), by Proposition 21.1.8, and so n(γs, w) is a con-

tinuous function of s on [0, 1]. Since n(γs, w) is integer-valued and [0, 1] is

connected, n(γs, w) is constant, and so n(γ0, w) = n(γ1, w). �

We say that a closed path γ in an open subset U of C is null-homotopic

in U if it is homotopic in U to a constant path.

Corollary 21.2.2 Suppose that γ is a null-homotopic closed path in U

and that w �∈ U . Then n(γ,w) = 0.

Proposition 21.2.3 If γ is a closed path in U and γ = γ1 ∨ γ2, where γ1
and γ2 are null-homotopic closed paths in U , then γ is null-homotopic.

Proof We can suppose that γ1 maps [a, b] into U and that γ2 maps

[b, c] into U . Let δ be the constant path taking the value γ1(b). Then γ
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is homotopic to γ1 ∨ δ, which is homotopic to δ ∨ δ, which is homotopic

to δ. �

As an example, let us show that a closed path in a domain U is homotopic

to a dyadic rectilinear closed path.

Proposition 21.2.4 Suppose that γ : [0, 1] → U is a closed path in a

domain U and that δ > 0. Then there is a dyadic rectilinear path β : [0, 1]→
U , with |β(t) − γ(t)| < δ for t ∈ [0, 1], which is homotopic to γ.

Proof We can suppose thatNδ([γ]) ⊆ U . By Corollary 16.2.3 of Volume II,

there exists a dyadic rectilinear path β : [0, 1] → U with |β(t) − γ(t)| < δ
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for t ∈ [0, 1]. Since γ is closed, we can also suppose that β(0) = β(1). A

homotopy is then given by setting Γ(s, t) = (1− s)γ(t) + sβ(t). �

Let us give some applications of Theorem 21.2.1 and its corollary. Suppose

that w ∈ C and that r > 0. Recall that the circular path κr(w) : [0, 2π]→ C

is defined as κr(w)(t) = w + reit, and that its track Tr(w) = {z ∈ C :

|z − w| = r} is the circle with centre a and radius r. Also Nr(w) = {z ∈
C : |z − w| < r} is the open r-neighbourhood of w, and Mr(w) = {z ∈ C :

|z − w| ≤ r} is the closed r-neighbourhood of w.

Proposition 21.2.5 Suppose that f is a continuous complex-valued func-

tion on Mr(w), and suppose that z0 �∈ f(Tr(w)). If n(f ◦κr(w), z0) �= 0 then

the equation f(z) = z0 has a solution in Nr(w).

Proof Suppose not. Let U = C \ {z0}. Then f maps Mr(w) into U . Let

Γ(s, t) = f(w + sreit), for (s, t) ∈ [0, 1] × [0, 2π].

Then Γ is a homotopy in U connecting the constant path f(w) to γ1 = f ◦κr.
Thus f ◦ κr(w) is null-homotopic in U , and so n(f ◦ κr(w), z0) = 0, giving a

contradiction. �

Notice that this result uses the convexity of Mr(w).

We use this to give a second proof of the fundamental theorem of algebra.

As in Corollary 20.6.3, it is enough to show that if

p(z) = a0 + a1z + · · ·+ anz
n, with n > 0 and an �= 0,

then there exists z with p(z) = 0. Let f(z) = anz
n and let g(z) = a0 +

a1z + · · · + an−1z
n−1. Then there exists R > 0 such that |g(z)| < |f(z)| for

|z| ≥ R. Let γ(t) = Reit, for t ∈ [0, 2π], so that f(γ(t)) = anR
neint. Then

n(f ◦ γ, 0) = n. Since

|p(γ(t))− f(γ(t))| = |g(γ(t))| < |f(γ(t))| for t ∈ [0, 2π],

n(p◦γ, 0) = n �= 0, by Proposition 21.1.8. Thus there exists z ∈MR(0) with

p(z) = 0, by the proposition.

Proposition 21.2.6 Suppose that f : Mr(w) → Mr(w) is continuous.

Then f has a fixed point: there exists z ∈Mr(w) with f(z) = z.

Proof Without loss of generality, we can suppose that w = 0. Let g(z) =

z − f(z) for z ∈ Mr(0). We must show that the equation g(z) = 0 has
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a solution in Mr(0). Suppose not. Let γ(t) = κr(0)(t) = reit. Let h(t) =

e−itg(γ(t)), for 0 ≤ t ≤ 2π. Then

|h(t) − r| = |e−itg(γ(t)) − e−itγ(t)|
= |e−it(g(γ(t)) − γ(t))| = |f(γ(t))| ≤ r.

Also g(z) �= 0 for z ∈Mr(0), and so h(t) �= 0 for t ∈ [0, 2π]. Thus [h] ⊆ {z :

�z > 0} ⊆ C0, and so n(h, 0) = 0. Let θh be a continuous branch of Arg h

on [0, 2π]; then the function t → θh(t) + t is a continuous branch of Arg g

on [0, 2π], so that

n(g, 0) =
(θh(2π) + 2π) − (θh(0) + 0)

2π
= n(h, 0) + 1 = 1.

Thus the equation g(z) = 0 must have a solution in Mr(0), by Proposition

21.2.5. �

Corollary 21.2.7 Suppose that C is a compact convex body in R2. If

f : C → C is continuous then it has a fixed point.

Proof For C is homeomorphic to M1(0) (Exercise 18.5.4). �

A continuous mapping f of a topological space (X, τ) onto a subset Y of

X is a retract of X onto Y if f(y) = y for y ∈ Y . Suppose that w ∈ C and

r > 0. If z ∈ C and z �= w, let

ρ(z) = w +
r(z − w)

|z − w| ;

ρ(z) is the unique point in Tr(w) ∩Rw,z, where

Rw,z = {w + λ(z − w) : λ ≥ 0}

is the ray from w that contains z. The mapping ρ : C \ {w} → Tr(w) is a

retract of C\{w} onto Tr(w); it is the natural retract of C\{w} onto Tr(w).

The restriction of ρ to the punctured neighbourhood M◦
r (w) = Mr(w)\{w}

is also a retract, of M◦
r (w) onto Tr(w). We cannot do better.

Proposition 21.2.8 There does not exist a retract f of Mr(w) onto

Tr(w).

Proof If w + z ∈ Tr(w), let t(w + z) = w − z. t is a homeomorphism of

Tr(w) onto itself, called the antipodal map. Suppose that f is a retract of

Mr(w) onto Tr(w). Then t◦f is a continuous mapping from Mr(w) to itself

with no fixed point, giving a contradiction. �

The next result is intuitively ‘obvious’, but requires proof.
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Proposition 21.2.9 Let R = [a, b] × [c, d] be a closed rectangle. Suppose

that h = (h1, h2) : [−1, 1] → R and v = (v1, v2) : [−1, 1] → R are paths for

which h1(−1) = a and h1(1) = b, and v2(−1) = c, v2(1) = d. Then [h] ∩ [v]

is not empty.

Proof h is a path which joins the left and right sides of the rectangle R

and v is a path which joins the bottom and top sides. The proposition says

that the paths must meet.

Suppose that they do not, so that h(s) �= v(t), for (s, t) ∈ [−1, 1]× [−1, 1].
We may clearly suppose that R = [−1, 1]× [−1, 1]. Then R is the closed unit

ball of R2, with norm ‖(s, t)‖∞ = max(|s|, |t|). Let

g(s, t) = (g1(s, t), g2(s, t)) =
h(s)− v(t)

‖h(s)− v(t)‖∞
, for (s, t) ∈ [−1, 1]× [−1, 1].

Thus g(s, t) is the unit vector in the direction h(s) − v(t), and so belongs

to ∂R. Next, we reflect in the y-axis: let f = (f1, f2) = (−g1, g2). f is a

continuous mapping of R into ∂R. We shall show that f has no fixed point.

This contradicts Corollary 21.2.7.

Suppose that (s0, t0) is a fixed point of f . Then (s0, t0) ∈ ∂R, so that

(s0, t0) = (f1(s0, t0), f2(s0, t0)) = (v1(t0)− h1(s0), h2(s0)− v2(t0)).

Thus

s0 = v1(t0)− h1(s0) and t0 = h2(s0)− v2(t0).

The point (s0, t0) lies on one of the sides of the square ∂R. We consider each

case in turn.

If s0 = −1 then h1(s0) = −1 and − 1 = s0 = v1(t0) + 1 ≥ 0;

if s0 = 1 then h1(s0) = 1 and 1 = s0 = v1(t0)− 1 ≤ 0;

if t0 = −1 then v2(t0) = −1 and − 1 = t0 = h2(s0) + 1 ≥ 0;

if t0 = 1 then v2(t0) = 1 and 1 = t0 = h2(s0)− 1 ≤ 0.

In each case, we obtain a contradiction. �

Exercises

Homotopy can be defined in a more general setting. In these exercises, some

of the basic theory is developed. Suppose that (X, d) is a metric space and

that x0 ∈ X. x0 is called a base point. Let

L(X,x0) = {γ : γ is a closed path in X with γ(0) = γ(1) = x0}.
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We define juxtaposition in a slightly different way. If γ, δ ∈ L(X,x0), set

(γ ∨ δ)(t) = γ(2t) for 0 ≤ t ≤ 1/2,

= δ(2t− 1) for 1/2 ≤ t ≤ 1.

If γ, δ ∈ L(X,x0), a homotopy connecting γ and δ is a continuous mapping

h : [0, 1] × [0, 1] → X such that h(0, t) = γ(t) and h(1, t) = δ(t) for 0 ≤
t ≤ 1 and h(s, 0) = h(s, 1) = x0 for 0 ≤ s ≤ 1. We set hs(t) = h(s, t).

γ is null-homotopic if it is homotopic to the constant map ε taking the

value x0.

21.2.1 Set γ ∼ δ if there is a homotopy connecting γ and δ. Show that

this is an equivalence relation. Let Π1(X,x0) denote the quotient

space of equivalence classes which this defines, and let {γ} be the

equivalence class to which γ belongs.

21.2.2 Suppose that γ1 ∼ γ2 and δ1 ∼ δ2. Show that γ1 ∨ δ1 ∼ γ2 ∨ δ2. Use

this to define a law of composition ∗ on Π1(X,x0).

21.2.3 Prove associativity: show that

({γ1} ∗ {γ2}) ∗ {γ3} = {γ1} ∗ ({γ2} ∗ {γ3}).

21.2.4 Let e = {ε} be the equivalence class of null-homotopic maps. Show

that e is an identity element: {γ} ∗ e = e ∗ {γ} = {γ}.
21.2.5 Show that {γ}∗{γ←} = {γ←}∗{γ} = e. ({γ} has an inverse). Thus

(Π1(X,x0), ∗) is a group, the homotopy group of (X, d) relative to x0.

21.2.6 Suppose that (X, d) is path-connected and that x1 ∈ X. Show that

(Π1(X,x0), ∗) and (Π1(X,x1), ∗) are isomorphic.

21.2.7 The next few exercises show that the homotopy group need not be

commutative. Let U = R2 \ {(1, 0), (−1, 0)}. Let

γ(t) = (1− cos 2πt, sin 2πt) and δ(t) = (−1 + cos 2πt, sin 2πt)

for 0 ≤ t ≤ 1, and let β = γ ∨ δ ∨ γ← ∨ δ←. Show that n(β,w) = 0

for all w �∈ [β].

21.2.8 Show that there is a retract of U onto [β]. Deduce that if β is null-

homotopic then there is a homotopy connecting β to a constant map

taking values in [β].

21.2.9 Suppose that h is such a homotopy. Let C = {s ∈ [0, 1] : [hs] = [β]}.
Use a compactness argument to show that C is closed.

21.2.10 Use the intermediate value theorem and a compactness argument to

show that C is open.

21.2.11 Deduce that β is not null-homotopic, and that Π1(U, (0, 0)) is not

commutative.



21.3 The Jordan curve theorem 661

21.3 The Jordan curve theorem

The results of the previous section now enable us to prove one of the famous

results of mathematics. To conform with tradition, we shall call a simple

closed path in C a Jordan curve, although, in the terminology used in

Volume II, it need not be a curve.

Theorem 21.3.1 (The Jordan curve theorem) Suppose that γ is a Jordan

curve. Then C\[γ] has exactly two connected components. One is unbounded

(the ‘outside’) and one is bounded (the ‘inside’).

We denote the outside of γ by out [γ], and the inside by in[γ]. We denote

the closure [γ] ∪ in[γ] of in[γ] by in[γ]. A point in the bounded connected

component of C \ [γ] is said to be inside [γ], and a point in the unbounded

connected component to be outside [γ]. The theorem is intuitively true, but

it needs to be proved. Bolzano was the first to observe this. Jordan gave a

proof in 1887, but this was considered to be incomplete. A complete proof

was given by Veblen in 1905, and many proofs have been given since then. We

shall present the proof given by Ryuji Maehara (The Jordan curve theorem

via the Brouwer fixed point theorem, American Mathematical Monthly 91

(1984) 641–643.) in 1984, and shall to a large extent use his notation.

Before proving the Jordan curve theorem, we prove two results, of interest

in their own right.

Theorem 21.3.2 Suppose that γ : [a, b] → C is a simple path in C and

that U is a non-empty bounded open subset of C \ [γ]. Then ∂U is not

contained in [γ].

Proof Suppose that ∂U ⊆ [γ]. Let w ∈ U , and let MR(w) be a closed

disc which contains U ∪ [γ] = U ∪ [γ]. The mapping γ−1 : [γ] → [a, b]

is a homeomorphism. By Tietze’s extension theorem (Volume II, Theorem

14.4.3), there exists a continuous mapping f : MR(w)→ [a, b] which extends

γ−1. Thus if r = γ ◦ f , r is a retract of MR(w) onto [γ]. Let q(z) = r(z) for

z ∈ U and let q(z) = z for z ∈ MR(w) \ U . (Note that q(z) = r(z) = z, for

z ∈ ∂U .) Then q is continuous on each of the closed sets U and MR(w) \U ,

and their union is MR(w), and so q is a continuous mapping of MR(w) onto

MR(w)\U . Thus if ρ is the natural retract of C\{w} onto TR(w), ρ◦ q is a

continuous mapping of MR(w) onto TR(w) which fixes the points of TR(w),

contradicting Proposition 21.2.8. �

Corollary 21.3.3 If γ is a simple path in C then C \ [γ] is connected.
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Proof Suppose, if possible, that U is a bounded connected component

of C \ [γ]. Then ∂U ⊆ [γ], giving a contradiction. Thus every connected

component of C \ [γ] is unbounded. Since [γ] is bounded, there can be only

one unbounded connected component, and so C \ [γ] is connected. �

Theorem 21.3.4 Suppose that γ is a Jordan curve for which C \ [γ] has
at least two connected components. If O is any one of these, then ∂O = [γ].

Proof First suppose that O is a bounded connected component of

C \ [γ]. Then ∂O ⊆ [γ]. Suppose that ∂O �= [γ], and that z0 ∈ [γ] \ ∂O.

We can parametrize [γ] as a closed path starting and finishing at z0; there is

a simple closed path β : [0, 1]→ C such that [β] = [γ] and β(0) = β(1) = z0.

Since ∂O is closed, there exists δ > 0 such that ∂O ⊆ β([δ, 1 − δ]). This

contradicts Theorem 21.3.2.

Next, suppose that O is the unbounded connected component of C \ [γ],
and let O′ be a bounded connected component. Without loss of generality,

we can suppose that 0 ∈ O′. Let j : C∗ → C∗ be the inversion mapping

z → 1/z; j is a homeomorphism of C∗ onto itself. Then j ◦ γ is a Jordan

curve in C∗ with path j([γ]), j(O)∪{0} is a bounded connected component

of C \ j([γ]) and j(O′ \ {0}) is the unbounded connected component of

C \ j([γ]). By the result that we have just proved, ∂(j(O) ∪ {0}) = j([γ]).

Thus ∂O = [γ]. �

Before proving the Jordan curve theorem, let us recall some notation,

introduce some more, and set the scene. If x, y ∈ C, we denote by σ(x, y)

the linear path from x to y: σ(x, y)(t) = (1 − t)x + ty for t ∈ [0, 1], and

we denote its track by [x, y]. If γ is a simple path in C and u = γ(r) and

v = γ(s) are points on its track, we denote by γ(u, v) the restriction of γ to

the part connecting u and v: if r < s then γ(u, v) is the restriction of γ to

[r, s]; if r > s then γ(u, v)(t) = γ←(t) = γ(−t) for t ∈ [−r,−s]; if r = s, so

that u = v, then γ(u, v)(t) = u for t ∈ [0, 1].

We shall work within the rectangle with vertices ±1±2i. We label certain

points of ∂R as follows:

N = 2i, S = −2i, E = 1, W = −1,

NE = 1 + 2i, SE = 1− 2i, NW = −1 + 2i, SW = −1− 2i.

We call [NW,NE] the top of ∂R, and [SW,SE] the bottom of ∂R. The set

∂R is the track of a Jordan curve, and of course the Jordan curve theorem

holds for it; let U be the inside of ∂R and V the outside. If γ : [a, b] → C

is a path with γ(a) ∈ U and γ(b) ∈ V then γ−1(U) and γ−1(V ) are disjoint

non-empty open subsets of [a, b]. Since [a, b] is connected, it follows that
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γ−1(∂R) is a non-empty closed subset of [a, b]. If t is the least element of

γ−1(∂R) then γ(t) is called the exit point of γ.

We now prove the Jordan curve theorem.

Proof Suppose that γ is a Jordan curve. [γ] is a compact subset of C, and

so there exist points a and b in [γ] such that |a−b| = sup{|c−d| : c, d ∈ [γ]}.
By scaling, rotation and translation, we may suppose that a = W and b = E.

Then [γ] ⊆ R and [γ] ∩ ∂R = {W,E}. Further, we can split [γ] into two:

there exist simple paths γ1, γ2 : [0, 1]→ [γ] such that

γ = γ1 ∨ γ←2 , γ1(0) = γ2(0) = W and γ1(1) = γ2(1) = E.

We now consider [γ] ∩ [N,S]. By Proposition 21.2.9, [γ1] ∩ [N,S] and

[γ2] ∩ [N,S] are not empty. Let l = sup{t ∈ [−2, 2] : it ∈ [γ]}, and let

L = il. By relabelling if necessary, we can suppose that L ∈ [γ1]. Next, let

m = inf{t ∈ [−2, 2] : it ∈ [γ1]}, and let M = im. (It may well be that

L = M .) Thus [γ1] ∩ [N,S] ⊆ [L,M ].

Now consider the path δ = σ(N,L) ∨ γ1(L,M) ∨ σ(M,S). This connects

the top and bottom of ∂R, and so [γ2] ∩ [δ] is not empty. But [γ2] ∩ [N,L]

is empty, and so is [γ2] ∩ [γ1(L,M)], and so [γ2] ∩ [M,S] is not empty. Let

p = sup{t ∈ [−2,m] : it ∈ [γ2]} and let q = inf{t ∈ [−2,m] : it ∈ [γ2]}, Then
m > p ≥ q > −2. Let P = ip, Q = iq. Then P �= M , but it may well be

that P = Q. Finally, let Z = 1
2(M + P ). Thus we have the following figure:

The point Z does not belong to [γ]. Let O be the connected component

of C\ [γ] to which it belongs. First we show that O is bounded. If not, there

exists a path ε in O from Z to a point outside R. Let X = x+ iy be the exit

point of ε. Then y �= 0, since [ε] ∩ [γ] = ∅. Suppose that y < 0. Then there

exists a simple path ζ in ∂R from X to S. Now let

η = σ(N,L) ∨ γ1(L,M) ∨ σ(M,Z) ∨ ε(Z,X) ∨ ζ.

Then η is a path joining the top and bottom of ∂R whose track is disjoint

from [γ2]; this contradicts Proposition 21.2.9. Suppose that y > 0. Then

there exists a simple path θ in ∂R from N to X, so that θ∨ε(X,Z)∨σ(Z,S)
is a path joining the top and bottom of ∂R whose track is disjoint from

[γ1], again giving a contradiction. Thus O is bounded. Since C \ [γ] has
an unbounded connected component O∞, there are at least two connected

components of C \ [γ].
Since O∞ is the only unbounded connected component of C \ [γ], it is

enough to show that there are no more bounded connected components.

Suppose, if possible, that O′ is another bounded connected component. Since
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O∞ ⊃ V , O′ ⊆ U . Let

ι = σ(N,L) ∨ γ1(L,M) ∨ σ(M,P ) ∨ γ2(P,Q) ∨ σ(Q,S).

ι is a path joining the top and bottom of ∂R. Since neither W nor E is

in [ι], there are neighbourhoods Nδ(W ) and Nδ(E) disjoint from [ι]. Now

[γ1(L,M)] ∪ [γ2(P,Q)] ⊆ [γ] = ∂O by Theorem 21.3.4, [N,L] and [Q,S] are

contained in O∞, and [M,P ] ⊆ O (since Z ∈ O). Consequently, [ι] is disjoint

from O′. Since there are at least two connected components, ∂O′ = [γ], so

that W,E ∈ O
′
, and there are points W ′ ∈ Nδ(W )∩O′ and E′ ∈ Nδ(E)∩O′.

Since O′ is path-connected, there is a path λ in O′ joining W ′ and E′. Then
the path λ = σ(W,W ′)∨λ∨σ(E′, E) is a path from W to E disjoint from [ι].

Once again, this contradicts Proposition 21.2.9; the proof is complete. �

We can say more about the inside of a Jordan curve γ . If w is outside [γ]

then n(γ,w) = 0. What happens if w is inside [γ]? Certainly the winding

number is constant on the inside of γ.
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Theorem 21.3.5 If z0 is inside a Jordan curve γ, then n(γ, z0) = ±1.

Proof First we consider the case where [γ] contains a straight line segment

[a, b]. Since we shall need this result later, we state it separately.

Proposition 21.3.6 Suppose that γ is a Jordan curve whose track con-

tains a straight line segment [a, b]. Suppose that c, d �∈ [γ] and that

[γ] ∩ [c, d] = {e}, where e is an interior point of the segment [a, b]. Then

|n(γ, c) − n(γ, d)| = 1, so that one of {c, d} is inside [γ] and the other is

outside.

Proof First we make some simplifications. By scaling, rotation and trans-

lation, we can suppose that [a, b] ⊆ R, that e = 0 and that a < 0 < b. There

exists a simple path β such that γ = σ(a, b) ∨ β. Let δ = inf{|z| : z ∈ [β]}.
Since [β] is a compact subset of C, δ > 0. There exists λ > 0 such that

|λc| < δ/2 and |λd| < δ/2. Since [λc, c] ∩ [γ] = ∅, λc and c are in the

same connected component of C \ [γ] and so n(γ, c) = n(γ, λc); similarly,

n(γ, d) = n(γ, λd). This means that we can suppose that |c| < δ/2 and

|d| < δ/2. Since 0 ∈ [c, d], we can suppose that the imaginary part of c is

positive and that the imaginary part of d is negative. We reparametrize γ

to start at −δ; we can suppose that

γ = σ(−δ, δ) ∨ σ(δ, b) ∨ β ∨ σ(a,−δ) = σ(−δ, δ) ∨ ε, say.

Now let θ(t) = δeit for t ∈ [−π, 0]; θ is a simple semicircular path from −δ
to δ. Let η = θ ∨ ε, and let κ = θ ∨ σ(δ,−δ). Since |c| < δ/2 and |d| < δ/2,

[c, d] ∩ [η] = ∅, so that n(η, c) = n(η, d). But
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n(η, c) = n(κ ∨ γ, c) = n(κ, c) + n(γ, c) = 0 + n(γ, c)

and n(η, d) = n(κ ∨ γ, d) = n(κ, d) + n(γ, d) = 1 + n(γ, d),

so that n(γ, c)− n(γ, d) = 1. �

Inspection of the proof shows that we have in fact shown the following.

Corollary 21.3.7 Suppose that a, b ∈ R and that a < b. Suppose that

γ = σ(a, b) ∨ β is a simple closed path, where β is a simple path from b to

a whose track is in the upper half-space: if x + iy ∈ [β] then y ≥ 0. Then

n(γ, z) = 1 for z inside [γ].

Proof Let e = (a + b)/2. Then d = e + iy is outside [γ] for negative y,

and c = e + iy is inside [γ] for small positive y. The proof then shows that

n(γ, c) − n(γ, d) = 1. �

Now let us return to the proof of the theorem, and consider the general

case. We can suppose that we are in the situation described in the proof of

the Jordan curve theorem, and that γ = γ1 ∨ γ←2 .

We consider two Jordan curves. Let

ε = γ1(W,M) ∨ σ(M,P ) ∨ γ←2 (P,W )

and ζ = γ←2 (E,P ) ∨ σ(P,M) ∨ γ1(M,E).

Note that if w �∈ [ε]∪ [ζ] then n(γ,w) = n(ε, w)+n(ζ, w). There exists η > 0

such that Nη(W )∩ [ζ] = ∅. Since W ∈ in[ε], there exists W ′ ∈ Nη(W )∩ in[ε].
Thus n(ε,W ′) = ±1 by Proposition 21.3.6. On the other hand, W is outside

ζ, and Nη(W ) is connected, so that W ′ is outside [ζ] and n(ζ,W ′) = 0. Thus

n(γ,W ′) = ±1. This implies that W ′ is inside [γ]. Since n(γ, z) is constant

on the inside of [γ], the result follows. �

Thus if γ is a simple closed path and z is inside [γ] then γ winds round z

once, either in a clockwise sense or in an anti-clockwise sense. If n(γ, z) = 1

for z inside γ, we say that γ is positively oriented; if n(γ, z) = −1 for z inside

γ, we say that γ is negatively oriented. If γ is positively oriented, then γ←

is negatively oriented. A positively oriented rectifiable simple closed path is

called a contour.

Exercises

21.3.1 Suppose that γ1, γ2 and γ3 are simple paths in C from a to b, with no

points other than a and b in common. Thus the paths δ1 = γ2 ∨ γ←3 ,

δ2 = γ3 ∨ γ←1 and δ3 = γ1 ∨ γ←2 are Jordan curves. Let zj be a point
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in [γj ] \ {a, b}, for j = 1, 2, 3. Show that there is exactly one j such

that zj is inside [δj ]. [Hint: consider the proof of Theorem 21.3.1.]

21.3.2 Three utilities, gas, water and electricity, have plants at distinct

points G, W and E, and wish to provide supplies to each of three

distinct houses X, Y , Z. The plants and houses lie in a plane, and

supplies are delivered along a simple path. Show that at least two

paths must cross. What is the minimal number of crossings?

21.4 Surrounding a compact connected set

We now show that a compact connected subset ofC can be squeezed between

some simple closed dyadic rectilinear paths. We need a certain amount of

notation. We begin with the set Z + iZ = {m + in : m,n ∈ Z}. If w =

m + in ∈ Z + iZ, there are linear paths to the four nearest elements of

Z+ iZ:

Em,n = σ(w,w + 1), Nm,n = σ(w,w + i),

Wm,n = σ(w,w − 1), Sm,n = σ(w,w − i).

The path Em,n ∨Nm+1,n ∨Wm+1,n+1 ∨Sm,n+1 is then a simple closed path,

the square path sqm,n. Its inside is the open square Qm,n, and its closure

Qm,n∪[sqm,n] is the closed square Qm,n. We say that two squares are adjacent

if they have an edge in common. For example, the closed squares Qm,n and

Qm+1,n have an edge [(m + 1) + in, (m + 1) + i(n + 1)] in common. Notice

though that

[(m+ 1) + in, (m+ 1) + i(n + 1)] = [Nm+1,n] ⊆ [sqm,n]

and [(m+ 1) + i(n+ 1), (m + 1) + in] = [Sm+1,n+1] ⊆ [sqm+1,n];

the paths sqm,n and sqm+1,n traverse the edge in opposite directions.

This elementary fact is of critical importance, since it leads to essential

cancellation results.

We now scale all of the above by a factor 2−k, where k ∈ Z. We consider

the set (Z + iZ)/2k = {(m + in)/2k : m,n ∈ Z}. Elements of (Z + iZ)/2k

are called k-points. If m+ in ∈ Z+ iZ, we set

E(k)
m,n = Em,n/2

k, N (k)
m,n = Nm,n/2

k, W (k)
m,n = Wm,n/2

k, S(k)
m,n = Sm,n/2

k.

Similarly, we set sq
(k)
m,n = sqm,n/2

k and Q
(k)
m,n = Qm,n/2

k. Paths E
(k)
m,n, N

(k)
m,n,

W
(k)
m,n and S

(k)
m,n are called elementary k-paths, and paths obtained by jux-

taposing elementary k-paths are called k-rectilinear paths. The track [γ] of
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γ2

γ
0

γ1

Figure 21.4.

a k-rectilinear path γ is the union of a finite number of rectilinear line seg-

ments of length 1/2k, which join a finite number of vertices v0, . . . , vn. Two

vertices vi and vj are adjacent if |i − j| = 1. In particular the k-square

path sq
(k)
m,n is a k-rectilinear path. Notice that a k-rectilinear path is also a

(k + 1)-rectilinear path. The set Q
(k)
m,n is an open k-square and Q

(k)
m,n is a

closed k-square.

Theorem 21.4.1 Suppose that K is a non-empty compact connected sub-

set of C, and that δ > 0. Let Nδ(K) = ∪{Nδ(k) : k ∈ K} be the open

δ-neighbourhood of K. Then there is a finite sequence (γ0, . . . , γj) (here j

may be 0) of simple closed dyadic rectilinear paths in Nδ(K) such that

(i) K is inside γ0;

(ii) K is outside γi for 1 ≤ i ≤ j;

(iii) in[γr] is inside γ0, for 1 ≤ r ≤ j;

(iv) in[γr] ∩ in[γs] = ∅ for 1 ≤ r < s ≤ j.

Proof The idea of the proof is simple: we cover K with a finite collection

of small dyadic squares in such a way that the boundary of their union is

the track of finitely many disjoint closed dyadic rectilinear paths.

There exists l ∈ Z such that 2−l < δ/2. Then the set F of closed l-squares

which have a non-empty intersection with K is finite; list F as (Q1, . . . , Qw),

and let G = ∪w
u=1Qu. Then G is a closed set, and K ⊆ G ⊆ Nδ(K). Suppose

that k ∈ K belongs to the boundary of a l-square. Then k is an interior

point of the union of the l-squares to which it belongs, and so k �∈ ∂G. Thus
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K is contained in the interior of G. There therefore exists m ≥ l + 2 such

that 2−m < d(∂G,K).

The boundary ∂G is a finite union of some of the edges of the l-squares

in F . Suppose that e is an edge contained in ∂G, and that e is an edge

of Qu = Q
(l)
a,b. Then e is a subset of the l-square path sq

(l)
a,b. We use the

orientation of sq
(l)
a,b to orient e; it has a beginning point and an end point.

Let us now consider an element v of ∂G which is the corner of an l-square.

It may belong to one, two or three l-squares in F . If it belongs to one or three

l-squares in F , or to two adjacent l-squares in F , then it belongs to exactly

two edges in ∂G, and is the beginning of one and the end of the other. If

it belongs to two non-adjacent squares Qr and Qs in F , then it belongs to

four edges in ∂G. We remove an m-square containing v from each of Qr and

Qs, to obtain disjoint closed sets Hr and Hs. We orient the edges of ∂Hr in

such a way that each corner of ∂Hr is the beginning of an edge of ∂Hr and

the end of an edge of ∂Hr, and so that the orientation of the edges of ∂Qr

which have not been changed are preserved; similarly for Hs.

We carry out this procedure for each vertex of this kind. As a consequence,

we obtain closed sets H1, . . . ,Hw, each a finite union of closed m-squares,

such that Hu ∩K �= ∅, for 1 ≤ u ≤ w. Further, if H = ∪w
u=1Hu, then

K ⊆ H◦ ⊂ H ⊆ G ⊆ Nδ(K).

The boundary ∂H is the union of edges of m-squares, and each element v

of ∂H which is the corner of an m-square is the beginning of just one edge

in ∂H and the end of just one other.

We now show that ∂H is the track of finitely many disjoint closed m-

rectilinear paths. Suppose that v0 = (m0 + in0)/2
m is a vertex in ∂H for

which m0 + n0 is as small as possible, and suppose that v0 ∈ Hu0
. Then the

edge e0 = [(m0 + in0)/2
m, ((m0 + 1) + in0)/2

m] is contained in ∂H, and v0
is the beginning of e0; let v1 = (m0+1)+ in0)/2

m be its end. Then v1 is the

beginning of just one edge in ∂H; let v2 be its end. We iterate this procedure

until we reach a vertex which has already been listed. This must be v0, since

each vertex is the end of exactly one edge in ∂H. Thus we obtain a simple

closed m-rectilinear path γ0 in ∂H, with vertices v0, v1, . . . , vp. If [γ0] = ∂H,

the construction is finished. If not, choose v
(1)
0 a vertex in ∂H \ [γ0]. It is the

beginning of an edge in ∂H; let v
(1)
1 be its end, and repeat the procedure to

obtain a simple closed m-rectilinear path γ1 in ∂H, with [γ1] disjoint from

[γ0]. Repeat this procedure until all the vertices have been used. Thus we

have simple closed m-rectilinear paths γ0, γ1, . . . , γj with disjoint tracks such
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that ∪j
k=0[γk] = ∂H. We show that these paths satisfy the conclusions of

the theorem.

First note that P = (m0 +
1
2 + i(n0− 1

2))/2
m is outside each of the tracks

[γr], for 0 ≤ r ≤ j. On the other hand, Q = (m0 +
1
2 + i(n0 +

1
2))/2

m is in

the interior of Hu0
, and the line segment [P,Q] meets e0. Thus Q is inside

[γ0]. But there exists k0 ∈ K ∩H◦
u0
, and H◦

u0
is connected, and so k0 is inside

[γ0]. Since K is connected, K ⊆ in[γ0]. Thus (i) is satisfied. Since each Hu

is connected, it follows that H◦ = in[γ0].

If 1 ≤ r ≤ j then [P,Q]∩ [γr] = ∅, so that Q is outside [γr]. Then, arguing

as for [γ0], we see that K ⊆ out[γr]. Thus (ii) is satisfied. Again, it follows

that H◦ ⊆ out [γr]

Suppose now that [v(r), v(r) + 1/2m] is a horizontal edge in [γr]. There

exists λr = ±1 such that Qr = v(r) + (1 + iλr)/2
m+1 ∈ H◦ and Pr =

v(r) + (1 − iλr)/2
m+1 �∈ H◦. Then Qr is inside [γ0] and outside [γs] for

1 ≤ s ≤ j. But [Pr, Qr] meets [γr] and none of the other paths, so that Pr is

inside [γr] and [γ0], and is outside [γs] for s �= 0, r. Conditions (iii) and (iv)

follow from this. �

Exercises

21.4.1 Prove the following generalization of Theorem 21.4.1.

Suppose that K is a non-empty compact subset of C, and that

δ > 0. Let Nδ(K) = ∪{Nδ(k) : k ∈ K}. Then there is a finite

sequence (γ1, . . . , γj) of disjoint simple closed dyadic rectilinear paths

in Nδ(K) and, for each 1 ≤ i ≤ j a finite set Δi of disjoint simple

closed dyadic rectilinear paths in Nδ(K) such that

(i) K ⊆ ∪j
i=1in[γi];

(ii) in[γh] ∩ in[γi] = ∅ for 1 ≤ h < i ≤ j;

and, for each 1 ≤ i ≤ j,

(iii) [δ] is inside [γi] and K is outside [δ], for each δ ∈ Δi;

(iv) in[δ] ∩ in[δ′] = ∅ for distinct δ, δ′ ∈ Δi.

21.5 Simply connected sets

A domain U is said to be simply connected if every closed path in U is

null-homotopic.

Theorem 21.5.1 Suppose that U is a domain. The following are equiva-

lent:

(i) U is simply connected;

(ii) Every simple closed dyadic rectilinear path γ in U is null-homotopic;
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(iii) n(γ,w) = 0 for all closed paths γ in U and all w �∈ U ;

(iv) n(γ,w) = 0 for all simple closed dyadic rectilinear paths γ in U and all

w �∈ U ;

(v) If γ is a simple closed path in U then in[γ] ⊆ U ;

(vi) If γ is a simple closed dyadic rectilinear paths in U then in[γ] ⊆ U .

Proof Clearly (i) implies (ii), (iii) implies (iv), and (v) implies (vi). It

follows from Corollary 21.2.2 that (i) implies (iii), and (ii) implies (iv). If γ

is a simple closed path in U and w ∈ in[γ] then n(γ,w) = ±1, by Theorem

21.3.5. Thus (iii) implies (v) and (iv) implies (vi). It is therefore sufficient

to show that (ii) implies (i) and that (vi) implies (ii).

Suppose that (ii) holds, and that γ is a simple closed path in U . There

exists δ > 0 such that Nδ([γ]) ⊆ U , and by Proposition 21.2.4 there exists a

closed dyadic rectilinear paths β in U which is homotopic to γ. The path β

may not be simple, but we can suppose that β = β1 ∨ · · · ∨ βk, where each

βj is simple. Then each βj is null-homotopic, and so β is null-homotopic, by

Proposition 21.2.3. Thus γ is null-homotopic, and (i) holds.

Suppose that (vi) holds. Suppose that γ is a simple closed k-dyadic rec-

tilinear path in U . We prove that γ is null-homotopic by induction on the

number nk(γ) of k-squares in in[γ]. If nk(γ) = 1 then γ is a square path

in U with in[γ] ⊆ U , and so γ is clearly null-homotopic. Suppose that

the result holds for all simple closed k-dyadic rectilinear paths in U with

nk(γ) < n, and that γ is a simple closed k-dyadic rectilinear path in U

with nk(γ) = n. There exists a vertex v0 = (m0 + in0)/2
k in [γ] for which

m0 + n0 is minimal, so that ((m0 + 1) + in0)/2
k and (m0 + i(n0 + 1))/2k

are the two adjacent vertices. Let γ′ be the path obtained by replacing v0
by v′0 = ((m0 + 1) + i(n0 + 1))/2k. Then γ and γ′ are homotopic in U .

There are now two possibilities. First, γ′ is simple. Then nk(γ
′) = n−1, and

so γ′ is null-homotopic. Secondly, γ′ is not simple. then γ′ = δ ∨ ε, where

δ an ε are simple closed k-dyadic rectilinear paths in U with nk(δ) < n

and nk(ε) < n. Thus δ and ε are null-homotopic, and so therefore is γ′, by
Proposition 21.2.3. Thus γ is null-homotopic, and (ii) holds. �

There is another important characterization of simply connected sets, this

time for bounded sets. First we need an easy result.

Proposition 21.5.2 Suppose that K is a compact subset of a domain U .

Then there exists a compact connected subset L of U which contains K.

Proof There exists δ > 0 such that Nδ(K) ⊆ U . Since K is compact, there

exists a finite subset {k1, . . . , kn} of K such that K ⊆ ∪n
m=1Nδ/2(km). Since

U is path-connected there exists, for each 2 ≤ m ≤ n, a path γm in U from

k1 to km. Let



672 The topology of the complex plane

L =
(
∪n
m=1Mδ/2(km)

)
∪ (∪n

m=2[γm]) .

Then L is a compact connected subset of U which contains K. �

Corollary 21.5.3 There exists a simple closed dyadic rectilinear path γ

in U such that K ⊆ in[γ].

Proof For there exists such a path for which L ⊆ U , by Theorem 21.4.1.

�

Theorem 21.5.4 A bounded domain U is simply connected if and only if

C \ U is connected.

Proof Suppose first that C \ U is connected and that γ is a path in U .

Then n(γ,w) is constant on C\U . Since C\U is unbounded, it follows that

n(γ,w) = 0 for all w �∈ U , and U is simply connected.

Suppose next that C \ U is not connected. Let E ∪ F be a splitting of

C\U , where E and F are disjoint non-empty closed subsets of C. Since U is

bounded,C\U has just one unbounded connected component. Suppose that

this is contained in E. Let V = C \E = F ∪ U . Then V is a bounded open

set, and F is a compact subset of V . There exists a connected component W

of V such that F ∩W �= ∅. Since W is closed in V , F ∩W is a compact subset

of W , and, by the preceding proposition there exists a compact connected

subset L of W such that F ∩W ⊆ L. By Theorem 21.4.1, there exists a

closed path γ0 in W \ L such that L ⊆ in[γ0]. Since [γ0] ⊆ V = F ∪ U and

[γ0] ∩ F = ∅, [γ0] ⊆ U . If k ∈ F ∩W then k �∈ U and n(γ0, k) �= 0. Thus U

is not simply connected. �

Corollary 21.5.5 If γ is a simple closed path then in[γ] is simply

connected.

Proof For C \ in[γ] = [γ] ∪ out [γ] = out [γ]. The set out [γ] is connected,

and so therefore is out [γ], by Volume II, Corollary 16.1.7. Thus in[γ] is

simply connected. �

What more can we say about in[γ]?

Theorem 21.5.6 If γ is a simple closed path, there is a homeomorphism

of the open unit disc N1(0) onto in[γ].

This is a consequence of the Riemann mapping theorem (Theorem 25.8.1),

which we shall prove much later.
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Exercises

21.5.1 Give an example of a domain U which is not simply connected, but

for which C \ U is connected.

21.5.2 Give an example of a domain U which is simply connected, but for

which C \ U is not connected.

21.5.3 Show that the {z ∈ C : r < |z| < R} is not simply connected.

21.5.4 Let U be the domain C\{−1, 1}. Give an example of a closed path γ

in U for which n(γ,w) = 0 for w �∈ U , but which is not null-homotopic

in U . (You need not prove that γ is not null-homotopic.)

21.5.5 Suppose thatK is a non-empty compact connected subset of C. Show

that the unbounded connected component of C \ K is not simply

connected, but that every bounded connected component of C \K is

simply connected.
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Complex integration

22.1 Integration along a path

Suppose that γ : [a, b]→ C is a path. Recall that its length l(γ) is defined as

l(γ) = sup{
n∑

j=1

|γ(tj)− γ(tj−1)| : n ∈N, a = t0 < · · · < tn = b},

and that γ is rectifiable if l(γ) < ∞. Properties of rectifiable paths are

considered in Volume II, Section 16.6. We now consider the integral of a con-

tinuous complex-valued function f along a rectifiable path γ in C. Suppose

that D = (a = t0 < · · · < tn = b) is a dissection of [a, b]. We set

SD(f ; γ) =

n∑
j=1

f(γ(tj))(γ(tj)− γ(tj−1)).

Note the similarity to the approximating sum of a Riemann integral; the

increment tj − tj−1 is replaced by the change γ(tj) − γ(tj−1) in the path

between tj−1 and tj.

Recall that the mesh size of D is max{|tj − tj−1| : 1 ≤ j ≤ n}. We want

to show that as the mesh size of D tends to 0 these finite sums converge to

an element of C, the path integral
∫
γ f(z) dz of f along γ. We begin with a

preliminary result.

Theorem 22.1.1 Suppose that γ : [a, b]→ C is a rectifiable path and that

f is a continuous complex-valued function on [γ]. Then given ε > 0 there

exists δ > 0 such that if D = (a = t0 < · · · < tn = b) is a dissection of

[a, b] with mesh size less than δ and if D′ = (a = s0 < · · · < sm = b) is a

refinement of D then |SD′(f ; γ)− SD(f ; γ)| < ε.

674
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Proof Since f ◦ γ is uniformly continuous on [a, b], there exists δ > 0

such that if |s − t| < δ then |f(γ(s)) − f(γ(t))| < ε/l(γ). Suppose that

D = (a = t0 < · · · < tn = b) is a dissection of [a, b] with mesh size less than

δ and than D′ = (a = s0 < · · · < sm = b) is a refinement of D. Then there

exist 0 = i0 < · · · < in = m such that tj = sij for 0 ≤ j ≤ n. Now

SD′(f ; γ) =

n∑
j=1

⎛⎝ ij∑
i=ij−1+1

f(γ(si))(γ(si)− γ(si−1))

⎞⎠ ,

and ∣∣∣∣∣∣
⎛⎝ ij∑

i=ij−1+1

f(γ(si))(γ(si)− γ(si−1))

⎞⎠− f(γ(tj))(γ(tj)− γ(tj−1))

∣∣∣∣∣∣
=

∣∣∣∣∣∣
ij∑

i=ij−1+1

(f(γ(si))− f(γ(tj)))(γ(si)− γ(si−1))

∣∣∣∣∣∣
≤

ij∑
i=ij−1+1

|f(γ(si))− f(γ(tj))|.|γ(si)− γ(si−1)|

≤ ε

l(γ)

ij∑
i=ij−1+1

|γ(si)− γ(si−1)|,

so that

|SD′(f ; γ)− SD(f ; γ)| <
ε

l(γ)

n∑
j=1

⎛⎝ ij∑
i=ij−1+1

|γ(si)− γ(si−1)|

⎞⎠ ≤ ε.

�

Corollary 22.1.2 Suppose that γ : [a, b]→ C is a rectifiable path and that

f is a continuous complex-valued function on [γ]. Then there exists a unique

complex number Iγ(f) with the property that if ε > 0 then there exists δ > 0

such that if D = (a = t0 < · · · < tn = b) is a dissection of [a, b] with mesh

size less than δ then

|Iγ(f)− SD(f ; γ)| ≤ 2ε.

Proof Let Dn be the dissection of [a, b] into 2n intervals of equal length.

Then Dm is a refinement of Dn, for m > n, and the mesh size of Dn tends

to 0 as n→∞. It follows from the theorem that (SDn
(f ; γ))∞n=1 is a Cauchy
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sequence in C. Let Iγ(f) be its limit. If D is a dissection of [a, b] with mesh

size less than δ, then

|SDn
(f ; γ)− SD(f ; γ)|

≤ |SDn
(f ; γ)− SDn∨D(f ; γ)|+ |SDn∨D(f ; γ)− SDn

(f ; γ)| < 2ε,

so that |Iγ(f)− SD(f ; γ)| ≤ 2ε. �

We denote Iγ(f) by
∫
γ f(z) dz. Then

∫
γ f(z) dz is uniquely determined. It

is a path integral, the integral of f along the path γ. The quantities {SD(f, γ) :

D a dissection of [a, b]} are approximating sums to the integral.

Proposition 22.1.3 Suppose that γ : [a, b] → C is a rectifiable path and

that f is a continuous complex-valued function on [γ]. Then∣∣∣∣∫
γ
f(z) dz

∣∣∣∣ ≤ ‖f‖∞ .l(γ).

Proof For |SD(f ; γ)| ≤ ‖f‖∞ .l(γ) for any dissection D of [a, b]. �

The path integral does not depend upon the parametrization of the path.

Corollary 22.1.4 Suppose that the path γ is similar to the path γ′ :

[c, d]→ E. Then
∫
γ′ f(z) dz =

∫
γ f(z) dz.

Proof Suppose that ε > 0. There exists δ > 0 such that ifD′ is a dissection
of [c, d] with mesh size less than δ, and if D is a dissection of [a, b] with mesh

size less than δ then

|SD′(f ; γ
′)−

∫
γ′
f(z) dz| < ε/2 and |SD(f ; γ)−

∫
γ
f(z) dz| < ε/2.

There is a strictly increasing continuous map φ of [c, d] onto [a, b] such that

γ′ = γ ◦ φ. Since φ is uniformly continuous on [c, d], there exists 0 < η ≤ δ

such that if s, s′ ∈ [c, d] and |s − s′| < η then |φ(s) − φ(s′)| < δ. If D′ is a

dissection of [c, d] with mesh size less than η then the image dissection φ(D)

has mesh size less than δ. Since SD′(f ; γ
′) = Sφ(D)(f ; γ) it follows that∣∣∣∣∫

γ′
f(z) dz −

∫
γ
f(z) dz

∣∣∣∣
≤
∣∣∣∣∫

γ
f(z) dz − Sφ(D)(f ; γ)

∣∣∣∣+ ∣∣∣∣∫
γ′
f(z) dz − SD′(f ; γ

′)

∣∣∣∣ < ε.

Since ε is arbitrary, the result follows. �
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Here are some straightforward results.

Proposition 22.1.5 Suppose that γ and γ′ are rectifiable paths in C, and

that the final point of γ is the initial point of γ′. Suppose that f and g are

continuous functions on [γ] and that α ∈ C.

(i)
∫
γ(f(z) + g(z)) dz =

∫
γ f(z) dz +

∫
γ g(z) dz.

(ii)
∫
γ αf(z) dz = α

∫
γ f(z) dz.

(iii)
∫
γ∨γ′ f(z) dz =

∫
γ f(z) dz +

∫
γ′ f(z) dz.

Proof The proofs are left as an exercise for the reader. �

A path γ : [a, b] → C is piecewise smooth if there is a dissection D =

(a = t0 < · · · < tn = b) of [a, b] such that γ is continuously differentiable on

[tj−1, tj] (with one-sided derivatives at tj−1 and tj), for 1 ≤ j ≤ n.

Theorem 22.1.6 A piecewise smooth path γ : [a, b] → C is rectifiable,

and l(γ) =
∫ b
a |γ′(t)| dt.

Proof We can clearly suppose that γ is continuously differentiable on [a, b].

Suppose that D = (a = t0 < · · · < tn = b) is a dissection of [a, b]. Then

n∑
j=1

|γ(tj)− γ(tj−1)| =
n∑

j=1

∣∣∣∣∣
∫ tj

tj−1

γ′(t) dt

∣∣∣∣∣
≤

n∑
j=1

∫ tj

tj−1

|γ′(t)| dt =
∫ b

a
|γ′(t)| dt.

On the other hand, suppose that ε > 0. Since γ′ is uniformly continuous,

there exists δ > 0 such that if |s−t| < δ then |γ′(s)−γ′(t)| < ε/2((b−a)+1).

There exists a dissection D = (a = t0 < · · · < tn = b) of [a, b] with mesh

size less than δ for which∣∣∣∣∣∣
∫ b

a
|γ′(t)| dt −

n∑
j=1

|γ′(tj)|(tj − tj−1)

∣∣∣∣∣∣ < ε

2(b− a)
.

But ∣∣∣∣∣∣
n∑

j=1

|γ(tj)− γ(tj−1)| −
n∑

j=1

|γ′(tj)|(tj − tj−1)|

∣∣∣∣∣∣
≤

n∑
j=1

∣∣∣∣|γ(tj)− γ(tj−1)| − |γ′(tj)|(tj − tj−1)

∣∣∣∣
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≤
n∑

j=1

|γ(tj)− γ(tj−1)− γ′(tj)(tj − tj−1)|

=

n∑
j=1

∣∣∣∣∣
(∫ tj

tj−1

(γ′(t)− γ′(tj)) dt

)∣∣∣∣∣
≤

n∑
j=1

∫ tj

tj−1

|γ′(t)− γ′(tj)| dt

≤
n∑

j=1

ε(tj − tj−1)

2(b− a)
= ε/2.

Hence ∣∣∣∣∣∣
n∑

j=1

|γ(tj)− γ(tj−1)| −
∫ b

a
|γ′(t)

∣∣∣∣∣∣ dt| < ε,

so that l(γ) >
∫ b
a |γ′(t)| dt− ε. Since ε is arbitrary, the result follows. �

In fact, almost all path integrals that arise are path integrals along a

piecewise smooth path. Such integrals can be expressed as the integral of a

complex function of a real variable.

Theorem 22.1.7 Suppose that γ : [a, b] → E is a piecewise smooth path

in C, and that f is a continuous complex-valued function on [γ]. Then∫
γ
f(z) dz =

∫ b

a
f(γ(t))γ′(t) dt.

Proof For∣∣∣∣∫ b

a
f(γ(t))γ′(t) dt− SD(f ; γ)

∣∣∣∣
=

∣∣∣∣∣∣
n∑

j=1

(∫ tj

tj−1

f(γ(t))γ′(t) dt− f(γ(tj))(γ(tj)− γ(tj−1))

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
n∑

j=1

(∫ tj

tj−1

(f(γ(t))− f(γ(tj)))γ
′(t) dt

)∣∣∣∣∣∣
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≤
n∑

j=1

∫ tj

tj−1

|f(γ(t))− f(γ(tj))|.|γ′(t)| dt

≤ ε

2l(γ)

n∑
j=1

∫ tj

tj−1

|γ′(t)| dt = ε/2.

Thus ∣∣∣∣∫
γ
f(z) dz −

∫ b

a
f(γ(t))γ′(t) dt

∣∣∣∣ < ε.

Since ε is arbitrary, the result follows. �

Example 22.1.8 Suppose that γ : [0, 1] → [z0, z1] is the linear path from

z0 to z1, defined as γ(t) = (1− t)z0 + tz1. Then∫
γ
f(z) dz = (z1 − z0)

∫ 1

0
f((1− t)z0 + tz1) dt.

For γ′(t) = z1 − z0.

In particular, if z0 = x0 + iy and z1 = x1 + iy, then, changing variables,∫
γ
f(z) dz =

∫ x1

x0

f(s+ iy) ds if x0 < x1

= −
∫ x0

x1

f(s+ iy) ds if x0 > x1.

Similarly, if z0 = x+ iy0 and z1 = x+ iy1 then∫
γ
f(z) dz = i

∫ y1

y0

f(x+ it) dt if y0 < y1

= −i
∫ y0

y1

f(x+ it) dt if y0 > y1.

Example 22.1.9 Suppose that f is a continuous function on a circle

Tr(w). Then ∫
κr(w)

f(z) dz = ir

∫ 2π

0
f(w + reit)eit dt

and

∫
κr(w)

f(z)

z −w
dz = i

∫ 2π

0
f(w + reit) dt,

where κr(w) is the circular path defined by κr(w)(t) = w+reit, for t ∈ [0, 2π].

For κ′r(w)(t) = ireit and z − w = reit.
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Exercises

22.1.1 Evaluate the integrals∫
κ1(0)

z dz,

∫
κ1(1)

z dz,

∫
κ1(0)

z̄ dz and

∫
κ1(1)

z̄ dz.

22.1.2 Suppose that γ : [a, b] → C is a rectifiable path in C and that f is

a continuous function on [γ]. Suppose that α(t) and β(t) are the real

and imaginary parts of γ(t). Show that α and β are rectifiable paths

in R. Suppose that α and β are strictly monotonic. Show that there

are continuous real-valued functions ur and vr on [α] and ui and vi
on [β] such that

f(γ(t) = ur(α(t)) + ivr(α(t)) = ui(β(t)) + ivi(β(t)),

for t ∈ [a, b]. Show that∫
γ
f(z) dz =

(∫
α
ur(z) dz −

∫
β
vi(z) dz

)
+i

(∫
α
vr(z) dz +

∫
β
ui(z) dz

)
.

Is the result true if the word ‘strictly’ is omitted?

22.1.3 Let γ be the square path with corners 1, i, −1 and −i. Calculate∫
γ dz/z.

22.1.4 Suppose that f is a continuous function on T. Show that∫
κ1(0)

f(z)

z
dz = i

∫ 2π

0
f(eiθ)e−inθ dθ.

22.1.5 Let γ(t) = t + it sin(1/t) for 0 < t ≤ 1 and let γ(0) = 0. Show that

γ is a continuous path in C which is not rectifiable, but that the

restriction γε of γ to [ε, 1] is rectifiable, for 0 < ε < 1. Suppose that f

is a continuous function on [γ]. Show that
∫
γε
f(z) dz tends to a limit

as ε↘ 0.

22.2 Approximating path integrals

We have defined path integrals of continuous functions along rectifiable

paths. It is useful to approximate these by integrals along polygonal and

rectilinear paths. The proofs use rather standard approximation arguments.
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Theorem 22.2.1 Suppose that γ : [a, b] → U is a rectifiable path in a

domain U , that f is a continuous complex-valued function on U , that H

is a dense subset of U and that ε > 0. Then there exists a polygonal path

β : [a, b]→ U with vertices in H such that |β(t)− γ(t)| < ε for t ∈ [a, b] and

|
∫
β f(z) dz −

∫
γ f(z) dz| < ε. If γ is a closed path, then β can be chosen to

be a closed path, homotopic to γ in U .

Proof Since [γ] is compact, f is uniformly continuous on [a, b] and, if

U �= C, d([γ],C \ U) > 0. There therefore exist 0 < δ < ε and a partition

D = (t0 = a < t1 < · · · < tk = b) such that

(i) Nδ([γ]) ⊆ U ;

(ii) |
∫
γ f(z) dz − SD(f ; γ)| < ε/4;

(iii) if t ∈ [a, b] and |w − γ(t)| < δ then |f(w)− f(γ(t))| < ε/4l(γ);

(iv) |γ(t)− γ(tj)| < δ/4 for all t ∈ [tj−1, tj] and 1 ≤ j ≤ k.

Let η = min(δ/4, l(γ)/2k). Since H is dense in U , there exists hj ∈ U

with |hj − γ(tj)| < η for 0 ≤ j ≤ k; if γ is closed, we can take hk = h0. For

1 ≤ j ≤ k, let σj : [tj−1, tj] → [hj−1, hj ] be the linear path from hj−1 to

hj , parametrized by the interval [tj−1, tj], and let b be the polygonal path

σ1 ∨ · · · ∨ σk. We shall show that β satisfies the conditions of the theorem.

If t ∈ [tj−1, tj ], then

|β(t)− γ(t)| ≤ |β(t)− hj |+ |hj − γ(tj)|+ |γ(tj)− γ(t)|
≤ δ/4 + δ/4 + δ/4 < ε.

Further,

l(β) =

k∑
j=1

|hj − hj−1|

≤
k∑

j=1

(|hj − γ(tj)|+ |γ(tj)− γ(tj−1)|+ |γ(tj−1)− hj−1|)

≤ l(γ) + 2kη ≤ 2l(γ).

Now ∣∣∣∣∣
∫
σj

f(z) dz − (hj − hj−1)f(γ(tj))

∣∣∣∣∣
=

∣∣∣∣(hj − hj−1)

∫ 1

0
f((1− s)hj−1 + shj)− f(γ(tj)) ds

∣∣∣∣
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≤ |hj − hj−1|
∫ 1

0
|f((1− s)hj−1 + shj)− f(γ(tj))| ds

≤ ε |hj − hj−1|
4l(γ)

.

Adding,

∣∣∣∣∫
β
f(z) dz − SD(f ; γ)

∣∣∣∣ =
∣∣∣∣∣∣

n∑
j=1

(∫
σj

f(z) dz − (hj − hj−1)f(γ(tj))

)∣∣∣∣∣∣
≤

n∑
j=1

∣∣∣∣∣
∫
σj

f(z) dz − (hj − hj−1)f(γ(tj))

∣∣∣∣∣
≤ εl(β)

4l(γ)
≤ ε/2.

Thus |
∫
β(f(z) dz −

∫
γ(f(z) dz| < ε. Finally, the function Γ(s, t) = (1 −

s)γ(t) + sβ(t) is a homotopy from γ to β in U . �

Corollary 22.2.2 The path β can be chosen to be a dyadic rectilinear

path.

Proof Since the set D = {x + iy ∈ U : x, y dyadic rational numbers} is

dense in U , we can take H = D; there is a polygonal path β with vertices in

D which satisfies the conditions of the theorem. Let us retain the notation

of the theorem. Suppose that 1 ≤ j ≤ k. There is a dyadic rectilinear path

ζj : [tj−1, tj ]→ U from hj−1 to hj , obtained by changing one co-ordinate at

a time. Then l(ζj) ≤
√
2|hj − hj−1|. Let

ζ = ζ1 ∨ . . . ∨ ζk,

so that ζ : [a, b] → U is a dyadic rectilinear path with l(ζ) ≤
√
2l(β) ≤

2
√
2l(γ). Then |ζ(t)− γ(t)| < ε for t ∈ [a, b], and, arguing as in the theorem,

if 1 ≤ j ≤ k then∣∣∣∣∣
∫
ζj

f(z) dz − (hj − hj−1)f(γ(tj))

∣∣∣∣∣ < √2ε|hj − hj−1|/4l(γ),

from which the result follows. �

The next important result illustrates the usefulness of Theorem 22.2.1.
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Theorem 22.2.3 Suppose that U is a domain, that γ : [a, b] → U is

a rectifiable path in U , and that F is a holomorphic function on U with

continuous derivative f . Then∫
γ
f(z) dz = F (γ(b)) − F (γ(a)).

If, further, γ is closed, then
∫
γ f(z) dz = 0.

Proof Suppose that ε > 0. Let β be a piecewise-linear path which satisfies

the conclusions of Theorem 22.2.1. Then, adopting the notation of Theorem

22.2.1, and using Example 22.1.8,∫
β
f(z) dz =

n∑
j=1

(∫
σj

f(z) dz

)

=

n∑
j=1

(
(γ(tj)− γ(tj−1))

∫ 1

0
f((1− s)γ(tj−1) + sγ(tj)) ds

)
.

But

(γ(tj)− γ(tj−1))

∫ 1

0
f((1− s)γ(tj−1) + sγ(tj)) ds = F (γ(tj))− F (γ(tj−1)),

by Theorem 22.1.7, and so∫
β
f(z) dz =

n∑
j=1

(F (γ(tj))− F (γ(tj−1))) = F (γ(b)) − F (γ(a)).

Thus
∣∣∣∫γ f(z) dz − F (γ(b)) − F (γ(a))

∣∣∣ < ε. Since ε is arbitrary, the result

follows. �

We write
∫
[a,b] f(z) dz for

∫
σ(a,b) f(z) dz.

Corollary 22.2.4 Suppose that U is a domain, that γ : [a, b] → U is a

closed rectifiable path in U , and that p = a0 + · · · + anz
n is a polynomial

function on U with continuous derivative f . Then
∫
γ p(z) dz = 0.

Proof Let P (z) =
∑n

j=0 ajz
j+1/(j + 1). Then P is holomorphic, and

P ′ = p. �

Exercises

22.2.1 Use Theorem 22.2.3 to show that if U is a domain in C∗ containing

T then there does not exist a holomorphic function F on U for which

F ′(z) = 1/z, for z ∈ U .
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22.2.2 (Integration by parts) Suppose that U is a domain, that γ : [a, b]→ U

is a rectifiable path in U , and that F and G are holomorphic functions

on U with continuous derivatives f and g respectively. Show that∫
γ
f(z)G(z) dz = F (γ(b))G(γ(b))−F (γ(a))G(γ(a))−

∫
γ
F (z)g(z) dz,

and that if γ is closed, then∫
γ
f(z)G(z) dz = −

∫
γ
F (z)g(z) dz.

22.3 Cauchy’s theorem

So far, the complex analysis that we have studied is very similar to the real

analysis of Part Two. We now show that path integrals provide a very pow-

erful tool, which we use to obtain some remarkable results of a completely

different nature. We begin with Cauchy’s theorem. We shall prove this in

several stages, obtaining more and more general results. First we begin with

a square path.

Theorem 22.3.1 (Cauchy’s theorem for a square) Suppose that f is a

holomorphic function on a simply connected domain U , and that γ is a

square path in U . Then
∫
γ f(z) dz = 0.

Proof This theorem is the heart of Cauchy’s theorem. By scaling and

translation, we can suppose that γ = γ0 is the dyadic rectilinear path sq
(0)
0,0

with vertices (0, 0), (1, 0), (1, 1) and (0, 1), so that [γ0] is the boundary of the

0-square Q0 = Q
(0)
(0,0). Since U is simply connected, Q0 ⊆ U . Suppose that∫

γ0

f(z) dz = I0 �= 0.

Q0 is the union of four 1-squares Q
(1)
0,0, Q

(1)
1,0, Q

(1)
0,1 and Q

(1)
1,1. Let

γ
(1)
1 = sq

(1)
0,0, γ

(1)
2 = sq

(1)
1,0, γ

(1)
3 = sq

(1)
0,1, γ

(1)
4 = sq

(1)
1,1.

Then
4∑

j=1

∫
γ
(1)
j

f(z) dz =

∫
γ0

f(z) dz,



22.3 Cauchy’s theorem 685

γ
3
(1) γ

4
(1)

γ
1
(1) γ

2
(1)

Figure 22.3.

since the contributions from edges inside [γ0] cancel in pairs. Consequently,

there exists 1 ≤ j ≤ 4 such that∣∣∣∣∣
∫
γ(1)
j

f(z) dz

∣∣∣∣∣ = |I1| ≥ |I0|/4.
Set γ1 = γ

(1)
j ; then [γ1] is the boundary of a 1-square Q1 contained in Q0.

We now iterate the procedure, to obtain a sequence (γj)
∞
j=0 of simple

closed square paths, such that

(a) γj is a j-square path, and∣∣∣∣∣
∫
γj

f(z) dz

∣∣∣∣∣ ≥ |I0|/4j ;
(b) [γj ] = ∂Qj , where Qj is a j-square;

(c) (Qj) is a decreasing sequence of compact sets, and diamQj =
√
2/2j .

Thus ∩∞
j=0Qj is a singleton set, {z∞}, say. Then z∞ ∈ U , and f is dif-

ferentiable at z∞. Thus there exists δ > 0 such that Nδ(z∞) ⊆ U , and such

that if |z| < δ then

f(z∞ + z) = f(z∞) + f ′(z∞)z + r(z), where |r(z)| ≤ |I0||z|/6.
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Now there exists j such that Qj ⊆ Nδ(z∞). Since∫
γj

(f(z∞) + f ′(z∞)z)dz = 0,

by Corollary 22.2.4, it follows that
∫
γj
f(z) dz =

∫
γj
r(z) dz. But∣∣∣∣∣

∫
γj

r(z) dz

∣∣∣∣∣ ≤ sup{|r(z)| : z ∈ [γj]}.l(γj) ≤
|I0|(

√
2/2j)

6
.
4

2j
<
|I0|
4j

,

by Proposition 22.1.3; this contradicts (a). �

Theorem 22.3.2 Suppose that f is a continuous function on a simply-

connected domain U , for which
∫
γ f(z) dz = 0 for every dyadic square path

in U . Then
∫
γ f(z) dz = 0 for every closed rectifiable path γ in U .

Proof First we prove the theorem for simple closed k-dyadic rectilinear

paths in U . Suppose that γ is a simple closed k-dyadic rectilinear path in

U . Let nk(γ) be the number of k-squares in in[γ]. We prove the result by

induction on nk(γ). The result holds when nk(γ) = 1, by Theorem 22.3.1.

Suppose that the result holds for all simple closed k-dyadic rectilinear paths

in U with nk(γ) < n, and that γ is a simple closed k-dyadic rectilinear path

in U with nk(γ) = n. There exists a vertex v0 = (m0 + in0)/2
k in [γ] for

which m0+n0 is minimal, so that ((m0+1)+in0)/2
k and (m0+i(n0+1))/2k

are the two adjacent vertices. Let γ′ be the path obtained by replacing v0
by v′0 = ((m0 + 1) + i(n0 + 1))/2k .Then∫

γ′
f(z) dz =

∫
γ
f(z) dz −

∫
sq(k)

m0,n0

f(z) dz =

∫
γ
f(z) dz.

There are now two possibilities. First, γ′ is simple. Then nk(γ
′) = n − 1,

and so
∫
γ′ f(z) dz = 0. Secondly, γ′ is not simple. Then γ′ = δ ∨ ε, where

δ an ε are simple closed k-dyadic rectilinear path in U with nk(δ) < n and

nk(ε) < n. Then ∫
γ′
f(z) dz =

∫
δ
f(z) dz +

∫
ε
f(z) dz = 0.

Thus
∫
γ f(z) dz = 0.

Secondly, we prove the theorem for closed k-dyadic rectilinear paths in U .

If γ is such a path, then γ = γ1 ∨ · · · ∨ γn, where each γj is a simple closed
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k-dyadic rectilinear path in U . Then∫
γ
f(z) dz =

n∑
m=1

(∫
γm

f(z) dz

)
= 0.

Finally, suppose that γ is a closed rectifiable path in U , and that

η > 0. By Corollary 22.2.2, there is a closed dyadic rectilinear path δ in U

such that ∣∣∣∣∫
γ
f(z) dz −

∫
δ
f(z) dz

∣∣∣∣ < η.

Since
∫
δ f(z) dz = 0, it follows that |

∫
γ f(z) dz| < η. Since η is arbitrary, it

follows that
∫
γ f(z) dz = 0. �

Theorem 22.3.3 If f is a continuous function on a domain U , for which∫
γ f(z) dz = 0 for every closed polygonal path in U , then there exists a

holomorphic function F on U such that F ′ = f .

Proof Pick z0 ∈ U as a base point. Suppose that w ∈ U . Since U is path-

connected, there exists a polygonal path γ1 from z0 to w. If γ2 is another

such path, then γ1 ∨ γ←2 is a closed polygonal path, and∫
γ1

f(z) dz −
∫
γ2

f(z) dz =

∫
γ1∨γ2←

f(z) dz = 0,

by Theorem 22.3.2. Thus
∫
γ1
f(z) dz =

∫
γ2
f(z) dz, and so the quantity

F (w) =
∫
γ1
f(z) dz does not depend upon the choice of rectilinear path

from z0 to w.

We shall show that F is holomorphic and that F ′ = f . Suppose that

w ∈ U and that ε > 0. There exists δ > 0 such that Nδ(w) ⊆ U , and such

that if |ζ| < δ then |f(w + ζ) − f(w)| < ε. Suppose that |ζ| < δ. If γ0 is a

polygonal path from z0 to w, then γ0 ∨σ(w,w+ ζ) is a polygonal path from

z0 to w + ζ. Thus

F (w + ζ) =

∫
γ0

f(z) dz +

∫
[w,w+ζ]

f(z) dz

= F (w) + ζ

∫ 1

0
f(w + tζ) dt = F (w) + f(w)ζ + r(ζ),

where

r(ζ) = ζ

∫ 1

0
(f(w + tζ)− f(w)) dt.

But |
∫ 1
0 (f(w + tζ) − f(w)) dt| < ε, so that |r(ζ)| ≤ ε|ζ|. Thus F is

differentiable at w, with derivative f(w). �
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Combining Theorems 22.3.1, 22.3.2 and 22.3.3 we have the following.

Theorem 22.3.4 (Cauchy’s theorem for simply-connected domains) Sup-

pose that f is a holomorphic function on a simply-connected domain U .

(i) If γ is a closed rectifiable path in U then
∫
γ f(z) dz = 0.

(ii) There exists a holomorphic function F on U such that F ′ = f .

Exercises

There are other ways of proving Cauchy’s theorem for a simply connected

domain. The following exercises provide another proof, preferable in some

respects to the one given above.

22.3.1 Suppose that a, b, c ∈ C. Let a′ = (b + c)/2, b′ = (c + a)/2, c′ =
(a+ b)/2. Calculate |b′ − c′|, |c′ − a′| and |a′ − b′|.

22.3.2 Use a′, b′ and c′ to divide the triangle abc into four triangles. Argue

as in Theorem 22.3.1 to prove Cauchy’s theorem for triangular paths.

22.3.3 We want to prove Cauchy’s theorem for closed polygonal paths in a

simply connected domain, using induction on the number of vertices.

Suppose that the result holds for polygonal paths with fewer than n

vertices, and that γ has n vertices. Show that the result holds if γ is

not simple.

22.3.4 Now suppose that γ is a simple closed polygonal path with vertices

v0, v1, . . . , vn = v0. Show that it is enough to show that there is a

linear path from a vertex vj to a point in [γ] which is inside [γ] and

divides [γ] into two polygons, each with less than n vertices.

22.3.5 There are several ways of doing this; here is one. Maybe you can find

a better one. We can suppose that v0 = (x0, y0), with y0 minimal.

Let θj = arg (vj − v0), for 1 ≤ j ≤ n − 1. Thus 0 ≤ θj ≤ π, for

1 ≤ j ≤ n − 1. We can suppose that θ1 < θn−1. Consider three

possibilities:

• θ2 < θ1; consider the ray {v1 + λeiθ1 : λ > 0}.
• θn−2 > θn−1; consider the ray {vn−1 + λeiθn−1 : λ > 0}.
• θ1 < θ2 and θn−2 < θn−1. Show that either θ1 < θ2 < θn−1 or

θ1 < θn−2 < θn−1, so that S = {vj : θ1 < θ2 < θn−1} is non-empty.

Consider [v0, vk], where vk ∈ S and |vk − v0| ≤ |vj − v0| for vj ∈ S.

22.3.6 Complete the proof of Cauchy’s theorem for a simply connected

domain.
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22.4 The Cauchy kernel

We use the function k(z) = −1/2πiz on C\{0} as a convolution kernel, and

call it the Cauchy kernel.

Theorem 22.4.1 Suppose that g is a continuous function on a rectifiable

path γ. Let

f(w) =

∫
γ
k(w − z)g(z) dz =

1

2πi

∫
γ

g(z)

z − w
dz for w �∈ [γ].

Then f is an analytic function on C \ [γ]. If z0 �∈ [γ] then

f (n)(z0) =
n!

2πi

∫
γ

g(z)

(z − z0)n+1
dz.

Proof Let M = sup{|g(z)| : z ∈ [γ]}, and let d = d(z0, [γ]). Suppose that

|h| < d. Using the formula in Proposition 20.3.8, we find that

1

z − (z0 + h)
=

1

z − z0
+

h

(z − z0)2
+ · · ·+ hn

(z − z0)n+1
+

hn+1

(z − z0)n+1(z − (z0 + h))
.

Multiplying by g(z)/2πi and integrating, it follows that

f(z0 + h) =

n∑
j=0

(
1

2πi

∫
γ

g(z)

(z − z0)j+1
dz

)
hj +Rn(h),

where

Rn(h) =
hn+1

2πi

∫
γ

g(z)

(z − z0)n+1(z − (z0 + h))
dz.

Then

|Rn(h)| ≤
|h|n+1l(γ)M

2πdn+1(d− |h|) =

(
l(γ)M

2π(d− |h|)

)(
|h|
d

)n+1

so that Rn(h)→ 0 as n→∞. Thus the series

∞∑
j=0

(
1

2πi

∫
γ

g(z)

(z − z0)j+1
dz

)
hj
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converges to the value f(z0+h). Since this holds for all z0+h ∈ Nd(z0), the

power series has radius of convergence at least d, and

f (n)(z0) =
n!

2πi

∫
γ

g(z)

(z − z0)n+1
dz.

�

How does the analytic function f on C \ [γ] relate to the continuous

function g on [γ]? This is something that we shall investigate in the rest of

this chapter.

Exercises

22.4.1 Let g(z) = z̄n, for z ∈ T and n ∈ N. Show that∫
κ1(0)

k(w − z)g(z) dz = 0 for w ∈ D.

22.4.2 Suppose that f(z) =
∑∞

n=0 anz
n is a power series with radius of

convergence greater than 1. Show that
∫
κ1(0)

k(w − z)f̄(z) dz = a0,

for w ∈ D.

22.4.3 What are the real and imaginary parts of the Cauchy kernel?

22.4.4 The Poisson kernel is defined as

Py(x) =
y

π(x2 + y2)
, for x ∈ R, y > 0.

Show that the function (x, y)→ Py(x) is harmonic.

22.5 The winding number as an integral

Recall that κr(w) is the circular path κr(w) = w + reit for t ∈ [0, 2π] and

that its track is denoted by Tr(w). Recall also (Example 22.1.9) that if f is

a continuous function on Tr(w) then∫
κr(w)

f(z) dz = ir

∫ 2π

0
f(w + reit)eit dt.

In particular, putting f(z) = (z − w)j , where j ∈ Z,∫
κr(w)

(z − w)j dz = ir

∫ 2π

0
rjei(j+1)t dt =

{
2πi if j = −1
0 otherwise.

Thus

n(κr(w), w) = 1 =
1

2πi

∫
κr(w)

dz

z − w
;
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the winding number of κr(w) is expressed as an integral. We can extend this

result to more general paths, to obtain the following fundamental theorem.

Theorem 22.5.1 Suppose that γ : [a, b] → C is a closed rectifiable path

and that w �∈ [γ]. Then

n(γ,w) =
1

2πi

∫
γ

dz

z − w
.

Proof First we consider the case where γ is piecewise smooth. Let γ(a)−w

= reiθ. For a ≤ s ≤ b let

h(s) =

∫ s

a

γ′(t)

γ(t)− w
dt, and let h(s) = j(s) + ik(s),

where j and k are the real and imaginary parts of h. Then

h(a) = 0, h(b) =

∫
γ

dz

z − w
and h′(s) =

γ′(s)

γ(s)− w
.

As s varies, we unwind γ(s)− w. Let f(s) = (γ(s)− w)e−h(s). Then

f ′(s) = (γ′(s)− (γ(s)− w)h′(s))e−h(s) = 0.

Consequently, f(s) = f(a), so that e−h(s)(γ(s)− w) = γ(a)− w and

γ(s)− w = eh(s)(γ(a) − w) = rej(s)ei(k(s)+θ).

Thus k(s) + θ is a branch of Arg (γ(s)− w) on [a, b], and

n(γ,w) =
k(b) − k(a)

2π
=

k(b)

2π
.

Now

(γ(b)− w)e−h(b) = f(b) = f(a) = γ(a)− w = γ(b)− w,

so that e−h(b) = e−j(b)e−ik(b) = 1, and j(b) = 0. Thus

2πin(γ,w) = ik(b) = j(b) + ik(b) = h(b) =

∫
γ

dz

z − w
.

Next, suppose that γ is a rectifiable path. Let U = C \{w}. By Corollary

22.2.2, if ε > 0 there exists a dyadic rectilinear path β : [a, b]→ U homotopic

to γ in U such that ∣∣∣∣ 1

2πi

∫
β

dz

z − w
− 1

2πi

∫
γ

dz

z − w

∣∣∣∣ < ε.
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By Theorem 21.2.1, n(β,w) = n(γ,w), and so∣∣∣∣n(γ,w)− 1

2πi

∫
γ

dz

z − w

∣∣∣∣ < ε.

Since ε is arbitrary, the result follows. �

Corollary 22.5.2 If f : U → C is holomorphic and w �∈ f([γ]) then

n(f ◦ γ,w) = 1

2πi

∫
γ

f ′(z)

f(z)− w
dz.

Proof As in the theorem, it is enough to prove this when γ is piecewise

smooth. Then, by the chain rule, f ◦ γ is a piecewise smooth path, with

derivative

(f ◦ γ)′(t) = df

dz
(γ(t))γ′(t).

Thus, making a change of variables,

n(f ◦ γ,w) = 1

2πi

∫
f◦γ

dz

z − w
=

1

2πi

∫ b

a

(f ◦ γ)′(t)
f(γ(t))− w

dt

=
1

2πi

∫ b

a

f ′(γ(t))γ′(t)

f(γ(t))− w
dt =

1

2πi

∫
γ

f ′(z)

f(z)− w
dz.

�

22.6 Cauchy’s integral formula for circular and square paths

Recall that κr(w) is the circular closed path κr(w)(t) = w + reit, for t ∈
[0, 2π], so that Mr(w) = in[κr(w)].

Theorem 22.6.1 (Cauchy’s integral formula for a circular path) Suppose

that f is a holomorphic function defined on a domain U , that Mr(w) ⊆ U

and that ζ ∈ Nr(w). Then

f(ζ) =
1

2πi

∫
κr(w)

f(z)

z − ζ
dz.

Proof Let g(z) = f(z)/2πi(z − ζ) for z ∈ U \ {ζ}; g is holomorphic on

U \ {ζ}. Let t = r − |ζ − w|, and suppose that 0 < s < t. Let

I =

∫
κr(w)

g(z) dz, and let Is =

∫
κs(ζ)

g(z) dz.

First we show that I = Is. The set U \{ζ} is not simply connected. We split

each of the paths γ and κr(ζ) into two parts, each contained in a simply

connected domain.
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w – r w + r

β+

w

ζ – s ζ + sζ

Figure 22.6.

Let

κr(w)+ = κr(w)[0,π], κr(w)− = κr(w)[π,2π]

κs(ζ)+ = κs(ζ)[0,π], κs(ζ)− = κs(ζ)[π,2π],

and let

β+ = κr(w)+ ∨ σ(w − ir, ζ − is) ∨ κs(ζ)
←
+ ∨ σ(ζ + is, w + ir),

β− = κr(w)
←
− ∨ σ(w − ir, ζ − is) ∨ κs(ζ)− ∨ σ(ζ + is, w + ir).

The track [β+] is contained in the simply connected set U ∩ (ζ +Cπ/2),

so that
∫
β+

g(z) dz = 0, by Cauchy’s theorem. Similarly, the track [β−] is

contained in the simply connected set U ∩ (ζ+C−π/2), so that
∫
β−

g(z) dz =

0.

Since the integrals along the linear paths cancel, it follows that

I − Is =

∫
β+

g(z) dz −
∫
β+

g(z) dz −
∫
β−

g(z) dz.

Suppose that ε > 0. Since f is continuous at w, there exists 0 < δ < t such

that if |z − ζ| < δ then |f(z)− f(ζ)| < ε. Since

1

2πi

∫
κs(ζ)

dz

z − ζ
= n(κs(ζ), ζ) = 1,

it follows that

|I − f(ζ)| = |Is − f(ζ)| = 1

2πi

∫
κs(ζ)

∣∣∣∣f(z)− f(ζ)

z − ζ

∣∣∣∣ dz,
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so that if 0 < s < δ then

|I − f(ζ)| ≤ 1

2π

( ε
s

)
l(κs(ζ)) = ε.

Since ε is arbitrary, the result follows. �

A similar result holds for square paths.

Theorem 22.6.2 (Cauchy’s integral formula for a square path) Suppose

that f is a holomorphic function defined on a domain U . Let sqr(w) be the

square path with vertices w−r− ir, w+r− ir, w+r+ ir, w−r+ ir. Suppose

that in[sqr(w)] ⊆ U and that ζ is inside [sqr(w)]. Then

f(w) =
1

2πi

∫
sqr(w)

f(z)

z − ζ
dz.

Proof Replace κr(w) by sqr(w) in the proof of Theorem 22.6.1, and make

obvious changes to the proof. �

Corollary 22.6.3 If Mr(w) ⊆ U , then

f(w) =
1

2π

∫ π

−π
f(w + reiθ) dθ.

Proof For

f(w) =
1

2πi

∫
κr(w)

f(z)

z − w
dz =

1

2πi

∫
κr(0)

f(w + z)

z
dz

=
1

2π

∫ π

−π
f(w + reiθ) dθ.

�

We can apply this to harmonic functions.

Corollary 22.6.4 Suppose that g is a harmonic function on a domain U ,

and that Mr(w) ⊆ U . Then

g(w) =
1

2π

∫ π

−π
g(w + reiθ) dθ.

Proof By considering real and imaginary parts, we can suppose that g

is real-valued. There exists s > r and a function h on Ns(w), such that
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Ns(w) ⊆ U , and such that f = g + ih is holomorphic on Ns(w). Then

f(w) = g(w) + ih(w) =
1

2π

∫ π

−π
f(w + reiθ) dθ

=
1

2π

∫ π

−π
g(w + reiθ) dθ + i

1

2π

∫ π

−π
h(w + reiθ) dθ.

The result now follows by considering the real part of this equation. �

We have seen in Volume I, Example 7.1.9 that there are continuous

functions on R with no points of differentiability, and so there are con-

tinuously differentiable functions on R which are not twice differentiable at

any point of R. For functions of a complex variable, the situation is com-

pletely different. The most important application of Theorem 22.6.1 is the

following.

Theorem 22.6.5 (Taylor’s theorem for holomorphic functions) Suppose

that f is a holomorphic function on a domain U . Then f is analytic on U .

If w ∈ U and MR(w) ⊆ U then

f(w + h) =

∞∑
n=0

anh
n =

∞∑
n=0

f (n)(w)

n!
hn, for |h| < R,

where

an =
1

2πi

∫
κr(w)

f(z)

(z − w)n+1
dz, for r < R.

Proof If |h| < r < R then

f(w + h) =
1

2πi

∫
κr(w)

f(z)

z − (w + h)
dz.

by Theorem 22.6.1. The result now follows from Theorem 22.4.1. �

Corollary 22.6.6 A complex-valued function on a domain U is

holomorphic if and only if it is analytic.

Authors define holomorphic functions and analytic functions in various

ways. This corollary shows that this is not important. We shall generally

refer to ‘holomorphic functions’, rather than ‘analytic functions’.

Corollary 22.6.7 If f is an entire function, and z0 ∈ C, then the Taylor

series expansion of f around z0 has infinite radius of convergence.

Suppose that U is a domain which is a proper subset of C. If f is a

holomorphic function on U and z0 ∈ U , then the radius of convergence of

the Taylor series expansion of f around z0 is at least d(z0, ∂U).
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Proof Let us prove the second statement. If 0 < R < d(z0, ∂U) then

MR(z0) ⊆ U , and so the radius of convergence is at least R. Since this holds

for all R < d(z0, ∂U), the radius of convergence is at least d(z0, ∂U). The

proof of the first statement is similar. �

Example 22.6.8 (The complex binomial theorem) If α ∈ C then

(1 + z)α = 1 + αz +

∞∑
n=2

α(α − 1) . . . (α− n+ 1)

n!
zn,

the sum converging locally absolutely uniformly on D.

For (1+ z)α is holomorphic on C \ (−∞,−1], and is therefore analytic on

D, and if f(z) = (1+z)α then f (k)(z) = α(α−1) . . . (α−k+1)(1+z)α−k . Note

how much simpler this proof is than the corresponding proof for real-valued

functions (Volume I, Theorem 7.6.4).

Taylor’s theorem enables us to prove a converse of Cauchy’s theorem.

Theorem 22.6.9 (Morera’s theorem) Suppose that f is a continuous func-

tion on a domain U , and that
∫
γ f(z) dz = 0 for every dyadic square path γ

for which in[γ] ⊆ U . Then f is holomorphic on U .

Proof Suppose that z0 ∈ U . Then there exists a neighbourhood Nr(z0)

with Nr(z0) ⊆ U . Since Nr(z0) is simply connected, it follows from Theorem

22.3.2 that
∫
γ f(z) dz = 0 for every rectifiable closed path in Nr(z0), and

it therefore follows from Theorem 22.3.3 that there exists a holomorphic

function F on Nr(z0) such that F ′ = f . But F is analytic, and is therefore

infinitely differentiable, and so f is differentiable at z0. �

Let H(U) denote the vector space of holomorphic functions on a domain

U .H(U) is a linear subspace of the vector space C(U) of continuous complex-

valued functions on U . As in Volume II, Section 15.8, we give C(U) a

complete metric d which defines the topology of local uniform convergence.

Theorem 22.6.10 H(U) is a closed linear subspace of (C(U), d).

Proof We use Cauchy’s theorem and Morera’s theorem. Suppose that

(fn)
∞
n=1 is a sequence in H(U) which converges locally uniformly to a func-

tion f in C(U). Suppose that γ is a dyadic square path with in[γ] ⊆ U .

Since [γ] is compact, fn → f uniformly on [γ], and so∫
γ
f(z) dz = lim

n→∞

∫
γ
fn(z) dz = 0.

Thus f is holomorphic, by Morera’s theorem. �
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Thus (H(U), d) is a complete metric space.

Here is a useful consequence of Morera’s theorem: integrals of holomorphic

functions are holomorphic.

Theorem 22.6.11 Suppose that U is a domain and that f is a continuous

complex-valued function on U × [a, b] such that, setting ft(z) = f(z, t), the

function ft is holomorphic on U for all t ∈ [a, b]. Let F (z) =
∫ b
a f(z, t) dt.

Then F is a holomorphic function on U .

Proof Let γ be a dyadic square path in U with in[γ] ⊆ U . Then∫
γ
F (z) dz =

∫
γ

(∫ b

a
f(z, t) dt

)
dz

=

∫ b

a

(∫
γ
f(z, t) dz

)
dt = 0,

so that F is holomorphic, by Morera’s theorem. �

Corollary 22.6.12 Suppose that U is a domain and that f is a continu-

ous complex-valued function on U × [a,∞) such that, setting ft(z) = f(z, t),

the function ft is holomorphic on U for all t ∈ [a,∞). If
∫ b
a f(z, t) dt con-

verges locally uniformly to
∫∞
a f(z, t) dt as b → ∞ then

∫∞
a f(z, t) dt is a

holomorphic function on U .

Proof Apply Theorem 22.6.10. �

Clearly, similar results also hold for improper integrals on open intervals.

Exercises

22.6.1 Suppose that γ is a convex path in C, and that w is inside [γ]. If

θ ∈ [0, 2π], let ρθ = {w+ reiθ : r ≥ 0}. Show carefully that ρθ ∩ [γ] is

a singleton γ(θ), and that the mapping θ → γ(θ) from [0, 2π] to [γ]

is a parametrization of [γ].

22.6.2 Suppose that f is an entire function and that there exists R > 0 and

k ∈ N such that |f(z)| ≤ |z|k for |z| ≥ R. Show that f is a polynomial

function of degree at most k.

22.6.3 Suppose that f is a holomorphic function on a domain U and that

z0 ∈ U . Suppose that the radius of convergence r of the Taylor series

expansion of f about z0 is greater than d(z0, U). Can the Taylor series

be used to extend f to a holomorphic function on U ∪Nr(z0)?

22.6.4 The function f(z) = 1/(1 − z − z2) is holomorphic in {z ∈ C : |z| <
1/2}. Let its Taylor series be

∑∞
n=0 Fnz

n. What recurrence relation
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does the sequence (Fn)
∞
n=0 satisfy? Show that

Fn =
gn+1 − (1− g)n+1

√
5

,

where g = (
√
5 + 1)/2 is the golden ratio.

22.6.5 Suppose that f is a holomorphic function on D taking values in D.

Show that |f (n)(0)| ≤ n!, for n ∈N.

22.6.6 Suppose that (pn)
∞
n=1 is a sequence of polynomials, each of degree less

than or equal to d, which converges locally uniformly on a domain U

to a function f . Show that f is a polynomial, of degree at most d.

22.6.7 Use Corollary 22.6.4 to show that a non-constant harmonic function

on a domain U has no local maxima.

22.7 Simply connected domains

Using Cauchy’s theorem, we can give further characterizations of simply

connected domains.

Theorem 22.7.1 Suppose that U is a domain. The following are equiva-

lent.

(i) U is simply connected.

(ii) If f is a holomorphic function on U then
∫
γ f(z) dz = 0 for all polygonal

closed paths γ in U .

(iii) If f is a holomorphic function on U then
∫
γ f(z) dz = 0 for all

rectifiable closed paths γ in U .

(iv) If f is a holomorphic function on U then there exists a holomorphic

function F on U such that F ′ = f .

(v) If f is a holomorphic function on U such that f(z) �= 0 for z ∈ U then

there exists a continuous branch of Log f on U .

(vi) If w �∈ U then there exists a continuous branch of Arg (z − w) on U .

Proof Cauchy’s theorem for simply connected domains (Theorem 22.9.1)

shows that (i) implies (iii). (iii) certainly implies (ii), and (ii) implies (iv),

by Theorem 22.3.3.

Let us show that (iv) implies (v). Suppose that f is a holomorphic function

on U and that f(z) �= 0 for z ∈ U . Then the function f ′/f is holomorphic on

U , and so there exists a holomorphic function G on U such that G′ = f ′/f .
Let h = e−Gf . Then

h′ = −G′e−Gf + e−Gf ′ = 0.
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so that h is a constant function taking a non-zero value k. Thus f = keG =

eF , where F = log k +G. F is then a continuous branch of Log f on U .

Next we show that (v) implies (vi). The function z−w does not vanish on

U , so that there is a continuous branch of Log(z−w) on U . Since Log(z−w) =
log |z −w|+ iArg(z −w), there is a continuous branch of Arg(z −w) on U .

Finally we show that (vi) implies that n(γ,w) = 0 for all closed paths

γ ∈ U and all w �∈ U . If α is a continuous branch of Arg(z − w) on U , then

l(z) = log |z − w| + iα(z − w) is a continuous branch of Log(z − w) of U .

Since l′(z) = 1/(z − w),

n(γ,w) =
1

2πi

∫
γ

dz

z − w
=

1

2πi

∫
γ
l′(z) dz = 0,

by Theorem 22.2.3. This implies that U is simply connected, by Theorem

21.5.1. �

Corollary 22.7.2 Suppose that U is simply connected and that β ∈ C. If

f is a holomorphic function on U for which f(z) �= 0 for z ∈ U , there exists

a continuous branch of fβ on U : that is, there exists a holomorphic function

g on U such that g(z) ∈ {f(z)β}, for z ∈ U .

Proof There exists a continuous branch lf of Log f on U . Let g(z) =

eβlf (z), for z ∈ U . �

Exercises

22.7.1 Suppose that u is a real-valued harmonic function on a domain U .

A real-valued function v is called a harmonic conjugate of u if the

complex-valued function u+ iv is holomorphic.

Show that if v and v′ are harmonic conjugates of u then v − v′ is
constant.

Show that if U is simply connected then a harmonic conjugate

exists.

Give an example on a domain U and a real-valued harmonic

function u on U which does not have a harmonic conjugate on U .

22.8 Liouville’s theorem

Theorem 22.8.1 (Liouville’s theorem) A bounded entire function is

constant.
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Proof Let M = sup{|f(z)| : z ∈ C}. Suppose that w ∈ C. We show that

f(w) = f(0). If R > |w| then n(κR(0), 0) = n(κR(0), w) = 1, so that, using

Cauchy’s integral formula,

f(w)− f(0) =
1

2πi

∫
κR(0)

f(z)

z − w
dz − 1

2πi

∫
κR(0)

f(z)

z
dz

=
1

2πi

∫
κR(0)

wf(z)

z(z − w)
dz.

Thus

|f(w)− f(0)| ≤ l(κR(0))M |w|
2πR(R − |w|) =

M |w|
R− |w| .

Since M |w|/(R − |w|)→ 0 as R→∞, f(w) = f(0). �

We can use Liouville’s theorem to give another proof of the fundamental

theorem of algebra.

Theorem 22.8.2 If p(z) is a non-constant polynomial function, there

exists z0 ∈ C such that p(z0) = 0.

Proof If not, then f(z) = 1/p(z) is an entire function. As in Corollary

20.6.3, |p(z)| → ∞ as z → ∞, and so f(z) → 0 as z → ∞. Thus there

exists R > 0 such that |f(z)| ≤ 1 for |z| ≥ R. But the continuous function

f is bounded on the compact set {z : |z| ≤ R}, and so f is a bounded

entire function. Thus f is constant, and so therefore is p; this gives a

contradiction. �

Exercises

22.8.1 Use Taylor’s theorem to show that if f is an entire function and if

|f(z)| = O(|z|n) as |z| → ∞ then f is a polynomial of degree at most

n. Use this to give another proof of Liouville’s theorem.

22.8.2 Prove the following extension of Liouville’s theorem: if f is an entire

function for which f(z)/z → 0 as z →∞ then f is constant.

22.8.3 Suppose that f is a non-constant entire function. Show that the image

f(C) is dense in C.

22.9 Cauchy’s theorem revisited

We now prove a more general version of Cauchy’s theorem.
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Theorem 22.9.1 (Cauchy’s theorem) Suppose that f is a holomorphic

function on a domain U , and that β is a closed rectifiable path in U for

which n(β,w) = 0 for w �∈ U . Then
∫
β f(z) dz = 0.

Note that this extends Theorem 22.3.1, since if U is simply connected

then n(β,w) = 0 for w �∈ U .

Proof By Theorem 21.4.1, there exist l ∈ Z and a finite set {γ0, . . . , γj}
of simple closed l-dyadic rectilinear paths in U such that [β] is inside [γ0]

and outside [γi] for 1 ≤ i ≤ j. The set in[γ0] ∩ (∩j
i=1out [γi]) is the union of

a finite set F = {Q1, . . . , Qu0} of closed l-squares.

If e is an edge of two adjacent squares Qu and Qv then e has opposite

orientations in squ and sqv. Thus if g is a continuous function on ∪u0

u=1∂Qu

then

j∑
i=0

∫
γi

g(z) dz =

u0∑
u=1

∫
squ

g(z) dz.

Suppose now that w is an interior point of some Qu. Then by Cauchy’s

integral formula for square paths,

1

2πi

∫
squ

f(z)

z − w
dz = f(w),

On the other hand, if v �= u, let δ = d(w, Q̄v). Then f(z)/(z − w) is

holomorphic on the simply connected set Nδ(Q̄v), and so

1

2πi

∫
sqv

f(z)

z − w
dz = 0.

Adding, and using the remark above,

j∑
i=0

(
1

2πi

∫
γi

f(z)

z − w
dz

)
= f(w).

Now the expression on the left-hand side is a continuous function of w for

w ∈ in[γ0]∩(∩m
i=1out [γi]), as is the right-hand side, and so the formula holds
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for all such w. In particular, it holds for all w ∈ [β]. Thus

∫
β
f(w) dw =

∫
β

(
j∑

i=0

1

2πi

∫
γi

f(z)

z − w
dz

)
dw

=

j∑
i=0

∫
γi

f(z)

(
1

2πi

∫
β

dw

z − w

)
dz

= −
j∑

i=0

∫
γi

f(z)n(β, z) dz,

the change of order being justified, since the integrands are continuous.

Now n(β, z) is a continuous integer-valued function on the connected set

in[γi], and so is constant there. Let its constant value be νi. Thus∫
β
f(w) dw = −

j∑
i=0

νi

∫
γi

f(z) dz.

If z ∈ [γ0] then z is in the unbounded component of C\ [β], and so ν0 = 0.

If 1 ≤ i ≤ j, there are two possibilities. First, there exists w ∈ in[γi] \ U ;

in this case νi = 0, by hypothesis. Secondly, in[γi] ⊆ U . In this case, the

simply connected set Nδ(in[γi]) is contained in U , and so
∫
γi
f(z) dz = 0,

by Cauchy’s theorem for simply connected domains. Thus each summand is

zero, and
∫
β f(z) dz = 0. �

22.10 Cycles; Cauchy’s integral formula revisited

We now prove a more general version of Cauchy’s integral formula. First,

we consider integrals along more general sets than closed rectifiable paths.

A cycle Γ in a domain U is an expression of the form Γ =
∑j

i=1 aiγi, where

ai ∈ Z and γi is a closed rectifiable path in U , for 1 ≤ i ≤ j. We set

[Γ], the track of Γ, to be [Γ] = ∪j
i=0[γi]. If w �∈ U , we define the winding

number n(Γ, w) of Γ about w to be n(Γ, w) =
∑j

i=1 ain(γi, w), and if f is a

continuous function on [Γ], we set

∫
Γ
f(z) dz =

j∑
i=1

(
ai

∫
γi

f(z) dz

)
.

For example, if γ0, γ1, . . . , γj are the paths in Theorem 21.4.1 then Γ =∑j
i=0 γi is a cycle for which n(Γ, w) = 1 for all w ∈ K.
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We can deduce results about winding numbers and integrals for cycles

from the corresponding results for closed paths. Suppose that Γ =
∑j

i=1 aiγi
is a cycle in a domain U and that w �∈ [Γ], and suppose that f is a continuous

function on [Γ]. Suppose that γi : [ci, di]→ U is a parametrization of γi, for

1 ≤ i ≤ j. Let

γ̃i =

⎧⎨⎩
γi ∨ . . . ∨ γi ai times, if ai > 0,

the constant path at γi(ci), if ai = 0,

γ←i ∨ . . . ∨ γ←i |ai| times, if ai < 0.

Since U \ {w} is path-connected, for 2 ≤ i ≤ j there exists a rectilinear

path βi in U from γ1(c1) to γi(ci), with w �∈ [βi]. Let δi = βi ∨ γ̃i ∨ β←
i ,

for 2 ≤ i ≤ j, and let δ = γ̃1 ∨ δ2 ∨ . . . ∨ δj . Then δ is a closed rectifiable

path in U . Further, the function f can be extended to a continuous function

on [Γ] ∪ [δ].

Proposition 22.10.1 With the notation above,

n(Γ, w) = n(δ, w) and

∫
Γ
f(z) dz =

∫
δ
f(z) dz.

Proof This follows from the facts that n(γ←i , w)= − n(γi, w), that∫
γ←i

f(z) dz= −
∫
γi
f(z) dz and that the integrals along βi and β←

i cancel

each other. �

Consequently, we have the following extensions of Theorems 22.9.1 and

22.5.1, and of Corollary 22.5.2.

Theorem 22.10.2 (Cauchy’s theorem for cycles) Suppose that Γ is a cycle

in a domain U for which n(Γ, w) = 0 for w �∈ U . Then∫
Γ
f(z) dz = 0.

Theorem 22.10.3 Suppose that Γ =
∑k

j=1 ajγj is a cycle and that w �∈
[Γ]. Then

n(Γ, w) =
1

2πi

∫
Γ

dz

z − w
.

Theorem 22.10.4 If f : U → C is holomorphic, and w �∈ f([Γ]) then

n(f ◦ Γ, w) = 1

2πi

∫
Γ

f ′(z)

f(z)− w
dz.

We can also establish Cauchy’s integral formula for cycles.
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Theorem 22.10.5 (Cauchy’s integral formula for cycles) Suppose that Γ

is a cycle in a domain U for which n(Γ, w) = 0 for w �∈ U . Suppose that f

is a holomorphic function on U and that z0 ∈ U \ [Γ]. Then

n(Γ, z0)f(z0) =
1

2πi

∫
Γ

f(z)

z − z0
dz.

Proof f(z)/(z − z0) is holomorphic on V = U \ {z0}. The result is true if

n(Γ, z0) = 0, for then n(Γ, w) = 0 for w �∈ V , and so the result follows from

Theorem 22.10.2.

Otherwise, let ν = n(Γ, z0). There exists r > 0 such that Nr(z0) ⊆ U .

Let Γ′ = Γ− νκr(z0). Then n(Γ′, w) = n(Γ, w)− νn(κr(z0), w) = 0− 0 = 0,

for w �∈ U and n(Γ′, z0) = n(Γ, z0) − νn(κr(z0), z0) = ν − ν = 0. Thus

n(Γ′, w) = 0 for z �∈ V , and so

1

2πi

∫
Γ

f(z)

z − z0
dz − ν

2πi

∫
κr(z0)

f(z)

z − z0
dz = 0.

Now
1

2πi

∫
κr(z0)

f(z)

z − z0
dz = f(z0),

by Theorem 22.6.1, and so the result follows. �

22.11 Functions defined inside a contour

So far we have been concerned with holomorphic functions defined on a

domain U , and with paths with tracks in U . There is another situation

which is worth considering. Recall that a contour is a positively oriented,

rectifiable, simple closed path in C. Suppose that γ is a contour and that f

is a continuous function on the closed set in[γ] which is holomorphic on the

open set in[γ]. Do Cauchy’s theorem and the Cauchy integral formula hold?

In general, the answer is ‘yes’, but the proofs are difficult. There is, how-

ever, one situation where the proof is quite easy, and which is quite sufficient

for most needs. We need a definition. Suppose that K is a subset of C, and

that k0 is an interior point of K. We say that K is star-shaped about k0 if

for each z ∈ K the open line segment (k0, z) = {(1− λ)k0 + λz : 0 < λ < 1}
is contained in the interior K◦ of K. As an important example, if K is a

convex body, then K is star-shaped about each point of K◦.

Theorem 22.11.1 Suppose that γ : [a, b] → C is a contour, that in[γ] is

star-shaped about k0, and that 0 < r < 1. Let γr(t) = (1− r)k0 + rγ(t), for

t ∈ [a, b]. Then γr is a contour inside [γ].
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Suppose that 0 < r0 < 1 and that g is a continuous function on in[γ] ∩
out [γr0 ]. Then

∫
γr
g(z) dz →

∫
γ g(z) dz as r ↗ 1.

Proof It follows from the definition of ‘star-shaped’ that γr is a simple

closed path inside [γ]. Since |γr(t) − γr(t
′)| = r|γ(t) − γ(t′)|, it also follows

that γr is a contour.

If r0 < r < 1 and if z ∈ [γ], let gr(z) = rg((1 − r)k0 + rz). Then gr(z)

converges uniformly to g(z) on [γ] as r ↗ 1, and
∫
γr
g(z) dz =

∫
γ gr(z) dz.

Consequently,
∫
γr
g(z) dz →

∫
γ g(z) dz as r ↗ 1. �

Corollary 22.11.2 If f is continuous on in[γ] and holomorphic on in[γ]

then
∫
γ f(z) dz = 0, and

f(w) =
1

2πi

∫
γ

f(z)

z − w
dz for w ∈ in[γ].

Proof Since
∫
γr
f(z) dz = 0, the first equation follows immediately. For

the second, there exists 0 < r0 < 1 such that w ∈ in[γr0 ]. Then the function

g(z) = f(z)/2πi(z − w) is continuous on in[γ] ∩ out [γr0 ], and if r0 < r < 1

then

f(w) =
1

2πi

∫
γr

f(z)

z − w
dz =

∫
γr

g(z) dz,

so that

f(w) = lim
r↗1

∫
γr

g(z) dz =

∫
γ
g(z) dz =

1

2πi

∫
γ

f(z)

z − w
dz.

�

22.12 The Schwarz reflection principle

We use Morera’s theorem to establish the Schwarz reflection principle.

Theorem 22.12.1 (The Schwarz reflection principle) Suppose that

(i) U is a domain in H+ = {z = x+ iy ∈ C : y > 0};
(ii) ∂U contains an open interval (a, b) in R;

(iii) f is a continuous function on U ∪ (a, b) which is holomorphic on U ,

and

(iv) f is real-valued on (a, b).

Let U∗ = {z : z̄ ∈ U}, and let V = U ∪ (a, b)∪U∗. If z ∈ U∗ let f(z) = f(z̄).

Then f is holomorphic on V .
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u

u*

a b

Figure 22.12.

Proof It follows from (iv) that f is a continuous function on V , and it

follows from the definition of differentiability, or from the Cauchy–Riemann

equations, that f is holomorphic on U∗. But we need to establish differentia-

bility at points of (a, b). We therefore use Morera’s theorem and Corollary

22.11.2. Suppose that γ is a square path, with in[γ] ⊆ V . If [γ] ⊆ U or

[γ] ⊆ U∗, then
∫
γ f(z)dz = 0. Otherwise, suppose that [γ]∩(a, b) = {w1, w2}.

There exist rectangular dyadic paths γ1 in U and γ2 in U∗ such that

[γ1] ∩ (a, b) = [γ2] ∩ (a, b) = [w1, w2] and [γ1] ∪ [γ2] = [γ] ∪ [w1, w2]. Then,

with suitable orientation,
∫
γ f(z)dz =

∫
γ1 f(z)dz +

∫
γ2 f(z)dz = 0. Thus f

is holomorphic on V , by Morera’s theorem. �

Exercises

22.12.1 Suppose that

(i) U is a domain in D;

(ii) ∂U contains an open circular arc Aα,β = {eit : α < t < β} in T;

(iii) f is a continuous function on U ∪Aα,β which is holomorphic on

U , and

(iv) f is real-valued on Aα,β .
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Let U∗ = {z : 1/z̄ ∈ U}, and let V = U ∪ (a, b) ∪ U∗. If z ∈ U∗ let

f(z) = f(1/z̄). Show that f is holomorphic on V .

22.12.2 Suppose that condition (iv) of the previous exercise is replaced by

(iv’) |f(z)| = 1 for z ∈ Aα,β.

Let f(z) = 1/f(1/z̄), for z ∈ U∗. Show that f is holomorphic on V .
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Zeros and singularities

23.1 Zeros

Suppose that f is a holomorphic function on a domain U . We denote the

zero set {z ∈ U : f(z) = 0} by Zf . What can we say about Zf? It is certainly

closed, since f is continuous.

Theorem 23.1.1 Suppose that f is a non-constant holomorphic function

on a domain U , and that f(z0) = 0. Then there exists a least k ∈ N such

that f (k)(z0) �= 0, and there exists s > 0 such that Ns(z0) ⊆ U and f(z) �= 0

for z in the punctured neighbourhood N∗
s (z0).

Proof By Proposition 20.3.9, there exists a least k ∈ N such that

f (k)(z0) �= 0, so that there exists r > 0 such that Nr(z0) ⊆ U and

f(z) =

∞∑
n=k

f (n)(z0)

n!
(z − z0)

n = (z − z0)
kh(z),

where h(z) =

∞∑
n=0

f (n+k)(z0)

(n+ k)!
(z − z0)

n,

for z ∈ Nr(z0). Then h(z0) = f (k)(z0)/k! �= 0. Since h(z)→ h(z0) as z → z0,

there exists 0 < s ≤ r such that h(z) �= 0 for z ∈ Ns(z0), and so f(z) �= 0

for z ∈ N∗
s (z0). �

Thus the points of Zf are isolated points of Zf ; the subspace topology on

Zf is the discrete topology. In general, a subspace S of a topological space

(X, τ) is a discrete subspace if the subspace topology on S is the discrete

topology, so that each of its points is an isolated point in X. If z0 ∈ Zf , f is

said to have a zero of order k, or multiplicity k, at z0 if k is the least integer

for which f (k)(z0) �= 0. Then f(z) = (z− z0)
kh(z), where h is a holomorphic

function for which h(z0) �= 0.

708
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It is important that we only consider points of the domain U . For example,

let U = C∗ = C\{0}, and let f(z) = exp(2πi/z)−1. Then f is holomorphic

on U , and Zf = {±1/k : k ∈ N}. The point 0 is a closure point of Zf in C,

but it is not in U .

A closed subset S of a domain for which every point of S is an isolated

point of S can be infinite, but it must be locally finite.

Proposition 23.1.2 Suppose that S is a discrete subspace of a Hausdorff

topological space (X, τ). If K is a compact subset of U then K ∩ S is a

finite set.

Proof For K ∩S is a compact Hausdorff space with the discrete topology,

and so must be a finite set.

�

Corollary 23.1.3 If S is a closed discrete subspace of a domain U then

S is countable.

Proof For U is σ-compact; it is the union of countably many compact

sets. �

In particular, if f is a non-constant holomorphic function on U then the

zero set Zf is countable.

Proposition 23.1.4 If S is a closed discrete subspace of a domain U , then

V = U \ S is a domain.

Proof Since S is closed in U , V is an open subset of C. We must show

that it is connected; we shall show that it is path-connected. Suppose that

v, v′ ∈ V . Since U is path-connected, there is a simple path γ : [0, 1] → U

from v to v′. Since its track [γ] is compact, [γ]∩S is finite. Thus there exist

0 < t1 < · · · < tk < 1 such that [γ] ∩ S = {γ(tj) : 1 ≤ j ≤ k}. It is now

easy to perturb the path so that it avoids S. For each 1 ≤ j ≤ k there

exists εj > 0 such that Nεj (γ(tj)) ⊆ U and Nεj (γ(tj)) ∩ S = {γ(tj)}. Since
γ is continuous, for each j there exist lj and rj with lj < tj < rj such that

γ([lj , rj ]) ⊆ Nεj(γ(tj)). We can suppose that rj < lj+1 for 1 ≤ j < k. Since

each punctured neighbourhood N∗
εj (γ(tj)) is path-connected, we can replace

γ[lj ,rj] by a path in N∗
εj (γ(tj)) from γ(lj) to γ(rj). In this way, we obtain a

path in V from v to v′. �
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Exercises

23.1.1 Where are the zeros of the function sin((1 + z)/(1 − z))? Show that

they have an accumulation point in C. Why does this not contradict

Proposition 23.1.2?

23.1.2 Suppose that f and g are holomorphic functions on a domain U and

that |f(z)| = |g(z)| for z ∈ U . Show that there exists α ∈ C such

that f = eiαg.

23.1.3 Give an example of a connected Hausdorff topological space (X, τ)

for which X \ {x} is not connected, for each x ∈ X.

23.2 Laurent series

Suppose that f is a non-constant holomorphic function on a domain U ,

with zero set Zf . Then V = U \ Zf is a domain, and the function 1/f

is holomorphic on V . If z0 ∈ Zf then there exists r > 0 such that the

punctured neighbourhood N∗
r (z0) is contained in V . The function 1/f is

holomorphic on N∗
r (z0), and |1/f(z)| → ∞ as z → z0. We are therefore led

to study holomorphic functions on such punctured neighbourhoods. In fact,

we consider holomorphic functions on rather more general sets. Suppose that

z0 ∈ C and that 0 ≤ r < R ≤ ∞. The (open) annulus Ar,R(z0) is defined to

be the set

Ar,R(z0) = {z ∈ C : r < |z − z0| < R}.
Thus N∗

R(z0) = A0,R(z0). An annulus Ar,R(z0) is an open connected subset

of C, but it is not simply connected; its complement has two connected

components, namely {z ∈ C : |z − z0| ≤ r} and {z ∈ C : |z − z0| ≥ R}. If
r < s < R then κs(z0) is a closed path in Ar,R(z0) which is not homotopic

to a constant path. If f is a holomorphic function on Ar,R(z0), we cannot

always represent f by a Taylor series, as the example 1/(z − z0) shows.

Instead, we represent it by a doubly infinite series.

Theorem 23.2.1 Suppose that f is a holomorphic function on the annulus

Ar,R(z0) and that n ∈ Z. If r < s < R, the quantity

an =
1

2πi

∫
κs(z0)

f(z)

(z − z0)n+1
dz

does not depend upon s.

Suppose that r < s ≤ t < R. The series
∑∞

n=0 an(z − z0)
n converges

absolutely uniformly on Nt(z0), and the series
∑∞

n=1 a−n(z−z0)
−n converges

absolutely uniformly on the set {z : |z − z0| ≥ s}. Thus the doubly infinite
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series
∑∞

n=−∞ an(z−z0)
n converges absolutely uniformly on the set {z : s ≤

|z − z0| ≤ t}: its sum is f(z).

Proof Let Γ be the cycle κt(z0)−κs(z0). The n(Γ, w) = 0 for w �∈ Ar,R(z0),

and the function f(z)/(z − z0)
n+1 is holomorphic on the annulus. By

Cauchy’s theorem for cycles,∫
Γ

f(z)

(z − z0)n+1
dz =

∫
κt(z0)

f(z)

(z − z0)n+1
dz −

∫
κs(z0)

f(z)

(z − z0)n+1
dz = 0.

Thus an does not depend upon s.

Suppose now that z0 + h ∈ Ar,R(z0). Choose r < s < |h| < t < R. Then

n(Γ, z0 + h) = 1, so that

f(z0 + h) =
1

2πi

∫
Γ

f(z)

z − (z0 + h)
dz

=
1

2πi

∫
κt(z0)

f(z)

z − (z0 + h)
dz − 1

2πi

∫
κs(z0)

f(z)

z − (z0 + h)
dz.

Arguing exactly as in the proof of Theorem 22.4.1,

1

2πi

∫
κt(z0)

f(z)

z − (z0 + h)
dz =

∞∑
n=0

anh
n,

and the series has radius of convergence at least R. It therefore converges

absolutely uniformly on Nt(z0).

We use an argument similar to the one used in the proof of Theorem

22.4.1 to deal with the remaining terms. Choose r < s′ < s. If z ∈ Ts′(z0)

then |z − z0| = s′ < |h|. Since
−1

z − (z0 + h)

=
1

h

(
1

1− (z − z0)/h

)
=

1

h
+ · · · + (z − z0)

n

hn+1
− (z − z0)

n+1

hn+1(z − (z0 + h))
,

it follows that

− 1

2πi

∫
κs′(z0)

f(z)

z − (z0 + h)
dz

=
1

2πi

∫
κs′(z0)

f(z)

(
1

h
+

z − z0
h2

+ · · ·+ (z − z0)
n

hn+1
− (z − z0)

n+1

hn+1(z − (z0 + h))

)
dz

=

n∑
j=1

a−j

hj
−Rn(h),
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where

Rn(h) =
1

2πihn+1

∫
κs′(z0)

f(z)
(z − z0)

n+1

z − (z0 + h)
dz.

Let Ms′ = sup{|f(z)| : z ∈ Ts′(z0)}. Then

|Rn(h)| ≤=
2πs′

2π|h|n+1
.
(s′)n+1Ms′

|h| − s′
≤ s′Ms′

s− s′
.

(
s′

s

)n+1

,

so that Rn(h)→ 0 as n→∞. Thus

− 1

2πi

∫
κs′(z0)

f(z)

z − (z0 + h)
dz =

∞∑
j=1

a−j

hj
.

Consequently the series
∑∞

j=1 a−jz
j has radius of convergence at least 1/s′.

Since 1/s′ > 1/s, the series
∑∞

j=1 a−j/h
j converges absolutely uniformly on

the set {h : |h− z0| ≥ s}.
Adding the two infinite series, we obtain the result. �

The doubly infinite series
∑∞

n=−∞ an(z− z0)
n is called the Laurent series

for f . The function fp(w) =
∑∞

n=1 a−n/(w − z0)
n, defined for |w − z0| > r,

is called the principal part of f : if r < s < |w − z0| then

fp(w) =
−1
2πi

∫
κs(z0)

f(z)

z − w
dz.

Let us show that the Laurent series is unique.

Theorem 23.2.2 Suppose that f is a holomorphic function on the annulus

Ar,R(z0), and that f(z0 + h) =
∑∞

n=−∞ bnh
n for z0 + h ∈ Ar,R(z0). Then

bn =
1

2πi

∫
κs(z0)

f(z)

(z − z0)n+1
dz

where r < s < R.

Proof As in Theorem 23.2.1, the series
∑∞

n=0 bnh
n and

∑∞
n=1 b−nh

−n

converge uniformly on [κs(z0)]. Since

1

2πi

∫
κs(z0)

(z − z0)
j

(z − z0)n+1
dz =

{
1 if j = n

0 otherwise,

it follows that

1

2πi

∫
κs(z0)

∑N
j=−M bj(z − z0)

j

(z − z0)n+1
dz = bn, for −M ≤ n ≤ N.
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Thus

bn = lim
M,N→∞

1

2πi

∫
κs(z0)

∑N
j=−M bj(z − z0)

j

(z − z0)n+1
dz

=
1

2πi

∫
κs(z0)

f(z)

(z − z0)n+1
dz.

�

Exercises

23.2.1 Find the Laurent series of the function f(z) = 1/z(z − 1)(z − 2),

defined on C\{0, 1, 2}, in each of the annuli A0,1(0), A1,2(0), A2,∞(0)

and A0,1(1).

23.2.2 Let
∑∞

n=−∞ anz
n be the Laurent series for the function ez+1/z defined

on C∗. Show that

an = a−n =

∞∑
j=0

1

j!(n − j)!
=

1

π

∫ π

0
e2 cos t cosnt dt.

23.2.3 Let
∑∞

n=−∞ bnz
n be the Laurent series for the function ez−1/z defined

on C∗. Show that if n ∈N then

bn = (−1)nb−n =

∞∑
j=0

(−1)j
j!(n − j)!

=
1

π

∫ π

0
cos(2 sin t− nt) dt.

23.2.4 Find the coefficients in the Laurent series for the functions cos(z+1/z)

and sin(z + 1/z) defined on C∗.

23.3 Isolated singularities

Suppose that f is a holomorphic function on a domain U with zero set Zf .

We can then define the function 1/f on the domain V = U \Zf . The points

of Zf are isolated points of C \ V . If z0 ∈ Zf then |1/f(z)| → ∞ as z → z0.

This leads to the following definition. If f is a holomorphic function on a

domain U and z0 is an isolated point ofC\U then z0 is an isolated singularity

of f . There then exists r > 0 such that N∗
r (z0) ⊆ U , and the restriction of

f to N∗
r (z0) has a Laurent series

f(z) =

∞∑
n=−∞

an(z − z0)
n for z ∈ N∗

r (z0).
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Further, if 0 < s < r then

an =
1

2πi

∫
κs(z0)

f(z)

(z − w)n+1
dz.

As we shall see, the coefficient a−1 = (1/2πi)
∫
κs(z0)

f(z) dz is particularly

important; it is called the residue of f at z0, and is denoted by res f (z0).

We use the coefficients in the Laurent series to classify the singularity.

We define the spectrum σf (z0) of f at z0 to be σf (z0) = {n ∈ Z : an �= 0}.
If f �= 0 then σf (z0) is not empty. We then classify the singularity in the

following way.

• If f = 0 or σf (z0) ⊆ Z+ then f has a removable singularity at z0.

• If σf (z0) is bounded below, but inf(σf (z0)) = −k < 0, then f has a pole

at z0, of order k. If k = 1 then z0 is a simple pole of f .

• If σf (z0) is not bounded below, then f has an essential isolated singularity

at z0.

In the next three theorems, we characterize each of these possibilities.

Theorem 23.3.1 Suppose that f is a non-zero holomorphic function on a

domain U , that z0 is an isolated singularity of f and that N∗
r (z0) ⊆ U . The

following are equivalent:

(i) f has a removable singularity at z0;

(ii) f can be extended to an analytic function on Nr(z0);

(iii) there exists l ∈ C such that f(z)→ l as z → z0;

(iv) (z − z0)f(z)→ 0 as z → z0;

(v) if 0 < t < r then f is bounded on the closed punctured neighbourhood

M∗
t (z0).

Proof If f has a removable singularity at z0, then the series
∑∞

n=0 an(z−
z0)

n defines an analytic function on Nr(z0), with f(z0) = a0, which agrees

with f on N∗
r (z0). Thus (i) implies (ii). Then (ii) implies (iii), (iii) implies

(iv) and (iv) implies (v). Suppose that (v) holds, and that 0 < t < r; let

Kt = sup{|f(z)| : z ∈M∗
t (z0)}. If 0 < s ≤ t and n ∈ N then

|a−n| = |
1

2πi

∫
κs(z0)

f(z)(z − z0)
n−1 dz| ≤ 2πs

2π
.Kt|s|n−1 = Kts

n.

Since s can be taken to be arbitrarily small, a−n = 0, and so (i) holds. �

Thus the singularity can be removed, by setting f(z0) = a0.
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Theorem 23.3.2 Suppose that f is a non-zero holomorphic function on a

domain U , that z0 is an isolated singularity of f and that N∗
r (z0) ⊆ U . The

following are equivalent:

(i) f has a pole at z0;

(ii) There exists a holomorphic function g on U ∪{z0} and k ∈ N such that

g(z0) �= 0 and f(z) = g(z)/(z − z0)
k for z ∈ U ;

(iii) |f(z)| → ∞ as z → z0;

(iv) there exists 0 < s ≤ r such that f(z) �= 0 on N∗
s (z0) (so that 1/f is

defined on N∗
s (z0)), and 1/f(z)→ 0 as z → z0.

Proof Suppose that f has a pole of order k at z0 and that

f(z) =

∞∑
n=−k

an(z − z0)
n, for z ∈ N∗

r (z0).

Let g(z) = (z − z0)
kf(z) for z ∈ U . Then g(z) =

∑∞
n=0 an−k(z − z0)

n for

z ∈ N∗
r (z0), so that g has a removable singularity at z0, and can therefore

be extended to a holomorphic function on U ∪ {z0}. Thus (i) implies (ii).

Clearly (ii) implies (iii) and (iii) implies (iv).

Suppose that (iv) holds. Then 1/f has a removable singularity at z0,

and it can be extended to a holomorphic function on Ns(z0) by setting

1/f(z0) = 0. Thus this extension has a zero at z0, of order k, say. There

therefore exists a holomorphic function g on Ns(z0), with g(z0) �= 0, such

that 1/f(z) = (z−z0)
kg(z) for z ∈ Ns(z0). Then g(z) �= 0 for z ∈ Ns(z0). Let

h(z) = 1/g(z), for z ∈ Ns(z0). The function h is holomorphic on Ns(z0), and

so has a Taylor series expansion h(z) =
∑∞

n=0 hn(z − z0)
n, for z ∈ Ns(z0),

with h0 = 1/g(z0) �= 0. Then

f(z) = (z − z0)
−kh(z) =

∞∑
n=−k

hn+k(z − z0)
n for z ∈ N∗

s (z0).

Since h0 �= 0, it follows that f has a pole of order k at z0. �

Finally we characterize essential isolated singularities.

Theorem 23.3.3 (Weierstrass’ theorem) Suppose that f is a non-zero

holomorphic function on a domain U , that z0 is an isolated singularity of f

and that N∗
r (z0) ⊆ U . The following are equivalent:

(i) f has an essential isolated singularity at z0;

(ii) for each 0 < s < r the set f(N∗
s (z0)) is dense in C – that is, if w ∈ C,

δ > 0 and 0 < s < r there exists z ∈ N∗
s (z0) such that |f(z)− w| < δ;
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(iii) if w ∈ C there exists a sequence (zk)
∞
k=1 in U such that zk → z0 and

f(zk)→ w as k →∞.

Proof It is an easy exercise to show that (ii) and (iii) are equivalent, and

it follows from Theorems 23.3.1 and 23.3.2 that either implies (i). It remains

to show that (i) implies (ii). Suppose that (ii) does not hold, so that there

exist w ∈ C, δ > 0 and 0 < s < r for which |f(z) − w| > δ for z ∈ N∗
s (z0).

Then the function g(z) = 1/(f(z)−w) is a bounded holomorphic function on

N∗
s (z0), and by Theorem 23.3.1, it has a removable singularity at z0. It can

therefore be extended to a holomorphic function g on Ns(z0). If g(z0) = 0,

then f(z) − w has a pole at z0, and so therefore does f ; if g(z0) �= 0, then

f(z)−w has a removable singularity at z0, and so therefore does f . In either

case, f does not have an essential isolated singularity at z0. �

Corollary 23.3.4 Suppose that f is a holomorphic function on the domain

{z ∈ C : |z| > R} with Laurent series f(z) =
∑∞

n=−∞ anz
n, and that its

spectrum {n ∈ Z : an �= 0} is not bounded above. If w ∈ C, S ≥ R and

ε > 0 then there exists z ∈ C with |z| > S such that |f(z)− w| < ε; that is,

f({z ∈ C : |z| > S}) is dense in C.

Proof Let h(z) = f(1/z), for 0 < |z| < 1/R. Then h has Laurent series∑∞
n=−∞ a−nz

n, so that h has an isolated essential singularity at 0. Thus

there exists ζ with 0 < |ζ| < 1/S such that |h(ζ) − w| < ε. If z = 1/ζ then

|Z| > S and |f(z)−w| < ε. �

As an example, the function f(z) = e−1/z2

on C \ {0} has an essential

isolated singularity at 0, since its Laurent series is

f(z) =

∞∑
n=0

(−1)n
n!

(
1

z

)2n

.

If we consider its restriction to R \ {0}, and define f(0) = 0, then f is

an infinitely differentiable function all of whose derivatives vanish at 0 (see

Volume I, Section 7.6). On the other hand, f(it) = e1/t
2

, so that, as we

approach 0 along the imaginary axis, f(it)→∞ as t→ 0.

Weierstrass’ theorem shows that functions behave badly near an essential

isolated singularity. In fact, more can be said.

Theorem 23.3.5 (Picard’s theorem) Suppose that f is a non-zero holo-

morphic function on a domain U , that z0 is an essential isolated singularity

of f and that N∗
r (z0) ⊆ U . Then C\f(N∗

r (z0)) consists of at most one point.
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Thus f takes all values, except perhaps one, arbitrarily close to z0. We

cannot do better: the function f(z) = e−1/z2

on C \ {0} fails to take the

value 0. The proof of this theorem is beyond the scope of this book1.

Exercises

23.3.1 Where are the singularities of the following functions? If a singularity

is isolated, determine whether it is removable, or a pole, or an isolated

singularity. If the function has a removable singularity at z, determine

the value that the function should take at z to make it continuous

at z.

(i) (sin z)/z

(ii) (1− cos z)/z2

(iii) tan z

(iv) e1/z

(v) (log zn)/(1 − z)n (defined in N1(1))

(vi) 1/(ez − 1)

(vii) zn cos(1/z)

(viii) zn tan(1/z)

23.3.2 Suppose that f is an entire function and that |f(z)| → ∞ as |z| → ∞.

Show that f is a polynomial function.

23.3.3 If 0 < |a| < 1, let ba be the rational function ba(z) = (z− a)/(1− āz)

defined on the set N1/|a|(0), and let b0(z) = z. Show that if |z| = 1

then |ba(z)| = 1.

23.3.4 Suppose that f is a non-constant holomorphic function on a domain

U , that M1(0) ⊆ U , and that |f(z)| = 1 for |z| = 1. Let a1, . . . , an
be the zeros of f in N1(0), with multiplicities k1, . . . , kn respectively.

Show that there exists θ ∈ (−π, π] such that f is the rational function

f = eiθbk1

a1
. . . bkn

an
,

where ba is the function defined in the previous exercise.

23.3.5 Suppose that f is a holomorphic function on a domain U and that f

has a singularity at z0. Show that if z0 is a non-removable singularity

then the function ef has an isolated essential singularity at z0. Deduce

that if �f is bounded in a neighbourhood of z0 then z0 is a removable

singularity.

1 See John B. Conway Functions of one complex variable, Springer-Verlag 1978.
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ϕ(z)

S = ϕ (0)
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z

Figure 23.4.

23.4 Meromorphic functions and the complex sphere

Theorem 23.3.2 shows that zeros and poles are closely related. This leads to

the following definition. A meromorphic function f on a domain U is a pair

(f, Sf ), where Sf (the singular set) is a discrete closed subset of U , together

with a holomorphic function f on U \ Sf which has a pole at each point of

Sf . If f is a non-zero meromorphic function on U with singular set Sf and

zero set Zf , then 1/f is also a meromorphic function on U , with singular set

Zf and zero set Sf . It follows from this that the meromorphic functions on

U form a field. Rational functions are examples of meromorphic functions

on C; another example is the function cot z, with singular set {nπ : n ∈ Z}
and zero set {(n + 1

2)π : n ∈ Z}.
A meromorphic function f on a domain U concerns a function defined on

a subset U \ Sf of U . This appears to be a misuse of the word ‘function’,

but is excusable since ‘mero’ means ‘part’. But we can remedy this misuse

by enlarging the range of f . If z0 ∈ Sf then |f(z)| → ∞ as z → z0, and

so we need to adjoin a ‘point at infinity’ in a suitable way. The following

construction provides a concrete way of doing so.

The complex plane C is isomorphic as a real vector space to R2, and we

can identify C with a linear subspace of R3 by identifying z = x+ iy with

the point (x, y, 0). If we give R3 the Euclidean metric d defined by the norm

‖(x, y, t)‖ = (x2 + y2 + t2)
1
2 , then distances are preserved: d(z, w) = |z−w|.

We now consider the unit sphere S = {(x, y, t) : x2 + y2 + t2 = 1} and the

point N = (0, 0, 1): N is the north pole of S. If z ∈ C then the straight line

lz through N and z meets S in two points: one is N , and we denote the other

by φ(z). The mapping z → φ(z) is a bijection of C onto S \ {N}, called the

stereographic projection.

Let us calculate φ(z). If z = x+ iy = reiθ, the straight line lz is the set

{(1 − λ)N + λz : λ ∈ R} = {(λr cos θ, λr sin θ, 1− λ) : λ ∈ R}.
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This meets S where λ2r2 + (1− λ)2 = 1; that is, where λ = 0 (the point N)

and λ = 2/(1 + r2) (the point φ(z)). Thus

φ(z) =

(
2x

1 + r2
,

2y

1 + r2
,
r2 − 1

1 + r2

)
.

We now adjoin an extra point ∞ to C, and denote C ∪ {∞} by C∞.

We extend φ to C∞ by setting φ(∞) = N , so that φ is a bijection of C∞
onto S. We define a metric ρ on C∞ by setting ρ(z, w) = d(φ(z), φ(w)) =

‖φ(z) − φ(w)‖. Then (C∞, ρ) is a compact metric space, isometrically home-

omorphic to (S, d); for this reason, C∞ is called the complex sphere.

The inclusion mapping (C, d) → (C∞, ρ) is then a homeomorphism of

(C, d) onto the dense subset C∞ \ {∞} of (C∞, ρ): (C∞, ρ) is a one-point

compactification of (C, d).

If a �= 0, we set a.∞ =∞.a =∞, and if b ∈ C we set∞+b = b+∞ =∞.

The quantities 0.∞, 0/0, ∞/∞ and ∞+∞ are not defined.

If now f is a meromorphic function on a domain U , with singular set Sf ,

we can extend f to a continuous function from U toC∞ by setting φ(z) =∞
for z ∈ Sf . As an example, the function J(z) = 1/z is meromorphic on C,

with a simple pole at 0, and so we define J(0) = 1/0 =∞. Since J(z)→ 0 as

z →∞, we set J(∞) = 1/∞ = 0. Then J is a homeomorphism (inversion)

of C∞ onto itself.

An open connected subset of C∞ is called a domain in C∞. If U is a

domain in C∞ then either ∞ �∈ U , in which case U is a domain in C, or

∞ ∈ U , in which case U ∩C is a domain in C with the property that there

exists R ≥ 0 such that {z ∈ C : |z| > R} ⊆ U .

Suppose that U is a domain in C∞, that∞ ∈ U and that f is a meromor-

phic function on U ∩C with singular set Sf . We consider the function f ◦ J
on J(U∩C) (so that f ◦J(z) = f(1/z) for z ∈ J(U∩C)). It is a meromorphic

function on J(U ∩C), which is a subset of C∗ = C\{0}. If Sf is unbounded,

then 0 is an accumulation point of the singular set of f ◦ J , but if Sf is

bounded, then 0 is an isolated singularity of f ◦J . There are then three pos-

sibilities. First, 0 is a removable singularity of f ◦J , in which case f(z) tends

to a finite limit l as z →∞, and we set f(∞) = l. Secondly, 0 is a pole of of

f ◦J , in which case f(z)→∞ as z →∞, and we set f(∞) =∞. Thirdly, 0 is

an essential isolated singularity, in which case f(∞) is not defined. If the first

or second possibility holds, we call the mapping f : U → C∞ a meromorphic

function on U .
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Exercises

23.4.1 Verify that the mapping φ : (C, d)→ (φ(C), d) is a homeomorphism.

23.4.2 Suppose that φ(z) = (u, v, w). Show that z = (u+ iv)/(1 −w).

23.4.3 Suppose that φ(z) = (u, v, w) and that φ(z′) = (u′, v′, w′). Show that

d(z, z′)2 = 2− 2(uu′ + vv′ + ww′). Deduce that

d(z, z′) =
2|z − z′|

(1 + |z|2)
1
2 (1 + |z′|2)

1
2

.

Show that

d(z,∞) =
2

(1 + |z|2)
1
2

.

23.4.4 Suppose that f is a meromorphic function on C and that there exist

R > 0 and k ∈ N such that |f(z)| ≤ |z|k for |z| ≥ R. Show that

f is a rational function: there exist polynomials p and q such that

f(z) = p(z)/q(z) for z ∈ C \ Sf .

23.4.5 Suppose that f is a meromorphic function on C and that f ◦ J is

also meromorphic on C. Show that the singular set Sf is finite. Show

that f is a rational function.

23.4.6 Let R be the rotation of R3 by π about the first axis, so that

R(x, y, t) = (x,−y,−t). If z ∈ C, what is φ−1Rφ(z)?

23.5 The residue theorem

We now apply Cauchy’s theorem to a meromorphic function f . This involves

the residues at the poles of f .

Proposition 23.5.1 Suppose that f is a meromorphic function on a

domain U with zero set Zf and singular set Sf . Suppose that Γ is a cycle in

U \ Sf such that n(Γ, w) = 0 for w �∈ U . Let

UΓ = {z ∈ U \ [Γ] : n(Γ, z) �= 0} and let KΓ = [Γ] ∪ UΓ.

Then KΓ is a compact subset of U .

Proof C \KΓ = {w ∈ C \ [Γ] : n(Γ, w) = 0} is the union of some of the

connected components of the open set C\ [Γ], including the unbounded one,

so that KΓ is a compact subset of C. Further, KΓ ⊆ U , since n(Γ, w) = 0

for w �∈ U . �



23.5 The residue theorem 721

Corollary 23.5.2 The sets

Sf (Γ) = KΓ ∩ Sf = {z ∈ Sf : n(Γ, f) �= 0}
and Zf (Γ) = KΓ ∩ Zf = {z ∈ Zf : n(Γ, f) �= 0}

are finite.

Proof This follows from Proposition 23.1.2. �

Theorem 23.5.3 (The residue theorem) Suppose that f is a meromorphic

function on a domain U with singular set Sf , and suppose that Γ is a cycle

in V = U \ Sf such that n(Γ, w) = 0 for w �∈ U . Then

1

2πi

∫
Γ
f(z) dz =

∑
{n(Γ, s)res f (s) : s ∈ Sf (Γ)}.

Proof By Corollary 23.5.2, the set Sf (Γ) is a finite subset of U , and so

the sum is finite. The restriction of f to V is a holomorphic function, but

we cannot immediately apply Cauchy’s theorem, since if Sf (Γ) �= ∅ then

n(Γ, s) may be non-zore for s ∈ Sf (Γ) ⊆ C\V . There exists r > 0 such that

Mr(s) ⊆ UΓ, for each s ∈ Sf (Γ), and such that Mr(s)∩Mr(s
′) = ∅, for s, s′

distinct elements of Sf (Γ). Let

Γ′ = Γ−
∑

s∈Sf (Γ)

n(Γ, s)κr(s).

Then Γ′ is a cycle for which n(Γ′, s) = 0 for s ∈ Sf (Γ), and also n(Γ′, s) = 0

for s ∈ Sf \ Sf (Γ). Thus n(Γ′, w) = 0 for w �∈ V . We can apply Cauchy’s

theorem for cycles:
∫
Γ′ f(z) dz = 0.

Since

1

2πi

∫
Γ′
f(z) dz =

1

2πi

∫
Γ
f(z) dz −

∑
s∈Sf (Γ)

n(Γ, s)

(
1

2πi

∫
κr(s)

f(z) dz

)

=
1

2πi

∫
Γ
f(z) dz −

∑
s∈Sf (Γ)

n(Γ, s)res f (s),

the result follows. �

This theorem can be used to calculate certain definite integrals; we shall

give examples in the next chapter.

Suppose that f is a meromorphic function on a domain U and that ζ ∈
U \Sf . Then, as in Cauchy’s integral formula, we may consider the meromor-

phic function f(z)/(z−ζ). If ζ ∈ U , this has a simple pole at ζ, with residue
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f(ζ). The next proposition gives information about the residues at the

other poles.

Proposition 23.5.4 Suppose that f is a meromorphic function on a

domain U with singular set Sf , that s ∈ Sf is a pole of order k, that If

s ∈ Sf is a pole of order k and if

f(z) =

∞∑
j=−k

aj(z − s)j

is the Laurent expansion of f in a neighbourhood of s and that ζ �= s. Then

f(z)(z − ζ) has a pole of over k at s, and

resg(s) = −
a−k

(ζ − s)k
+

a−k+1

(ζ − s)k−1
+ · · ·+ a−1

(ζ − s)
.

Proof The function g certainly has a pole of order k at s. Let g(z) =∑∞
j=−k bj(z− s)j be its Laurent expansion in a punctured neighbourhood of

s. If |z − s| < |s− ζ|, then

1

z − ζ
=

1

(z − s)− (ζ − s)
= − 1

ζ − s

(
1

1− z−s
ζ−s

)

= − 1

ζ − s

(
1 +

z − s

ζ − s
+

(
z − s

ζ − s

)2

+ · · ·
)
.

Multiplying the Laurent series for f by this power series, we see that the

coefficient b−1 of 1/(z − s) is equal to

−
(

a−k

(ζ − s)k
+

a−k+1

(ζ − s)k−1
+ · · · + a−1

(ζ − s)

)
.

�

The residue theorem has the following corollary.

Corollary 23.5.5 If s ∈ Sf (Γ), let
∑∞

j=−ks
a
(s)
j (z − s)j be the Laurent

expansion of f in a punctured neighbourhood of s. If ζ ∈ U \ Sf then

n(Γ, ζ)f(ζ) =
1

2πi

∫
Γ

f(z)

z − ζ
dz +

∑
s∈Sf (Γ)

n(Γ, s)

ks∑
j=1

a
(s)
−j

(ζ − s)j

This has the following consequence for certain meromorphic functions

defined on C.

Theorem 23.5.6 Suppose that f is a meromorphic function on C with

the following property: there exists a sequence (rn)
∞
n=1 of real numbers
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increasing to ∞, such that Trn ∩ Sf = ∅ for each n ∈ N, and such that

Mn = sup{|f(z)| : z ∈ Trn} → 0 as n→∞. If s ∈ Sf , let
∑∞

j=−ks
a
(s)
j (z−s)j

be the Laurent expansion of f in a punctured neighbourhood of s. Suppose

that ζ ∈ C \ Sf . Then

f(ζ) = lim
n→∞

∑
s∈Sf ,|s|<rn

⎛⎝ ks∑
j=1

a
(s)
−j

(ζ − s)j

⎞⎠
and the limit exists locally uniformly on C \ Sf .

Proof Suppose that K is a compact subset of C \Sf . Let L = supζ∈K |ζ|.
If n > L and ζ ∈ K, then∣∣∣∣∣

∫
κrn

f(z)

ζ − z
dz

∣∣∣∣∣ ≤ (2πrn).
Mn

rn − L
→ 0,

uniformly on K. The result therefore follows from Corollary 23.5.5. �

Thus we have a ‘partial fractions’ expansion of f .

One important case occurs when all the singularities of f are simple: here

we impose weaker conditions on f .

Theorem 23.5.7 Suppose that f is a meromorphic function on C, all of

whose singularities are simple poles, and suppose that 0 �∈ Sf . Suppose also

that there exists a sequence (rn)
∞
n=1 of real numbers increasing to ∞, such

that Trn ∩ Sf = ∅ for n ∈ N and such that if Mn = sup{f(z) : z ∈ Trn}
then (Mn)

∞
n=1 is bounded. If s ∈ Sf , let bs be the residue of f at s. If ζ �∈ Sf

then

f(ζ) = f(0) + lim
n→∞

∑
s∈Sf , |s|<rn

bs

(
1

ζ − s
+

1

s

)
.

Proof The meromorphic function h(z) = (f(z)−f(0))/z satisfies the con-

ditions of Theorem 23.5.6. The residue of h(z) at s ∈ Sf is b(s)/s, so that,

applying Theorem 23.5.6,

f(ζ) = f(0) + ζh(ζ) = f(0) + lim
n→∞

∑
s∈Sf , |s|<rn

ζbs
s(ζ − s)

= f(0) + lim
n→∞

∑
s∈Sf , |s|<rn

bs

(
1

ζ − s
+

1

s

)
.

�

We shall apply these results in Chapter 26.
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Exercises

23.5.1 What is the corresponding result if, in Theorem 23.5.7, f has a simple

pole at 0?

23.6 The principle of the argument

If f is a non-zero meromorphic function on a domain U , then so are f ′ and
f ′/f . Where are the poles of f ′/f , and what are their residues?

Proposition 23.6.1 Suppose that f is a non-constant meromorphic func-

tion on a domain U with singular set Sf and zero set Zf . The function f ′/f
is a meromorphic function on U with singular set Sf ∪ Zf . If f has a zero

of order k at z0 ∈ Zf then f ′/f has a simple pole at z0 with residue k. If

f has a pole of order k at z0 ∈ Sf then f ′/f has a simple pole at z0 with

residue −k.

Proof The function f ′/f is defined on U \ (Sf ∪ Zf ) and is holomorphic

there. If f has a zero of order k at z0 ∈ Zf , then f(z) = (z−z0)
kg(z), where

g is a holomorphic function on U \ Sf and g(z0) �= 0. Then

f ′(z) = k(z − z0)
k−1g(z) + (z − z0)

kg′(z).

Thus
f ′(z)

f(z)
=

k

z − z0
+

g′(z)

g(z)
for z ∈ U \ (Sf ∪ Zf ).

Since g′/g is holomorphic in a neighbourhood of z0, it follows that f
′/f has

a simple pole at z0 with residue k.

The argument for a pole is very similar. If f has a pole of order k at

z0 ∈ Zf , then f(z) = (z − z0)
−kh(z), where h is a holomorphic function on

U \ Sf for which h(z0) �= 0. Then

f ′(z) = −k(z − z0)
−k−1h(z) + (z − z0)

−kh′(z).

Thus
f ′(z)

f(z)
=

−k
z − z0

+
h′(z)

h(z)
for z ∈ U \ (Sf ∪ Zf ).

Since h′/h is holomorphic in a neighbourhood of z0, it follows that f
′/f has

a simple pole at z0 with residue −k.
If z0 ∈ U \ (Sf ∪ Zf ) then f(z0) �= 0, and f ′/f is holomorphic in a

neighbourhood of z0. �

We use this to prove the principle of the argument.
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Theorem 23.6.2 (The principle of the argument) Suppose that f is a

meromorphic function on a domain U with zero set Zf and singular set Sf ,

and suppose that Γ is a cycle in U \ (Zf ∪ Sf ) such that n(Γ, w) = 0 for

w �∈ U . Then

n(f ◦ Γ, 0) =
∑
ζ∈Zf

n(Γ, ζ)lf (ζ)−
∑
s∈Sf

n(Γ, s)kf (s),

where lf (ζ) is the order of the zero of f at ζ and kf (s) is the order of the

pole of f at s.

Proof By Corollary 22.10.4,

n(f ◦ Γ, 0) = 1

2πi

∫
Γ

f ′(z)

f(z)
dz,

and

1

2πi

∫
Γ

f ′(z)

f(z)
dz =

∑
ζ∈Zf (Γ)

n(Γ, ζ)res f ′/f (ζ) +
∑

s∈Sf (Γ)

n(Γ, s)res f ′/f (s)

=
∑

ζ∈Zf (Γ)

n(Γ, ζ)lf (ζ)−
∑

s∈Sf (Γ)

n(Γ, s)kf (s).

�

Let us apply Proposition 21.1.8.

Corollary 23.6.3 (Rouché’s theorem) Suppose that g is a meromorphic

function on U for which Sg ∩ [Γ] = ∅ and

|f(w)− g(w)| < |f(w)|+ |g(w)| for w ∈ [Γ].

Then ∑
ζ∈Zf (Γ)

n(Γ, ζ)lf (ζ)−
∑

s∈Sf (Γ)

n(Γ, s)kf (s) =

∑
ζ∈Zg(Γ)

n(Γ, ζ)lg(ζ)−
∑

s∈Sg(Γ)

n(Γ, s)kg(s),

where lg(ζ) is the order of the zero of g at ζ and kg(s) is the order of the

pole of g at s.

Proof The conditions imply that f and g have no zeros and no poles

in [Γ]. Applying Proposition 21.1.8 to each of the paths in Γ, we see that

n(f ◦ Γ, 0) = n(g ◦ Γ, 0). �
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Rouché’s theorem is usually stated (and used) with the stronger condition

that 0 < |f(w)− g(w)| < |f(w)|, for w ∈ [Γ].

These results can be used to locate the zeros of holomorphic functions.

We shall give some examples in Section 23.7.

We use the principle of the argument to consider the behaviour of a

holomorphic function at a point where the derivative may be 0.

Theorem 23.6.4 Suppose that f is a non-constant holomorphic function

on a domain U and that z0 ∈ U . Let d be the least positive integer such

that f (d)(z0) �= 0. Then there exist ρ > 0 and r > 0 such that for each

w ∈ N∗
ρ (f(z0)) there exist exactly d points in N∗

r (z0) satisfying f(z) = w.

These points are simple zeros of the function f − w.

Proof Since the zeros of f − f(z0) and f ′ are isolated, there exists r > 0

such that Mr(z0) ⊆ U and such that f(z) − f(z0) �= 0 and f ′(z) �= 0 for

z ∈ M∗
r (z0). Then f(z) �= f(z0) for z ∈ [κr(z0)], and n(κr(z0), z) = 1 for

z ∈ Nr(z0). By the principle of the argument, n(f ◦ κr(z0), f(z0)) = d. Let

V be the connected component of C \ f([κr(z0)]) to which f(z0) belongs.

Since V is open, there exists ρ > 0 such that Nρ(f(z0)) ⊆ V . Since the

winding number n(f ◦ κr(z0), w) is constant on V , n(f ◦ κr(z0), w) = d,

for w ∈ Nρ(f(z0)), and so f − w has d zeros, counted according to mul-

tiplicity, in N∗
r (z0). Since f ′(z) �= 0 for z ∈ N∗

r (z0), each of these zeros

is a simple zero, and so there are d distinct solutions to the equation

f(z) = w in N∗
r (z0). �

We use this to describe the behaviour of a meromorphic function near

a pole.

Corollary 23.6.5 Suppose that f is a meromorphic function on a domain

U , with a pole of order k at z0. Then there exist R > 0 and r > 0 such that

if |ζ| > R there exist exactly d points in N∗
r (z) satisfying f(z) = ζ. These

points are simple zeros of the function f − ζ.

Proof There exists δ > 0 such that f(z) = g(z)/(z − z0)
k for z ∈ N∗

δ (z0),

where g is a holomorphic function on Nδ(z0) with no zeros in Nδ(z0). Let

h(z) = (z−z0)
k/g(z) for z ∈ Nδ(z0). Then h has a zero of order k at z0, and

so there exist ρ > 0 and 0 < r ≤ δ such that the conclusions of the theorem

hold (with h in place of f). Let R = 1/ρ. If |ζ| > R, then 1/ζ ∈ N∗
ρ (0), and

there exist exactly d points in N∗
r (z0) satisfying h(z) = 1/ζ, and these points

are simple zeros of the function h−1/ζ. Since h(z) = 1/f(z) for z ∈ N∗
r (z0),

the result follows. �
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This gives another proof of the open mapping theorem.

Corollary 23.6.6 (The open mapping theorem) Suppose that f is a non-

constant holomorphic function on a domain U . If V is an open subset of U

then f(V ) is an open subset of C.

Proof Suppose that z0 ∈ V . Let W be the connected component of V

to which z0 belongs, and apply the theorem to the restriction of f to W .

If w ∈ Nρ(f(z0)) then the equation f(z) = w has at least one solution in

Nr(z0), so that Nρ(f(z0)) ⊆ f(Nr(z0)) ⊆ f(V ). Thus f(V ) is open. �

It also provides another proof of the maximum modulus principle.

Corollary 23.6.7 Suppose that f is a non-constant holomorphic function

on a domain U . Then |f | has no local maxima on U , and the only local

minima are the zeros of f .

Proof If Nr(z0) is a neighbourhood of z0 contained in U , then f(z0) is an

interior point of the open set f(Nr(z0)), and so |f(z0)| is not the supremum

of |f | on Nr(z0), and is the infimum only if f(z0) = 0. �

We now give an improved version of Theorem 20.2.3.

Theorem 23.6.8 Suppose that f is a univalent function on a domain U .

Then f(U) is a domain, f is a homeomorphism of U onto f(U), f ′(z) �= 0

for z ∈ U , f−1 : f(U)→ U is holomorphic and if f(z) = w then (f−1)′(w) =
1/f ′(z).

Proof If f ′(z0) = 0 for some z0 ∈ U then the equation f(z) = w has

more than one solution in U for values of w close to f(z0), contradicting

the fact that f is univalent. Thus f ′(z) �= 0 for z ∈ U . The derivative f ′

is holomorphic, and is therefore continuous. The result is therefore follows

from Theorem 20.2.3. �

Exercises

23.6.1 Suppose that f is a non-constant continuous complex-valued func-

tion on D whose restriction to D is holomorphic. Show that if

f(D) ⊆ D then f has exactly one fixed point.

23.6.2 Suppose that |a| < 1. Show that the function

zm
(

z − a

1− āz

)n

− a

has m+ n zeros in D.
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23.6.3 Suppose that p(z) = a0 + · · · + anz
n is a non-constant polynomial

of degree n. Show that there exists R > 0 such that |p(z)− anz
n| <

|anzn| for |z| ≥ R. Use Rouché’s theorem to give another proof of

the fundamental theorem of algebra.

23.6.4 How many zeros does the function z sin z − 1 have in the disc

N
(n+

1
2)π

(0)? Use this to show that all the solutions of the equation

z sin z = 1 are real.

23.6.5 (The inverse mapping theorem.) Suppose that f is a non-constant

holomorphic function on a domain U and that z0 ∈ U . What is

the residue of the meromorphic function zf ′(z)/(f(z) − f(z0)) at

z0? Suppose that f is univalent, that γ is a contour in U and that

V = in[γ]. If w ∈ f(V ) let

g(w) =
1

2πi

∫
γ

zf ′(z)

f(z)− w
dz.

Show that g is the restriction of the inverse mapping f−1 to f(V ).

23.6.6 Suppose that f is a meromorphic function on a domain U with the

property that the residue at every pole is an integer. Suppose that

z0 ∈ U \ Sf . If z ∈ U \ Sf and γ is a rectifiable path in U \ Sf from

z0 to z, let Fγ(z) =
∫
γ f(z) dz. Show that eFγ(z) does not depend

upon the choice of γ. Show that there exists a holomorphic function

g on U \Sf such that f = g′/g. Show further that g is meromorphic

on U .

23.6.7 This exercise extends the results of Theorem 23.6.4.

(i) Suppose that U , f , z0 and d satisfy the conditions of Theorem

23.6.4 and that r and ρ satisfy its conclusions. Suppose that

z0 = 0 and that f(z0) = 0. Show that there exists a holomorphic

function h on U such that f(z) = zdh(z) for z ∈ U , and that

h(0) �= 0.

(ii) Show that there exist 0 < r1 < r and a univalent function k on

Nr1(0) such that h(z) = k(z)d for z ∈ Nr1(0).

(iii) Let l(z) = zk(z) for z ∈ Nr1(0). Observe that f(z) = l(z)d, for

z ∈ Nr1(0). Show that there exists 0 < r2 ≤ r1 such that l is

univalent on Nr2(0).

(iv) Let 0 < s < r2. Let γ0(t) = seit for 0 ≤ t ≤ 2π/d. Let δ0 be the

simple closed path σ(0, s)∨ γ0 ∨ σ(se2πi/d, 0). Let ε0 = l−1 ◦ δ0,
and let V0 = in[ε0]. Show that the restriction of f to V0 is a

univalent mapping of V0 onto the cut disc Ns(0) \ (−s, 0].
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(v) Carry out similar constructions for the paths γj and δj , for

1 ≤ j < d, where γt(t) = seit for 2πj/d ≤ t ≤ 2π(j + 1)/d, and

δj is the simple closed path σ(0, se2πij/d)∨γj∨σ(se2πi(j+1)/d, 0).

(vi) Draw a sketch to illustrate these constructions.

(vii) Show that there is no loss of generality in taking z0 = 0 and

f(z0) = 0.

23.6.8 Let Pn = {a = (a0, . . . , an) ∈ Cn+1 : an �= 0}. If a ∈ Pn, let

r(a) = {z ∈ C : a0 + a1z + · · · + anz
n = 0} be the set of roots of

the polynomial pa(z) = a0 + a1z + · · ·+ anz
n, counted according to

multiplicity. Explain why r(a) can be considered as an element of

the weighted configuration space Wn(C) defined in the exercises of

Volume II, Section 15.6.

Suppose that ε > 0. Show that there exists a finite set Γ of disjoint

circular paths in C \ r(a), each of radius less than ε, with centres

the elements of r(a).

Let m = inf{|pa(z)| : z ∈ [Γ]}. Show that m > 0.

Show that there exists δ > 0 such that if b ∈ Pn and d(a, b) < δ

then |pa(z)− pb(z)| < m for z ∈ [Γ].

Use Rouché’s theorem to show that the mapping r from Pn to

(Wn(C), dW ) is continuous. (The roots of a polynomial depend

continuously on the coefficients.)

23.6.9 Let Z(i) = {m + in : m,n ∈ Z} be the set of Gaussian integers. If

z ∈ C \ Z(i), let

f(z) =
1

z2
+
∑

w∈Z(i)

(
1

(z − w)2
− 1

w2

)
.

Prove carefully that the sum converges locally uniformly to a mero-

morphic function f on C. Show that f(z + w) = f(z) for w ∈ Z(i).

(f is doubly periodic.) Suppose that z0 ∈ C\Z(i) and that f(z0) �= 0.

Show that f has two zeros (counted according to multiplicity) in the

square with vertices z0, z0 + 1, z0 + 1 + i and z0 + i.

23.6.10 Suppose that f is a meromorphic function on C for which f(z) =

f(z + w) for w ∈ Z(i). Show that if f is holomorphic, then f is

constant. Suppose that f is not constant, and that f does not have

a pole on the edges of the square with vertices z0, z0 + 1, z0 +

1 + i and z0 + i. Show that the sum of the residues of the poles

within the square is zero. Show that the number of zeros within the

square (counted according to multiplicity) is equal to the number of

poles (counted according to multiplicity), and that the number is at

least 2.
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23.7 Locating zeros

We now give examples to show how the principle of the argument and

Rouché’s theorem can be used to provide information about the location

of zeros of polynomials and of other holomorphic functions.

Example 23.7.1 The polynomial p(z) = z4 − z3 − z + 5 has four simple

roots in the annulus A1,2(0) = {z : 1 < |z| < 2}, and has one in each of the

four quadrants of C.

If |z| = 2 then

16 = |z4| > 15 = |z|3 + |z|+ 5 ≥ |z3 + z − 5|,

so that by Rouché’s theorem all the zeros of p lie in N2(0). If |z| ≤ 1 then

|z4|+ |z3|+ |z| ≤ 3, so that |p(z)| ≥ 2. Thus the zeros of p lie in the annulus

A1,2(0). Further, p(x) = (x4− x3)+ (5− x) ≥ 5 for 1 ≤ x ≤ 2, and p(x) > 5

for x < 0, and so p has no real roots. Similarly p(iy) = (y4+5)+i(y3−y) �= 0,

so that there are no purely imaginary roots.

We show that p has one root in the quadrant {x+ iy : x > 0, y > 0}. Let
γ : [0, 3]→ C be the path defined as

γ(t) =

⎧⎨⎩
2t for 0 ≤ t ≤ 1,

2ei(t−1)π/2 for 1 ≤ t ≤ 2,

2i(3 − t) for 2 ≤ t ≤ 3,

and let θ : [0, 3] → R be a continuous branch of Arg (p ◦ γ) with θ(0) = 0.

First, since p is real and positive on [0, 2], θ(t) = 0 for t ∈ [0, 1]. Next, suppose

that 1 ≤ t ≤ 2. Then arg ((γ(t))4) = 2(t − 1)π. Since |p(γ(t)) − (γ(t))4| <
|(γ(t))4| it follows that |θ(t)− 2(t− 1)π| < π. In particular |θ(2)− 2π| < π,

so that

θ(2) = arg (p(γ(2))) + 2π = arg (21 + 6i) + 2π ∈ (2π, 21
2π).

Finally, if 2 ≤ t ≤ 3 and γ(t) = ir then p(t) = (r4 +5) + i(r3− r) lies in the

right-hand half-plane H = {z = x + iy : x > 0}, so that |θ(t) − θ(2)| < π,

and π < θ(3) < 31
2π. But θ(3) is an integer multiple of 2π, and so θ(3) = 2π.

By the principle of the argument, there is therefore exactly one zero of p

inside [γ].

We can carry out similar calculations for the other three quadrants, but

in this case it is easier to argue differently. Since p has real coefficients, z

is a zero of p if and only if z̄ is, and so there is one zero in the quadrant

{x+ iy : x > 0, y < 0}. There remain two more zeros to account for. For the

same reason, there must be one root in each of the other quadrants.
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As a second, harder, example, let us consider the entire function f(z) =

ez − z. The function ez has no zeros, and f(x) ≥ 1 for x ∈ R. Does f have

any zeros?

Example 23.7.2 The function f(z) = ez − z has one simple zero in each

of the semi-infinite open strips

An = {z = x+ iy : x > 0, 2nπ < y < 2(n+ 1)π},

and has no other zeros.

Proof In this proof, certain details are left for the reader to verify. Draw

a diagram!

First we show that if x ≤ 0 then f(x + iy) �= 0. Suppose not. Since

f(x+ iy) = (ex cos y − x) + i(ex sin y − y), it follows that

| sin y| = e−x|y| ≥ |y|.

Thus y = 0. But then x = ex, which is not possible.

Next, if z = x+ 2nπi, with n ∈ Z, then f(z) = (ex − x)− 2nπi �= 0.

Suppose now that n ∈ Z. Choose xn > 0 such that

exn > 2(xn + 2(|n|+ 1)π),

and consider the closed rectangular path γ : [0, 4]→ C with

γ(0) = 2nπi, γ(1) = xn +2nπi, γ(2) = xn +2(n+1)πi, γ(3) = 2(n+1)πi.

Let θ be a continuous branch of Arg (f ◦ γ) on [0, 4], with

θ(0) = arg (f(2nπi)) = arg (1− 2nπi).

If 0 ≤ t ≤ 1 and γ(t) = s + 2nπi then �(f(γ(t))) = es − s > 0.

Thus f([γ[0,1]]) is contained in the right-hand half-plane {z = x + iy :

x > 0}, from which it follows that θ(t) = arg (f(γ(t))); in particular,

θ(1) = arg (f(γ(1)) = arg (exn − xn − 2nπi), and |θ(1)| < π/6.

If 1 ≤ t ≤ 2 we can suppose that γ(t) = xn + 2π(n + (t− 1))i. Then

|f(γ(t))− exne2πit| = |xn + 2π(n + (t− 1))i| < 1
2e

xn = 1
2 |e

xne2πit|.

Since |θ(1)| < π/6, it follows that |θ(t) − 2π(t − 1)| < π/3. Consequently

|θ(2)− 2π| < π/3, so that θ(2) = arg f(γ(2)) + 2π.

Arguing as for the interval [0, 1], f([γ[2,3]]) is contained in the right-hand

half-plane {z = x + iy : x > 0}, and it follows from this that θ(3) =

arg f(γ(3)) + 2π.
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Finally, since f(iy) = cos y + (sin y − y)i, the imaginary part of f(iy) is

negative when y > 0 and positive when y < 0. From this it follows that

if 3 ≤ t ≤ 4 then |θ(t) − θ(3)| < π and |arg f(γ(t)) − arg f(γ(3))| < π, so

that |θ(t)− (arg f(γ(t)) + 2π)| < 2π. Thus θ(t) = arg (f(γ(t)) + 2π, and in

particular θ(4) = arg (f(γ(4)) + 2π = θ(0) + 2π.

It therefore follows from the principle of the argument that there is one

simple zero of f inside [γ]. Since xn can be chosen to be arbitrarily large,

there is just one simple zero of f in An. �

Exercises

23.7.1 Let p(z) = z3+ ikz−1, where 0 < k < 1. Show that the roots of p lie

in the annulus {z : 1
2 < z < 2} and lie in different quadrants. Which

quadrant does not contain a root of p?

23.7.2 Show that the track [γ] of Example 23.7.2 meets (−∞, 0] in just one

point. Use this to give another proof of the result.



24

The calculus of residues

24.1 Calculating residues

In this chapter, we show how the residue theorem (Theorem 23.5.3) can be

used to calculate certain definite integrals. First, we see how to calculate

residues.

Theorem 24.1.1 Suppose that f is a meromorphic function on a domain

U , with a pole at z0.

(i) If z0 is a simple pole then res f (z0) = limz→z0(z − z0)f(z).

(ii) Suppose that z0 is a simple pole and that g and h are holomorphic func-

tions in a neighbourhood Nr(z0), with g(z0) �= 0 and h(z0) = 0, such

that f(z) = g(z)/h(z) for z ∈ N∗
r (z0). Then res f (z0) = g(z0)/h

′(z0).
(iii) If z0 is a pole of order k, with k > 1, then (z − z0)

kf(z) extends to

a holomorphic function g in a neighhbourhood Nr(z0), and res f (z0) =

g(k−1)(z0)/(k − 1)!.

Proof

(i) We can write

f(z) =
res f (z0)

z − z0
+ j(z),

where j is holomorphic in a neighbourhood of z0. Thus

(z − z0)f(z) = res f (z0) + (z − z0)j(z)→ res f (z0) as z → z0.

(ii) If f(z) = g(z)/h(z) for z ∈ N◦
r (z0) then

res f (z0) = lim
z→z0

(z − z0)g(z)

h(z)
= lim

z→z0
g(z)

(
z − z0

h(z)− h(z0)

)
=

g(z0)

h′(z0)
.

733
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(iii) Suppose that

f(z) =
a−k

(z − z0)k
+ · · ·+ a−1

z − z0
+

∞∑
j=0

az(z − z0)
j

is the Laurent series for f in a punctured neighbourhood N∗
r (z0) of z0.

Let g(z) = (z − z0)
kf(z) =

∑∞
j=0 aj−k(z − z0)

j , for z ∈ N∗
r (z0) . Then

g has a removable singularity at z0. If we set g(z0) = a−k then g is

analytic on Nr(z0), and

g(z) =

∞∑
j=0

aj−k(z − z0)
j = a−k +

∞∑
j=1

g(j)(z0)

j!
(z − z0)

j .

Equating the coefficient of (z − z0)
k−1, we obtain the result. �

24.2 Integrals of the form
∫ 2π
0 f(cos t, sin t) dt

First we consider integrals of the form
∫ 2π
0 f(cos t, sin t) dt.

Since

cos t =
eit + e−it

2
and sin t =

eit − e−it

2i
,

we consider the function

g(z) = f

(
1

2

(
z +

1

z

)
,
1

2i

(
z − 1

z

))
on T.

Then g(eit) = f(cos t, sin t). Suppose that there exists a function g, mero-

morphic in a domain U containing the closed unit disc M1(0), with no poles

on the unit circle T = {z : |z| = 1}, and for which f(cos t, sin t) = g(eit).

We consider the circular path κ = κ1(0). Then κ′(t) = ieit, so that∫
κ

g(z)

z
dz = i

∫ 2π

0
g(eit) dt = i

∫ 2π

0
f(cos t, sin t) dt.

Let h(z) = g(z)/z, so that h is meromorphic on U . Let Sh be the set of poles

of h in the open unit disc N1(0). Then, applying the theorem of residues,∫ 2π

0
f(cos t, sin t) dt = −i

∫
κ
h(z) dz = 2π

∑
w∈Sh

resh(w).

Example 24.2.1 If 2k is an even integer then

I2k =

∫ 2π

0
(cos t)2k dt =

2π(2k)!

22k(k!)2
=

2π

22k

(
2k

k

)
.



24.2 Integrals of the form
∫ 2π

0
f(cos t, sin t) dt 735

By the binomial theorem,

h(z) =
1

z
.

(
1
2(z +

1

z
)

)2k

=
1

22k

2k∑
j=0

(
2k

j

)
z2j−2k−1,

Then h has a pole of order 2k + 1 at 0, and the residue is (2k)!/22k(k!)2.

Compare this calculation with the calculation of I2k in Volume I, Section

10.3.

Example 24.2.2 If a is real and m ∈ Z+ then

∫ 2π

0

cosmt

1 + a2 − 2a cos t
dt =

⎧⎨⎩
2πam/(1 − a2) for |a| < 1,

2π/am(a2 − 1) for |a| > 1.

The integrand is real, and is the real part of eimt/(1 + a2 − 2a cos t). We

therefore consider the function g(z) = zm/(1 + a2 − a(z + 1/z)). Then

h(z) =
g(z)

z
=

−zm
az2 − (1 + a2)z + a

=
1

1− a2

(
zm

z − a
− zm

z − 1/a

)
.

If a �= ±1, then h has a pole at a with residue am/(1−a2) and a pole at 1/a

with residue 1/am(a2 − 1). If |a| < 1 then the pole at a is inside [γ] and the

pole at 1/a is outside [γ], giving the first equality. If |a| > 1 then the pole at

a is outside [γ] and the pole at 1/a is inside [γ], giving the second equality.

Exercises

24.2.1 Show that if a > 1 then∫ π

0

dt

a+ cos t
=

π√
a2 − 1

.

24.2.2 Show that if b > 0 then∫ π

0

dt

b+ sin2 t
=

π√
b2 + b

,

first by using the calculus of residues, and secondly by making a

change of variables, and using the result of the previous example.

24.2.3 What is the value of ∫ 2π

0

cosmt

1 + a2 − 2a cos t
dt

when a = 1 or −1?
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24.2.4 Show that if a is real and |a| < 1 then∫ 2π

0

sin2 t

1 + a2 − 2a cos t
dt = π.

What is the value if |a| > 1? Does the integral exist if a = ±1?
24.2.5 Show that if a > 0 then∫ 2π

0

dt

a2 + (tan t)2
=

2π

a(a+ 1)
.

24.2.6 Suppose that 0 < a < b. Show that∫ 2π

0

dt

a2 cos2 t+ b2 sin2 t
=

2π

ab

by considering
∫
γ f(z) dz, where f is a suitable meromorphic function

and γ is the contour with track [γ] = {z = x+iy : x2/a2+y2/b2 = 1}.
By considering the function ez/zn+1, show that∫ 2π

0
ecos t cos(nt−sin t) dt = 2π/n! and

∫ 2π

0
ecos t sin(nt−sin t) dt = 0.

24.3 Integrals of the form
∫∞
−∞ f(x)dx

Suppose that f is a meromorphic function on the open upper half-plane

H+ = {x + iy : y > 0} with a finite singular set Sf , and that f has a

continuous extension (also denoted by f) to the closed upper half-plane

H+. Suppose that −R < 0 < S. We consider a contour of the form γ =

σ(−R,S)∨δ(S,−R), where δ(S,−R) is either a semicircular path inH+ from

S to −R, or a rectilinear path from S to −R with vertices S, S + i(R+ S),

−R+ i(R+ S) and −R. For large enough R and S, Sf is inside [γ], so that

by the residue theorem∫ S

−R
f(x) dx = 2πi

∑
s∈Sf

res f (s)−
∫
δ(S,−R)

f(z) dz.

If
∫
δ(S,−R) f(z) dz → 0 as R,S →∞ then∫ ∞

−∞
f(x) dx = 2πi

∑
s∈Sf

res f (s).

If f is an even function, then
∫∞
−∞ f(x) dx = 2

∫∞
0 f(x) dx and it is sufficient

to consider paths δ(R,−R).
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∫∞
−∞ f(x) dx 737

Example 24.3.1 ∫ ∞

−∞

dx

1 + x4
=

π√
2
.

Let η = eiπ/4 = (1 + i)/
√
2. Then the meromorphic function

f(z) =
1

1 + z4
=

1

(z − η)(z − η3)(z − η5)(z − η7)

has simple poles at η, η3, η5 and η7, but only the first two of these are in

H+. Then

res f (η) =
1

(η − η3)(η − η5)(η − η7)
=

1√
2(
√
2(1 + i))(i

√
2)

=
−(1 + i)

4
√
2

,

res f (η
3) =

1

(η3 − η)(η3 − η5)(η3 − η7)
=

1

(−
√
2)(i

√
2)(
√
2(1− i))

=
1− i

4
√
2
.

If R > 1 then l(δ(R,−R)) ≤ 6R and |f(z)| ≤ 1/(R4− 1) for z ∈ [δ(−R,R)],

so that∫
δ(R,−R)

f(z) dz ≤ 6R

R4 − 1
, and

∫
δ(R,−R)

f(z) dz → 0 as R→∞.

Thus ∫ ∞

−∞

dx

1 + x4
= 2πi

(
−(1 + i)

4
√
2

+
1− i

4
√
2

)
=

π√
2
.

Example 24.3.2 If k ∈ Z+ then∫ ∞

−∞

dx

(1 + x2)k+1
=

π(2k)!

22k(k!)2
=

π

22k

(
2k

k

)
.

The function f(z) = 1/(1 + z2)k+1 has poles of order k + 1 at i and −i,
but only the former is in H+. Now f(z) = g(z)/(z − i)k+1, where g(z) =

1/(z + i)k+1, and

g(k)(z) =
(−1)k(k + 1)(k + 2) . . . (2k)

(z + i)2k+1
=

(−1)k(2k)!
k!(z + i)2k+1

,

so that

res f (i) =
(−1)k(2k)!
(k!)2(2i)2k+1

=
(2k)!

(k!)222k+1i
.

Again, it is easy to see that
∫
δ(R,−R) f(z) dz → 0 as R→∞. Thus∫ ∞

−∞

dx

(1 + x2)k+1
= (2πi)

(2k)!

(k!)222k+1i
=

π

22k

(
2k

k

)
.
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We can also use the calculus of residues to calculate the Fourier transform

of certain functions. If f is a Riemann integrable function on R for which

the function e−itxf(x) is Riemann integrable for all t ∈ R then the Fourier

transform f̂ of f is defined as

f̂(t) =

∫ ∞

−∞
e−itxf(x) dx.

(This definition can be greatly extended; it is also often defined in a slightly

different form, including various constants.)

Example 24.3.3 If f(x) = e−x2/2/
√
2π then f̂(t) = e−t2/2.

The constant 1/
√
2π is included to ensure that

∫∞
−∞ f(x) dx = 1. (The

function f is then the density function of the standard normal probability

distribution. In this setting, the function t→ f̂(−t) is, rather unfortunately,
called the characteristic function of the probability distribution.) In fact, in

this case we only need Cauchy’s theorem to calculate the Fourier transform

of f . The function f(z) = e−z2/2/
√
2π is an entire function, so that if γ is

the rectangular closed simple path with vertices −R, S, S + it and −R+ it

then
∫
γ f(z) dz = 0.

If z = S + iu ∈ [S, S + it] then

f(z) =
1√
2π

e−S2/2−iuS+u2/2, so that |f(z)| ≤ et
2/2

√
2π

e−S2/2,

and so
∫ S+it
S f(z) dz → 0 as S → ∞. Similarly,

∫ −R
−R+it f(z) dz → 0 as

R→∞. Thus∫ S

−R
f(x) dx−

∫ S+it

−R+it
f(z) dz → 0 as R,S →∞.

Since
∫ S
−R f(x) dx → 1 as R,S → ∞, it follows that

∫ S+it
−R+it f(z) dz → 1 as

R,S →∞. But∫ S+it

−R+it
f(z) dz =

1√
2π

∫ S

−R
e−(x+it)2/2 dx

=
et

2/2

√
2π

∫ S

−R
e−x2/2e−ixt dx→ et

2/2f̂(t)

as R,S →∞. Thus f̂(t) = e−t2/2.

When we consider integrands with a factor eimt, withm > 0, the following

result helps deal with the integral along δ.
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∫∞
−∞ f(x) dx 739

Proposition 24.3.4 (Jordan’s lemma) Suppose that f is a meromorphic

function on the upper half-plane H+ with a finite singular set Sf , which has a

continuous extension (also denoted by f) to H+. Suppose that |f(reit)| → 0

uniformly on [0, π] as r → ∞, and suppose that m > 0. If −R < 0 < S,

let δ(S,−R) be either the semicircular path from S to −R in H+ , or the

rectilinear path from S to −R with vertices S, S + i(R+S), −R+ i(R+S)

and −R. Then
∫
δ(S,−R) e

imzf(z) dz → 0 as R,S →∞.

Proof We consider the rectilinear path. Suppose that −R < 0 < S and

let M(S,−R) = sup{|f(z)| : z ∈ δ(S,−R)}. Then∣∣∣∣∣
∫
[S,S+i(R+S)]

eimzf(z) dz

∣∣∣∣∣ =
∣∣∣∣∣
∫ R+S

0
eimSe−mtf(S + it)i dt

∣∣∣∣∣
≤
∫ R+S

0
M(S,−R)e−mt dt ≤M(S,−R)/m,

and similarly |
∫
[−R+i(R+S),−R] e

imzf(z) dz| ≤M(S,−R)/m. Also

|
∫
[S+i(R+S),−R+i(R+S)]

eimzf(z) dz|

= | −
∫ S

−R
eimte−m(R+S)f(t+ i(R + S)) dt|

≤ e−m(R+S)

∫ S

−R
|f(t+ i(R + S))| dt

≤M(S,−R)(R + S)e−m(R+S).

All three terms tend to 0 as R,S →∞, and so the result follows.

Provided that Sf is contained inside the contour with the semicircular

path, the integrals along the rectangular path and the semicircular path are

the same, by Cauchy’s theorem, and so the result follows for the contours

with semicircular paths. It is also easy to give a direct proof in this case; see

Exercise 2. �

Inspection of the proof shows that it is essential that m > 0. If m < 0,

we should consider paths in the lower half space H−.

Example 24.3.5 If f(x) = 1/π(1 + x2) then f̂(t) = e−|t|.

Once again, the numerical factor 1/π is included so that
∫∞
−∞ f(x) dx = 1;

here f is the density function of the Cauchy distribution. Suppose that t > 0.

The function eitzf(z) has simple poles at i and −i, but only the former is in
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H+. The residue at i is e
−t/2πi. Since f satisfies the condition’s of Jordan’s

Lemma, ∫ ∞

−∞
eitxf(x) dx = e−t,

and so f̂(t) = e−|t| for t < 0. Note that if we wish to calculate f̂(t) for t > 0

then Jordan’s Lemma does not apply, since the exponential term grows in

magnitude in the upper half-plane H+. We could consider paths in the lower

half planeH−, but it is easier simply to consider complex conjugates: if t > 0

then
∫∞
−∞ e−itxf(x) dx is the complex conjugate of

∫∞
−∞ eitxf(x) dx, and so

is equal to e−t. Thus f̂(t) = e−|t| for all t ∈ R.

We can also consider functions f with a finite number of simple poles

on R. In this case we need to consider the Cauchy principal value of the

integral. Thus if f has one simple pole at x0, we calculate

(PV )

∫ ∞

−∞
f(x) dx = lim

r→0

(∫ x0−r

−∞
f(x) dx+

∫ ∞

x0+r
f(x) dx

)
,

with similar conventions if there are several poles on R. In order to do this,

we indent the contour, and make use of the following proposition.

Proposition 24.3.6 Suppose that f is holomorphic in the punctured

neighbourhood N∗
s (w) of w, and that f has a simple pole at w. Let γr(t) =

w + reit, for 0 < r < s and t ∈ [α, β]. Then∫
γr

f(z) dz → i(β − α)res f (w) as r ↘ 0.

Proof We can write f(z) = res f (w)/(z − w) + h(z), where h is a holo-

morphic function on Ns(w). Suppose that 0 < s′ < s. Then h is bounded

on the closed neighbourhood Ms′(w): let M = sup{|h(z)| : z ∈ Ms′(w)}. If
0 < r < s′ then ∣∣∣∣∫

γr

h(z) dz

∣∣∣∣ ≤Ml(γr) = Mr(β − α),

and so
∫
γr
h(z) dz → 0 as r ↘ 0. On the other hand,∫

γr

dz

z − w
=

∫ β

α

rieit

reit
dt = i(β − α),

and so ∫
γr

f(z) dz → i(β − α)res f (w) as r ↘ 0.
�
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∫∞
−∞ f(x) dx 741

Example 24.3.7 Let f(x) = sinc x = sinx/x.

Then

f̂(t) = ŝinc (t) =

⎧⎨⎩
0 if t < −1,
π if − 1 < t < 1,

0 if t > 1.

The function sinc z = sin z/z has a removable singularity at 0, and if we

set sinc 0 = 0 then sinc is an entire function on C. But we cannot apply

Jordan’s lemma to f(z) = e−itzsinc z, and so we must proceed in a different

way. First we show that if k > 0 then

(PV )

∫ ∞

−∞

eikx

x
dx = iπ.

Suppose that −R < 0 < S and that 0 < r < min(R,S). We consider the

contour γ = σ(−R,−r)∨ εr ∨σ(r, S)∨δ(S,−R), where εr is the semicircular

path in H+ from −r to r and δ(S,−R) is the semicircular path in H+ from S

to −R. Let g(z) = eikz/z. Then g has no poles inside γ, and so
∫
γ g(z) dz = 0.

Since g has a simple pole at 0 with residue 1, it follows from the proposition

above that
∫
εr
g(z) dz → −iπ as r ↘ 0, and it follows from Jordan’s lemma

that
∫
δ g(z) dz → 0 as R,S →∞. Thus

(PV )

∫ ∞

−∞

eikx

x
dx = iπ.

(Equating imaginary parts, we see that
∫∞
−∞ sincx dx = π; but note that this

is an improper integral, since
∫∞
−∞ |sincx| dx = ∞.) Considering complex

conjugates, we see that if k < 0 then

(PV )

∫ ∞

−∞

eikz

z
dz = −iπ.

If we now use the equation

e−itxsincx =
1

2i

(
ei(1−t)x

x
− e−i(1+t)x

x

)
,

we find that

ŝinc (t) =

⎧⎨⎩
0 if t < −1,
π if − 1 < t < 1,

0 if t > 1.
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Exercises

24.3.1 Use the calculus of residues to calculate∫ ∞

−∞

1

(1 + ax2)(1 + bx2)
dx, where 0 < a < b.

Verify your answer by expressing the integrand in terms of partial

fractions.

24.3.2 Calculate ∫ ∞

−∞

cos πx

1 + x+ x2
dx and

∫ ∞

−∞

sin πx

1 + x+ x2
dx.

24.3.3 Show by making a change of variables that∫ 2π

0
(cos t)2k dt = 2

∫ ∞

−∞

dx

(1 + x2)k+1
.

24.3.4 Show that if 0 ≤ t ≤ π/2 then t ≤ (π/2) sin t.

24.3.5 In the setting of Jordan’s lemma, let U = (S−R)/2, V = (R+S)/2,

and let ε(t) = U + V eit for 0 ≤ t ≤ π/2. Show that∫
ε
f(z)eimz dz =

∫ π/2

0
f(ε(t))eim(U+V cos t)e−mV sin tiV eit dt.

Use this, and the preceding exercise, to obtain an upper bound

for |
∫
ε f(z)e

imz dz|, and give a direct proof of Jordan’s lemma for

contours with semicircular paths.

24.3.6 Calculate ŝinc (t) for t = ±1 as a Cauchy principal value integral.

24.3.7 Calculate the Fourier transforms of the functions g and h defined by

g(x) = 1 and h(x) = 1−|x| if |x| ≤ 1, and g(x) = h(x) = 0 otherwise.

24.4 Integrals of the form
∫∞
0 xαf(x)dx

Suppose that α is a real number which is not an integer. The function zα

has a branch point at 0; we can only define zα as a holomorphic function on

a cut plane. As we shall see, this works to our advantage. We consider the

cut plane Cπ = C \ [0,∞), and the holomorphic function z → zα(π) on it. We

cannot extend zα(π) continuously to C since if x > 0 then (x + iy)α(π) → xα

as y ↘ 0, while (x+ iy)α(π) → e2πiαxα as y ↗ 0.

Suppose that f is a meromorphic function on C with finite singular set

Sf disjoint from [0,∞). Let g(z) = zα(π)f(z), for z ∈ Cπ. For 0 < r < R <∞



24.4 Integrals of the form
∫∞
0

xαf(x) dx 743

r
R

γ

O

Figure 24.4.

and 0 < δ < π we consider the contour

γ = σ(reiδ , Reiδ) ∨ κR,δ ∨ σ(Re−iδ, re−iδ) ∨ κ←r,δ,

where κs,δ(t) = seit for t ∈ [δ, 2π − δ].

If r and δ are small enough and R is large enough, then Sg = Sf ⊆ in[γ].

By the residue theorem,∫
γ
g(z) dz = 2πi

∑
s∈Sf

resg(s).

As δ ↘ 0,

∫
σ(reiδ,Reiδ)

g(z) dz →
∫ R

r
xαf(x) dx,∫

κR,δ

g(z) dz →
∫
κR(0)

g(z) dz,∫
σ(Re−iδ ,re−iδ)

g(z) dz → −e2πiα
∫ R

r
xαf(x) dx,

and

∫
κ←r,δ

g(z) dz → −
∫
κr(0)

g(z) dz.
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Consequently

(1−e2πiα)

∫ R

r
xαf(x) dx +

∫
κR(0)

g(z) dz −
∫
κr(0)

g(z) dz = 2πi
∑
s∈Sf

resg(s).

Thus if
∫
κr(0)

zα(π)f(z) dz → 0 as r → 0 and
∫
κR(0)

zα(π)f(z) dz → 0 as

R→∞ then

(1− e2πiα)

∫ ∞

0
xαf(x) dx = 2πi

∑
s∈Sf

resg(s).

If s is a simple pole of f , then res g(s) = sαres f (s). Thus if all the poles of

f are simple then

(1− e2πiα)

∫ ∞

0
xαf(x) dx = 2πi

∑
s∈Sf

sαresf (s).

Example 24.4.1 If μ, ν ∈ R and 0 < μ+ 1 < ν then∫ ∞

0

xμ

1 + xν
dx =

π

ν sin((μ + 1)π/ν)
.

As always, it is a good idea to see if the problem can be simplified by a

change of variables. Let u = xν . Then∫ ∞

0

xμ

1 + xν
dx =

1

ν

∫ ∞

0

uλ−1

1 + u
du, where λ =

μ+ 1

ν
.

Thus 0 < λ < 1. It is therefore enough to show that if 0 < λ < 1 then∫ ∞

0

uλ−1

1 + u
du =

π

sinλπ
.

The meromorphic function f(z) = 1/(1 + z) has a simple pole at −1, with
residue 1, and (−1)λ−1 = eπ(λ−1)i = −eπλi. Let g(z) = zλ−1f(z). Since

0 < λ < 1,
∫
κr(0)

g(z) dz → 0 as r → 0 and
∫
κR(0)

g(z) dz → 0 as R → ∞.

Thus

(1− e2πλi)

(∫ ∞

0

uλ−1

1 + u
du

)
= (1− e2π(λ−1)i)

(∫ ∞

0

uλ−1

1 + u
du

)
= −2πieπλi,

so that ∫ ∞

0

uλ−1

1 + u
du = 2πi

eπλi

e2π(λ−1)i − 1
= 2πi

eπλi

e2πλi − 1
=

π

sinλπ
.
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Exercises

We can also evaluate integrals of the form
∫∞
0 tα−1f(t) dt by making the

substitution t = ex.

24.4.1 Show that under suitable conditions∫ ∞

0
tα−1f(t) dt =

∫ ∞

−∞
eαxf(ex) dx.

24.4.2 Where are the singularities of the function f(z) = eλz/(1 + ez)?

24.4.3 Show that there is exactly one singularity of f within the rectangular

contour with vertices −S, R, R+ 2πi and −S + 2πi.

24.4.4 Show that it is a simple pole, and calculate its residue.

24.4.5 Use this to show that if 0 < λ < 1 then∫ ∞

0

uλ−1

1 + u
du =

π

sinλπ
.

24.4.6 By using a contour which includes part of the real axis and part of

the line {z ∈ C : arg z = 2π/μ}, evaluate∫ ∞

0

dx

1 + xμ
, for μ > 1.

By making a change of variables, verify that your answer agrees with

the result of the previous question.

24.5 Integrals of the form
∫∞
0 f(x) dx

If f is an even function, then
∫∞
0 f(x) dx = 1

2

∫∞
−∞ f(x) dx, and we can

try to apply the techniques of Section 21.2. Sometimes an astute change of

variables or choice of contour can be used.

Example 24.5.1 If a > −1 then∫ ∞

0

log x

1 + 2ax+ x2
dx = 0.

Set u = 1/x. Then∫ ∞

0

log x

1 + 2ax+ x2
dx = −

∫ ∞

0

log u

1 + 2au+ u2
du,

so that
∫∞
0 log x/(1 + 2ax+ x2) dx = 0.
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Otherwise, we can use the idea of the previous section by introducing a

logarithmic factor. The function log z has a branch point at 0; we define

log z on the cut plane Cπ = C \ [0,∞) by setting log(reit) = log r + it for

0 < t < 2π. If f is a meromorphic function on C with finitely many poles,

none of which is in [0,∞), and if g(z) = f(z) log z on Cπ, then by considering

the contour γ defined in the previous section, and letting δ tend to 0, we

see that∫ R

r
f(x) log x dx+

∫
κR(0)

g(z)

+

∫ r

R
f(x)(log x+ 2πi) dx +

∫
κr(0)←

g(z) dz

= 2πi
∑
s∈Sf

resg(s),

for small enough r and large enough R. Thus if
∫
κr(0)

f(z) log z dz → 0 as

r → 0 and
∫
κR(0) f(z) log z dz → 0 as R→∞, then∫ ∞

0
f(x) dx = −

∑
s∈Sf

resg(s),

and if all the poles of f are simple then∫ ∞

0
f(x) dx = −

∑
s∈Sf

log s.resf (s).

Example 24.5.2 If a > 0 and 0 < t < π then∫ ∞

0

dx

x2 + 2ax cos t+ a2
=

t

a sin t
.

The rational function

f(z) =
1

z2 + 2az cos t+ a2
=

1

(z + aeit)(z + ae−it)

has simple poles at −ae−it = aei(π−t) and −aeit = aei(π+t), and the residues

of f(z) log z are

log a+ i(π − t)

2ai sin t
and− log a+ i(π + t)

2ai sin t
,

respectively. Since
∫
κr(0)

f(z) log z dz → 0 as r → 0 and
∫
κR(0) f(z) log z

dz → 0 as R→∞, the result follows.
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We can also use this idea when the integrand has a logarithmic factor.

Example 24.5.3 ∫ ∞

0

(
log x

x+ 1

)2

dx =
π2

3
.

Consider the meromorphic function h(z) = (log z)3/(z + 1)2 on Cπ. This

has a pole of order 2 at −1, with residue 3(log(−1))2/(−1) = 3π2. Since∫
κr(0)

h(z) dz → 0 as r→ 0 and
∫
κR(0) h(z) dz → 0 as R→∞,

∫ ∞

0

(log x)3

(x+ 1)2
dx−

∫ ∞

0

(log x+ 2πi)3

(x+ 1)2
dx = 2πi(3π2) = 6π3i.

Expanding the integrand, and equating imaginary parts, we see that∫ ∞

0

−6π(log x)2 + 8π3

(x+ 1)2
dx = 6π3.

Since
∫∞
0 dx/(x+ 1)2 = 1, it follows that

∫ ∞

0

(
log x

x+ 1

)2

dx =
π2

3
.

Equating real parts, we see again that
∫∞
0 log x/(x+ 1)2 dx = 0.

Exercises

24.5.1 Suppose that a > 0. Use Example 24.5.2 to calculate∫ ∞

0

dx

x2 − 2ax cos t+ a2
.

Verify your result by calculating∫ ∞

−∞

dx

x2 + 2ax cos t+ a2
,

using the methods of the previous section.

24.5.2 Show that ∫ ∞

0

log x

(1 + x2)2
dx = −π/4.
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24.5.3 Calculate ∫ ∞

0

dx

1 + x+ x2
and

∫ ∞

0

dx

1− x+ x2

by the calculus of residues, and check your answers by calculating∫ ∞

−∞

dx

1 + x+ x2
.



25

Conformal transformations

25.1 Introduction

Recall that a univalent function f on a domain U is a holomorphic function

which takes each value at most once, and that if f is univalent on U then

f(U) is a domain, f−1 is a univalent mapping of f(U) onto U , and f ′(z) �= 0

for all z ∈ U (Theorem 23.6.8). In this chapter, we consider two related

problems. First, if U and V are domains, is there a univalent function f

mapping U onto V ? If so, f is called a conformal transformation of U onto

V , and U and V are said to be conformally equivalent. Secondly, what are

the univalent functions mapping U onto itself? Such functions are called

conformal automorphisms of U . Since the composition of two holomorphic

functions is holomorphic, it follows that the set of conformal automorphisms

of a domain U forms a group, under composition.

Why are these mappings called ‘conformal’? Suppose that f is a confor-

mal transformation of U onto V , and that z0 ∈ U . Then f ′(z0) �= 0; let

f ′(z0)= reiφ. Since U is open, there exists δ > 0 such that Nδ(z0) ⊆ U . Let

lθ(t)= z0 + eiθt for t ∈ (−δ, δ), for −π < θ ≤ π so that l′θ(t)= eiθ. Then

(f ◦ lθ)′(0)= f ′(z0)eiθ = rei(θ+φ). Thus

f(z0 + eiθt) = f(z0) + rei(θ+φ)t+ o(t),

and the line λθ(t) = f(z0) + rei(θ+φ)t is tangent to f ◦ lθ at f(z0). If

θ1, θ2 ∈ T then θ1 − θ2 is the oriented angle between lθ1 and lθ2 . But

θ1 − θ2 = (θ1 + φ) − (θ2 + φ) is also the oriented angle between λθ1 and

λθ2 . Thus conformal transformations preserve oriented angles; locally, f pro-

vides a rotation through an angle φ = arg f ′(z0) and a scaling by a factor

r = |f ′(z0)|.

749
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25.2 Univalent functions on C

If λ, μ ∈ C and λ �= 0, let aλ,μ(z) = λz+ μ. The mapping aλ,μ is certainly a

conformal automorphism of C, with inverse a1/λ,−μ/λ. Are there any more

conformal automorphisms of C?

Theorem 25.2.1 If f is a univalent function on C then f = aλ,μ for some

λ, μ ∈ C with λ �= 0.

Proof The function f is an entire function, and is therefore analytic: we

can write f(z) =
∑∞

n=0 anz
n, for all z ∈ C. First we show that only finitely

many coefficients are non-zero. Suppose not. By the open mapping theorem

f(D) is an open subset of C. By Corollary 23.3.4, there exists z with |z| > 1

such that f(z) ∈ f(D); this contradicts the univalence of f .

Thus f is a polynomial, and so therefore is f ′. But f ′(z) �= 0 for all z, so

that f ′ is a non-zero constant function. Thus f = aλ,μ, where λ = a1 and

μ = a0. �

Corollary 25.2.2 If U is a domain which is a proper subset of C then U

is not conformally equivalent to C.

This is a remarkable result: there are very few univalent functions on C,

and if f is a univalent function on a domain U which is a proper subset of

C then there exists w such that the equation f(z) = w has no solutions.

Exercises

25.2.1 Show that the group of conformal automorphisms of C is isomorphic

to the group of two-by-two matrices{[
λ μ

0 1

]
: λ, μ ∈ C : λ �= 0

}
.

25.3 Univalent functions on the punctured plane C∗

Let J(z) = 1/z for z ∈ C∗. J , the inversion mapping, is a conformal auto-

morphism of the punctured plane C∗ = C \ {0}, and has a simple pole at 0

with residue 1.

Theorem 25.3.1 If λ ∈ C∗ then aλ,0 and λJ are conformal automor-

phisms of C∗.
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Conversely, if f is a univalent function on C∗ then either f = λJ + μ

or f = aλ,μ for some λ, μ ∈ C with λ �= 0. In either case, f is a conformal

transformation of C∗ onto C\{μ}. If f is a conformal automorphism of C∗

then μ = 0.

Proof The first statement is obvious. Suppose conversely that f is a

univalent function on C∗. Then f has an isolated singularity at 0.

Suppose first that f has a removable singularity at 0. Then there exists

ν such that f(z) → ν as z → 0. We shall show that ν �∈ f(C∗). Suppose
not, and suppose that f(z0) = ν for some z0 ∈ C∗. Let ε = |z0|/2. By the

open mapping theorem, f(Nε(z0)) is an open subset of C containing ν. But

f(z) → ν as z → 0, and so there exists w ∈ N∗
ε (0) with f(w) ∈ f(Nε(z0)).

Since N∗
ε (0) ∩Nε(z0) = ∅, this contradicts the univalence of f on C∗. Thus

if we set f(0) = ν then f is an entire univalent function on C. By Theorem

25.2.1, f = aλ,μ, for some λ, μ ∈ C with λ �= 0.

Secondly we show that f cannot have an isolated essential singularity

at 0. For if it did, by Weierstrass’ theorem there would be w ∈ N∗
1/2(0) with

f(w) in the open set f(N1/2(1)), contradicting the univalence of f .

Finally we consider the case where f has a pole at 0. By Corollary

23.6.5, this must be a simple pole. Thus f has a Laurent series expansion∑∞
n=−1 anz

n. By Corollary 23.3.4, there are only finitely many non-zero

coefficients an. Thus f(z) = p(z)/z, where p is a polynomial with non-

zero constant term a−1. Since C∗ is not conformally equivalent to C,

there exists μ ∈ C which is not in f(C∗). Let q(z) = p(z) − μz. Then

q(0) = p(0) = a−1 �= 0, and q(z) = (f(z) − μ)z �= 0 for z �= 0. Thus

the polynomial q has no zeros, and so must be the non-zero constant func-

tion a−1. Thus f(z) = a−1/z + μ. The final two statements now follow

immediately. �

Exercises

25.3.1 Suppose that S is a discrete closed subset of C and that f is a univa-

lent function on C \S which has a non-removable singularity at each

point of S. Show that S has at most one element, and that if f has

a singularity then it must be a simple pole.

25.4 The Möbius group

We next consider univalent meromorphic functions on the unit sphere C∞.

Recall that a function f : C∞ → C∞ is meromorphic if the restrictions of f

and f ◦ J to C are meromorphic functions on C.
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Theorem 25.4.1 If f is a univalent meromorphic function on C∞ then

either f(z) = aλ,μ(z) = λz+μ or f(z) = λ/(z−z0)+μ for some λ, μ and z0
in C, with λ �= 0. In either case, f is a homeomorphism of C∞ onto itself.

Proof If the restriction of f to C is holomorphic, then it is a univalent

function on C, and so f = aλ,μ, by Theorem 25.2.1. Otherwise, it has one

simple pole, at z0 say. Let g(z) = f(z+z0), for z ∈ C∗. Then g is a univalent

function on C∗ with a pole at 0, so that g = λJ+μ, by Theorem 25.3.1, and

f(z) = λ/(z − z0) + μ. In either case, f is a homeomorphism of C∞ onto

itself. �

A univalent meromorphism of C∞ onto itself is called a Möbius transfor-

mation of C∞. If f is a Möbius transformation, we can write

f(z) =
az + b

cz + d
:

in the former case

a = λ, b = μ, c = 0 and d = 1,

and in the latter case

a = μ, b = λ− μz0, c = 1 and d = −z0.

Note that in either case ad− bc = λ �= 0.

Conversely, suppose that ad − bc �= 0, and consider the meromorphic

function f(z) = (az + b)/(cz + d). If c = 0 then d �= 0 and f(z) = λz + μ,

where λ = a/d �= 0 and μ = b/d. If c �= 0, let z0 = −d/c. Then f has a

simple pole at z0, and

f(z) =
λ

z − z0
+ μ, where λ = −ad− bc

c2
�= 0 and μ =

a

c
.

Thus f is a Möbius transformation.

Theorem 25.4.2 The set M of Möbius transformations is a group under

composition. If

A =

[
a b

c d

]
∈ GL2(C), the group of invertible two-by-two matrices,

let m(A)(z) = (az+b)/cz+d). Then m is a homomorphism of GL2(C) onto

M, with kernel {aI : a �= 0}. (m(A))−1 = m(B), where

B =

[
d −b
−c a

]
.
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Proof Since A ∈ GL2(C) is invertible if and only if detA = ad − bc �= 0.

m maps GL2(C) onto M, and m(I)(z) = z. Suppose that

A1 =

[
a1 b1
c1 d1

]
and A2 =

[
a2 b2
c2 d2

]
are in GL2(C). Then

m(A1)m(A2)(z) = m(A1)

(
a2z+b2
c2z+d2

)

=
a1

(
a2z+b2
c2z+d2

)
+ b1

c1

(
a2z+b2
c2z+d2

)
+ d1

=
a1(a2z+b2) + b1(c2z+d2)

c1(a2z+b2) + d1(c2z+d2)

=
(a1a2 + b1c2)z + a1b2 + b1d2
(c1a2 + d1c2)z + c1b2 + d1d2

= m(A1A2)(z).

Consequently m(A1)m(A2) ∈ M. Since

m(A−1)m(A) = m(A)m(A−1) = m(I)

and m(I) is the identity mapping on C∞, it follows thatM is a group under

composition, and that m is a homomorphism of GL2(C) onto M. Clearly

m(A)(z) = z for all z ∈ C∞ if and only if a = d �= 0 and b = c = 0. Since

AB = BA = (ad − bc)I, m(B) is the inverse of m(A). This last statement

can also be verified directly; if w = (az + b)/(cz + d), we can consider this

as an equation in z, and solve it to find that z = (dw − b)/(−cw + a). �

A Möbius transformation is determined by its action on three distinct

points.

Proposition 25.4.3 Suppose that {z1, z2, z3} and {w1, w2, w3} are sets of

distinct points of C∞. Then there exists a unique Möbius transformation m

for which m(z1) = w1, m(z2) = w2 and m(z3) = w3.

Proof First we show that if w1, w2 and w3 are distinct points of C∞
then there exists a unique Möbius transformation m = mw1,w2,w3

for which

m(w1) = 0, m(w2) = 1 and m(w3) =∞. If w1, w2, w3 ∈ C we can take

m(z) =

(
w2 − w3

w2 − w1

)(
z − w1

z − w3

)
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and otherwise we can take

m(z) =
w2 − w3

z − w3
if w1 =∞,

=
z − w1

z − w3
if w2 =∞,

=
z − w1

w2 − w1
if w3 =∞.

Suppose that n ∈ M is another Möbius transformation for which n(w1) = 0,

n(w2) = 1 and n(w3) = ∞. Let k = m ◦ n−1. Then k(0) = 0, k(1) = 1 and

k(∞) = ∞. Suppose that k(z) = (az + b)/(cz + d). Since k(0) = 0, b = 0.

If c �= 0 then k(−d/c) = ∞, giving a contradiction. Thus c = 0. Finally

k(1) = a/d = 1, so that a = d and k(z) = z. k is the identity mapping, and

so n = m; m is unique.

The Möbius transformation m−1
z1,z2,z3 ◦ mw1,w2,w3

then has the required

properties. It is unique, for if n is another Möbius transformation for which

m(z1) = w1, m(z2) = w2 and m(z3) = w3, then n ◦mz1,z2,z3 = mw1,w2,w3
, so

that n = mw1,w2,w3
◦m−1

z1,z2,z3 . �

The following Möbius transformations are called elementary Möbius

transformations:

• Tb(z) = z + b (translation);

• Dr(z) = rz for r real and positive (dilation);

• Rθ(z) = eiθz for θ ∈ R (rotation);

• J(z) = 1/z (inversion)

If λ = reiθ with r > 0 then

λz + μ = Tμ ◦Rθ ◦Dr and
λ

z − z0
+ μ = (Tμ ◦Rθ ◦Dr ◦ J ◦ T−z0)(z),

so that these elementary transformations generate M. This is very useful

in establishing properties of general Möbius transformations, as Theorem

25.4.5 will show. Our next aim is to show that a Möbius transformation

‘maps circles and straight lines into circles or straight lines’.

First we must describe straight lines and circles in C and C∞ in terms of

the complex structure. A straight line L in C can be written as

L = {z = x+ iy ∈ C : ax+ by + c = 0},

where a, b and c are real, and a and b are not both zero. Substituting

x = (z + z̄)/2 and y = (z − z̄)/2i, we find that

L = {z ∈ C : λ̄z + λz̄ + μ = 0},
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where λ = a+ ib �= 0 and μ = 2c is real. L is a closed unbounded subset of

C. In C∞, we define a straight line L∞ to be L∪{∞}, where L is a straight

line in C. Thus L∞ is the closure of L in C∞, and so is closed in C∞.

A circle C in C can be written as

C = {z ∈ C : |z − c| = r} = {z ∈ C : (z − c)(z − c) = r2},

where c ∈ C and r > 0. Then C = {z ∈ C : zz̄ − c̄z − cz̄ = r2 − cc̄}, where
c ∈ C and r > 0. C is a bounded closed subset of C, and so is closed in C∞.

It is clear that translation, dilation and rotation map straight lines to

straight lines and circles to circles. What about inversion?

Proposition 25.4.4 Suppose that L∞ is a straight line in C∞ and that

C is a circle in C∞.

(i) If 0 ∈ L∞ then J(L∞) is a straight line in C∞ and 0 ∈ J(L∞).

(ii) If 0 �∈ L∞ then J(L∞) is a circle in C∞ and 0 ∈ J(L∞).

(iii) If 0 ∈ C then J(C) is a straight line in C∞ and 0 �∈ J(C).

(iv) If 0 �∈ C then J(C) is a circle in C∞ and 0 �∈ J(C).

Proof This is a matter of straightforward verification.

(i) If 0 ∈ L∞, then

L∞ = {z ∈ C : λ̄z + λz̄ = 0} ∪ {∞},

so that

J(L∞) = J−1(L∞) = {∞} ∪ {z ∈ C \ {0} : λ̄
z
+

λ

z̄
= 0} ∪ {0}

= {z ∈ C : λz + λ̄z̄ = 0} ∪ {∞},

which shows that J(L∞) is a straight line in C∞ and that 0 ∈ J(L∞).

(ii) If 0 �∈ L∞, then

L∞ = {z ∈ C : λ̄z + λz̄ + μ = 0} ∪ {∞},

with μ �= 0. Arguing as above,

J(L∞) = J−1(L∞) = {0} ∪ {z ∈ C \ {0} : λ̄
z
+

λ

z̄
+ μ = 0}

= {z ∈ C : zz̄ +
λz

μ
+

λ̄z̄

μ
= 0}

= {z ∈ C : zz̄ − c̄z − cz̄ = r2 − cc̄}
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where c = −λ̄/μ and r2 = cc̄. This shows that J(L∞) is a circle in C∞
and that 0 ∈ J(L∞).

(iii) If 0 ∈ C, then

C = {z ∈ C : zz̄ − c̄z − cz̄ = 0},
so that

J(C) = J−1(C) = {z ∈ C \ {0} : 1

zz̄
− c̄

z
− c

z̄
= 0} ∪ {∞}

= {z ∈ C : cz + c̄z̄ = 1} ∪ {∞},

which shows that J(C) is a straight line in C∞ and that 0 �∈ J(C).

(iv) If 0 �∈ C, then

C = {z ∈ C : zz̄ − c̄z − cz̄ = d},
with d = r2 − cc̄ �= 0, and so

J(C) = J−1(C) = {z ∈ C \ {0} : 1

zz̄
− c̄

z
− c

z̄
= d}

= {z ∈ C : zz̄ +
cz

d
+

c̄z̄

d
=

1

d
},

which shows that J(C) is a circle in C∞ and that 0 �∈ J(C). �

Theorem 25.4.5 Suppose that m is a Möbius transformation, that L∞ is

a straight line in C∞ and that C is a circle in C∞.

(i) If ∞ ∈ m(L∞) then m(L∞) is a straight line in C∞.

(ii) If ∞ �∈ m(L∞) then m(L∞) is a circle in C∞.

(iii) If ∞ ∈ m(C) then m(C) is a straight line in C∞.

(iv) If ∞ �∈ m(C) then m(C) is a circle in C∞.

Proof Translations, dilations and rotations map straight lines to straight

lines and circles to circles. Since m is a product of elementary transforma-

tions, it follows from Proposition 25.4.4 that m(L∞) is either a straight line

or a circle. m(L∞) is a straight line if∞ ∈ m(L∞) and is a circle if not, and

m(C) is a straight line if ∞ ∈ m(C) and is a circle if not. �

This result suggests that we may think of a straight line in C∞ as an

unbounded circle, or as a circle of infinite radius.

The complement of a straight line in C∞ has two connected components,

as does the complement of a circle (the inside, and the union of the outside

and {∞}). Since a Möbius transformation m is a homeomorphism of C∞, if

S is a circle or straight line and U and V are the connected components of

C∞ \S then m(U) and m(V ) are the connected components of C∞ \m(S).
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As an example, the Möbius transformation m(z) = (−z+1)/(z+1) maps

the extended y-axis Y∞ = {z = iy : y ∈ R} ∪ {∞} onto the unit circle T.

Although this can be verified directly, it is more informative to construct

the mapping in several steps. First, the mapping m1(z) = z + 1 maps Y∞
onto the extended line L∞ = {z = 1 + iy : y ∈ R} ∪ {∞}. Secondly, since
0 �∈ L∞, J maps L∞ onto a circle C passing through 0 and 1. J maps

the extended x-axis onto itself. Since L∞ is orthogonal to the x-axis, and

since Möbius transformations are conformal, the tangent to J(L∞) at 1 is

orthogonal to the x-axis. Thus C is the circle with centre 1/2 and radius

1/2. The mapping m2(z) = 2z − 1 then maps C to a circle passing through

1 and −1, with centre 0, so that m2(C) = T. Then m = m2 ◦ J ◦m1. Since

m(1) = 0, m maps the right-hand half-plane onto the unit disc D and the

left-hand half-plane onto {z : |z| > 1} ∪ {∞}.

Exercises

25.4.1 Show that the mapping m(z) = (z − i)/(z + i) defines a conformal

transformation of the upper half-plane H+ onto the open unit disc

D, and maps i to 0.
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25.5 The conformal automorphisms of D

What are the conformal automorphisms of D? To answer this, we need

Schwarz’ lemma.

Proposition 25.5.1 (Schwarz’ lemma) If f is a holomorphic mapping of

D into D and f(0) = 0 then |f(z)| ≤ |z| for z ∈ D.

Proof We can write f(z) = zg(z), where g is holomorphic on D. Suppose

that z ∈ D and suppose that |z| < r < 1. If |w| = r then |g(w)| = |f(w)|/r <

1/r, so that

|g(z)| ≤ sup{|g(w)| : |w| = r} < 1/r,

by the maximum modulus principle. Since this holds for all r with |z| < r <

1, |g(z)| ≤ 1 and so |f(z)| ≤ |z|. �

Proposition 25.5.2 If f is a conformal automorphism of D and f(0) = 0

then there exists eiθ ∈ T such that f(z) = eiθz for z ∈ D.

Proof If z ∈ D then |f(z)| ≤ |z|, by Schwarz’ lemma. But |z| =

|f−1f(z)| ≤ |f(z)| as well, so that |f(z)| = |z|. Thus if f(z) = zg(z), as

in Schwarz’ lemma, then |g(z)| = 1 for z ∈ D. It therefore follows from the

maximum modulus principle that g is constant; there exists eiθ ∈ T such

that g(z) = eiθ for z ∈ D. Hence f(z) = eiθz for z ∈ D. �

Theorem 25.5.3 If |α| < 1 the Möbius transformation

mα(z) =
z + α

ᾱz + 1

is a conformal automorphism of D with mα(0) = α and mα(−α) = 0, and

with inverse m−α. The transformation mα is a homeomorphism of D onto

itself.

If m is a conformal automorphism of D with m(0) = α then there exists

eiθ ∈ T such that m(z) = mα(e
iθz) for z ∈ D.

Proof Clearly mα(0) = α and mα(−α) = 0. It follows from Theorem

25.4.2, or by direct calculation, that (mα)
−1 = m−α. If |z| = 1 then

|mα(z)|2 = mα(z)mα(z) =

(
z + α

ᾱz + 1

)(
z̄ + ᾱ

αz̄ + 1

)
=

1 + ᾱz + αz̄ + αᾱ

αᾱ+ ᾱz + αz̄ + 1
= 1.

It therefore follows from the maximum modulus principle that |mα(z)| < 1

for z ∈ D. Since mα is univalent on C \ {−1/ᾱ} it follows that mα maps D
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conformally onto mα(D) and is a homeomorphism of D onto mα(D), and

mα(D) ⊆ D. By the same token m−1
α (D) = m−α(D) ⊆ D, and so mα is a

homeomorphism of D onto itself, and mα is a conformal mapping of D onto

itself.

The mappingm−1
α ◦m is a conformal automorphism of D, andm−1

α m(0) =

0, so that by Proposition 25.5.2, there exists eiθ ∈ T such that m−1
α m(w) =

eiθw for w ∈ D. Thus if z ∈ D then

m(z) = mαm
−1
α m(z) = mα(e

iθz) =
eiθz + α

ᾱeiθz + 1
.

�

Note also that

m(z) = eiθ
(
z + αe−iθ

ᾱeiθz + 1

)
= eiθmαe−iθ(z),

and that

m′
α(z) =

1− αᾱ

(ᾱz + 1)2
.

In particular, the quantities

m′
α(0) = 1− |α|2, m′

α(α) =
1− |α|2

(1 + |α|2)2 and m′
α(−α) =

1

1− |α|2

are all real and positive.

Exercises

25.5.1 Use Schwarz’ lemma to give another proof of Liouville’s theorem.

25.5.2 Show that if m is a conformal automorphism of the upper half-plane

H+ for which m(i) = i then there exists 0 ≤ θ ≤ 2π such that

m(z) = Mθ(z) =
cos θ z + sin θ

− sin θ z + cos θ
.

25.5.3 Show that the group of conformal automorphisms of H+ is gener-

ated by the automorphisms of the previous exercise, together with

translations Ta (with a ∈ R) and dilations Dr.

25.6 Some more conformal transformations

We can consider other conformal transformations than Möbius transforma-

tions. First, the function exp is univalent on the strip S = {z = x + iy :
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−π < y < π}, and defines a conformal transformation of S onto the cut

plane C0 = C \ (−∞, 0]; its inverse is the principal logarithm. The lines

hy = {z = x + iy : x ∈ R} and vx = {z = x + iy : −π < y < π} are

orthogonal; they are transformed to the rays rθ = {z = reiθ : r > 0} and

the punctured circles cr = {z = reiθ : −π < θ < π}.
Secondly, a related conformal transformation is obtained by considering

the map z → zα, where α is real and positive. If 0 < β < π, let Pβ denote

the sector {z = reiθ : r > 0,−β < θ < β}. If 0 < αβ < π then the map

z → zα is a conformal transformation of the sector Pβ onto Pαβ . Rays are

mapped to rays and circular arcs to circular arcs.

A third interesting example is provided by the function f(z) = 1
2(z+1/z),

for z ∈ C \ {0}. This is not univalent, since f(z) = f(1/z). On the other

hand, if z = reiθ, with r > 0, then

f(z) = ar cos θ + ibr sin θ, where ar =
1

2

(
r +

1

r

)
and br =

1

2

(
r − 1

r

)
.

Thus f is a one-one mapping of the circle {z : |z| = r} onto the ellipse

Er =

{
w = u+ iv :

u2

a2r
+

v2

b2r
= 1

}
,

from which it follows that f is univalent on the punctured disc D \ {0}, and
is also univalent on the domain {z ∈ C : |z| > 1}, and that f maps each

conformally onto the domain C \ [−1, 1]. Note also that f(reiθ) → cos θ ∈
[−1, 1] as r ↗ 1 and as r ↘ 1.

If z = reiθ ∈ C \ {0}, then f(z) ∈ H+ if and only if br sin θ > 0, and so f

defines a conformal transformation of D+ = D ∩H+ onto H−.
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–1 0 1

Figure 25.6b.

Many conformal transformations can be obtained by composing these

transformations with other Möbius transformations. For example, let S be

the semi-infinite strip {z = x + iy : 0 < x < 1, y > 0}. We shall show that

the mapping z → sinπz is a conformal transformation of S onto the right-

hand half-plane Hr = {z = x + iy : x > 0}. First, let m1(z) = iπz. m1 is a

conformal transformation of S onto the semi-infinite strip {z = x+ iy : x <

0, 0 < y < π}. The function exp is a conformal transformation of m1(S)

onto D+, and the function f , defined above, is a conformal transformation

of D+ onto H+. If m2(z) = iz then m2 is a conformal transformation of H+

onto Hr. Thus m2 ◦ f ◦ exp ◦m1 is a conformal transformation of S onto Hr.

It is a straightforward matter to verify that i cos πz = (m2 ◦f ◦ exp ◦m1)(z),

for z ∈ S.

Exercises

25.6.1 Let f(z) = 1
2(z+1/z), for z ∈ D\{0}. Calculate the inverse mapping

f−1 : C \ [−1, 1]→ D \ {0}.
25.6.2 Find a conformal mapping of the domain

U = {z : |z − 2| < 2 < |2z − 2|}

onto D.

25.6.3 Show that the function tanh z defines a conformal mapping of the

strip {z = x+ iy : 0 < y < π/2} onto the upper half-plane H−. What

is the inverse mapping?
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25.6.4 Show that the function cos z defines a conformal mapping of the strip

{z = x+ iy : 0 < x < π} onto C \ ((−∞,−1] ∪ [1,∞)). What is the

inverse mapping?

25.6.5 Show that the function g(z) = 4z/(1+z)2 is univalent on D. What is

g(D)? [Hint: Express g as the composition of Möbius transformations

and other mappings.]

25.6.6 Find conformal mappings of the following domains onto D. (The

mappings may be expressed as compositions of holomorphic func-

tions.)

(i) U1 = D ∩H+

(ii) U2 = D \ (−1, 0]
(iii) U3 = {z : |z − 2| < 2 < |2z − 2|}
(iv) U4 = D ∩ {z : |z + 1| >

√
2}

25.6.1 Suppose that f is a holomorphic function on D, taking values in D,

and that f(0) = c. Show that if 0 < |z| = r < 1 then

1− |f(z)|
1− r

≥ 1− |c|
1 + r|c| .

25.6.2 Suppose that f is a holomorphic function on D whose real part is

positive. Show that

1− |z|
1 + |z| ≤ |f(z)| ≤

1 + |z|
1− |z| and that |�f(z)| ≤ 2|z|

1− |z|2 .
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25.6.3 Verify that i cos πz = (m2 ◦f ◦exp ◦m1)(z), for z ∈ S, where m1, m2,

f and S are defined above.

25.7 The space H(U ) of holomorphic functions on a domain U

We now establish further properties of the space H(U) of holomorphic func-

tions on a domain U . Recall (Theorem 22.6.10) that H(U) is a closed linear

subspace of the space (C(U), d) where d is a complete metric defining the

topology of local uniform convergence.

Theorem 25.7.1 The mapping f → f ′ : (H(U), d) → (H(U), d) is

continuous.

Proof It is enough to show that if fn → f in (H(U), d) then f ′
n → f ′ in

(H(U), d), and so it is enough to show that if Mr(z0) is a closed neighbour-

hood of an element z0 of U then f ′
n → f ′ uniformly on Mr(z0). There exists

s > r such that Ms(z0) ⊆ U . If w ∈Mr(z0) then

f ′
n(w)− f ′(w) =

1

2πi

∫
κs(z0)

fn(z)− f(z)

(z − w)2
dz.

But if z ∈ [κs(z0)] and w ∈Mr(z0) then |z − w| > s− r, so that∣∣∣∣fn(z)− f(z)

(z − w)2

∣∣∣∣ ≤ ∣∣∣∣fn(z)− f(z)

(s− r)2

∣∣∣∣ ;
hence

|f ′
n(w) − f ′(w)| ≤ s

(s− r)2
sup

z∈[κs(z0)]
|fn(z)− f(z)|,

and fn → f uniformly on Mr(z0) as n→∞. �

Recall that a subset A of C(U) is locally uniformly bounded if

sup{|f(z)| : f ∈ A, z ∈ K} <∞,

for each compact subset K of U .

Theorem 25.7.2 (Montel’s theorem) A subset A of H(U) is compact if

and only if it is closed and locally uniformly bounded.

Proof In one direction it is easy. If A is compact, then it is certainly closed.

If K is a compact subset of U , the restriction map πK : C(U) → C(K) is

continuous, and so π(A) is a compact subset, and therefore a bounded subset,

of C(K).
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Suppose conversely that A is closed and locally uniformly bounded. We

use the local Arzelà–Ascoli theorem (Volume II, Theorem 15.8.4). It is suf-

ficient to show that A is equicontinuous. Suppose that z0 ∈ U and that

0 < ε < 1. There exists s > 0 such that Ms(z0) ⊆ U . Since A is locally

uniformly bounded,

L = sup{|f(z)| : f ∈ A, z ∈Ms(z0)} <∞.

Let r = sε/(2L + 2). Then 0 < r < s/2, so that s − r > s/2. If f ∈ A and

w ∈ Nr(z0), then, using Cauchy’s integral formula,

|f(w)− f(z0)| =
1

2π

∣∣∣∣∣
∫
κs(z0)

f(z)

z − w
dz −

∫
κs(z0)

f(z)

z − z0
dz

∣∣∣∣∣
=

1

2π

∣∣∣∣∣
∫
κs(z0)

(w − z0)f(z)

(z − w)(z − z0)
dz

∣∣∣∣∣
≤ Ls

(s− r)s
|w − z0| ≤

2Lr

s
< ε.

Thus A is equicontinuous at z0. �

The set Uni(U) of univalent functions on U also has remarkable properties.

Theorem 25.7.3 Let Uni(U) be the set of univalent functions on a domain

U , and let Con(U) be the set of constant functions on U . Then Uni(U) ∪
Con(U) is closed in H(U).

Proof We must show that if (fn)
∞
n=1 is a sequence of univalent functions

which converges in H(U) to f , and if f is not a constant, then f is univalent.

Suppose not, so that there exist distinct z1, z2 ∈ U such that f(z1) = f(z2) =

v0. Then z1 and z2 are zeros of the non-constant holomorphic function f−v0.

Since the zeros of f−v0 are isolated, there exist disjoint closed discs Mr1(z1)

and Mr2(z2) in U such that f(z)− v0 �= 0 for z ∈M∗
r1(z1)∪M∗

r2(z2). We use

Rouché’s theorem to show that for sufficiently large n the function fn − v0
has a zero in each of Nr1(z1) and Nr2(z2), contradicting the fact that fn
is univalent. Let m = inf{|f(z)| : z ∈ Tr1(z1) ∪ Tr2(z2)}; then m > 0.

Since fn → f in H(U), there exists n0 such that |fn(z) − f(z)| < m for

z ∈ Tr1(z1) ∪Tr2(z2), for n ≥ n0. Thus

|(fn(z)− v0)− (f(z)− v0)| < m ≤ |f(z)− v0|

for z ∈ Tr1(z1) ∪Tr2(z2). By Rouché’s theorem, if n ≥ n0 then fn − v0 has

a zero in each of Nr1(z1) and Nr2(z2). �



25.8 The Riemann mapping theorem 765

Exercises

25.7.1 Suppose that f is a non-constant holomorphic function on a domain

U which has k zeros, counted according to multiplicity. Show that

there is a neighbourhood N of f in H(U) such that if g ∈ N then g

has at least k zeros, counted according to multiplicity.

25.7.2 Give an example of a univalent function f on the half-space Hr =

{z ∈ C : |arg z| < π/2} which is the limit in H(Hr) of a sequence of

non-univalent holomorphic functions.

25.8 The Riemann mapping theorem

We end by proving a truly remarkable theorem.

Theorem 25.8.1 (The Riemann mapping theorem) Suppose that U is a

simply connected domain which is a proper subset of C, and that z0 ∈ U .

Then there exists a unique conformal transformation f of U onto D with

the properties that f(z0) = 0 and is real and positive.

Proof First, let us prove uniqueness. If f1 and f2 are conformal transfor-

mations of U onto D which satisfy the requirements of the theorem, then

φ = f2 ◦ f−1
1 is a conformal automorphism of D, φ(0) = 0, and φ′(0) is real

and positive, so that φ is the identity mapping, by Theorem 25.5.3. Thus

f1 = f2.

It is existence that is the real problem. To prove this, we use the fact that

if g is a holomorphic function on U which has no zeros in U , then g has a

holomorphic square root h on U : (h(z))2 = g(z) for all z ∈ U (Corollary

22.7.2). If we set s(z) = z2 for z ∈ C then s ◦ h = g. Note that if g is

univalent, then h is univalent, and s is univalent on h(U).

Let us describe structure of the proof. We consider the set G of univalent

functions g on U taking values in D, for which g(z0) = 0 and g′(z0) is

real and positive. First we show that G is non-empty. Next we show that

{g′(z0) : g ∈ G} is bounded. We then use a compactness argument to show

that there exists f ∈ G such that

f ′(z0) = sup{g′(z0) : g ∈ G}.

Finally we show that f(U) = D, so that f satisfies the conclusions of the

theorem.

First we show that G is non-empty. There exists z1 ∈ C\U . The univalent

function a(z) = z − z1 does not have a zero in U , and so it has a univalent
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square root: there exists a univalent function h on U such that (h(z))2 =

z − z1, for z ∈ U . Let z2 = h(z0). By the open mapping theorem, h(U) is

open in C, and so there exists r > 0 such that Nr(z2) ⊆ h(U). We show

that −Nr(z2) = Nr(−z2) is disjoint from h(U). If w = h(z) ∈ h(U), then

s(−w) = (−w)2 = w2 = s(w) = z − z1;

since s is univalent on h(U) and w ∈ h(U), −w �∈ h(U). Thus h(U) is

contained in the outside of Tr(−z2). The Möbius transformation m(z) =

r/(z + z2) maps the outside of Tr(−z2) conformally onto D \ {0}, mapping

z2 to r/2z2, and the Möbius transformation m−r/2z2 is a conformal automor-

phism of D, mapping r/2z2 to 0. Thus j = m−r/2z2 ◦m ◦ h is a conformal

transformation of U onto a subset of D, and j(z0) = 0. Since j is univalent,

j′(z0) �= 0. Let g0 = e−iθj, where θ = arg (j′(z0)). Then g0 ∈ G.

Let us set l = g′0(z0), and let us set Gl = {g ∈ G : g′(z0) ≥ l}. Thus Gl is

a non-empty subset of G; we shall show that it is a compact subset of H(U).

By Montel’s theorem, the set

F = {g ∈ H(U) : g(U) ⊆ D}
= {g ∈ H(U) : sup

z∈K
|g(z)| ≤ 1 for K compact, K ⊆ U}

is a compact subset of H(U). By Theorem 25.7.1, the mapping g → g′(z0)
is continuous on H(U), and so the set

Fl = {g ∈ F : g′(z0) is real, and g′(z0) ≥ l}

is closed, and is therefore compact. If g ∈ Fl, then g is not constant and so,

by the open mapping theorem,

Fl = {g ∈ H(U) : g(U) ⊆ D, g′(z0) is real, and g′(z0) ≥ l}

Finally,

Gl = Fl ∩ {g ∈ H(U) : g is univalent or constant}
is a closed subset of Fl, and is therefore compact. Since the mapping g →
g′(z0) is continuous onH(U), there therefore exists f ∈ Gl for which f ′(z0) =
sup{g′(z0) : g ∈ Gl}. We shall show that f(U) = D, so that f satisfies the

requirements of the theorem.

Suppose not, so that there exists b ∈ D\f(U). The Möbius transformation

m−b moves b to 0 and f(z0) to −b. Thus 0 �∈ m−bf(U). Since m−bf(U) is

simply connected, there exists a holomorphic square root function h on it;

(h(z))2 = z for z ∈ m−bf(U). Let c = h(−b), so that c ∈ D, c2 = −b and
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h(m−bf(z0)) = c. The Möbius transformation m−c then moves c to 0. Let

φ = arg c and let g = eiφm−c ◦ h ◦m−b ◦ f . Then g is a univalent mapping

of U into D and g(z0) = 0.

Since h(z)2 = z, h′(z) = 1/2h(z), so that h′(−b) = 1/2c. Further,

m′
−b(0) = 1− bb̄ and m′

−c(c) = 1/(1 − cc̄).

Applying the chain rule,

g′(0) = eiφm′
−c(c).h

′(−b).m′
−b(0).f

′(z0)

= eiφ
(

1

(1− cc̄)

)(
1

2c

)(
1− bb̄

)
f ′(z0)

=

(
1

2|c|

)(
1− |b|2
1− |b|

)
f ′(z0) =

1 + |b|
2|c| f ′(z0).

But 2|c| < 1 + |c|2 = 1 + |b|. Thus g ∈ G, and g′(0) > f ′(0), giving a

contradiction. �

Corollary 25.8.2 The group of conformal automorphisms of U is isomor-

phic to the group of conformal automorphisms of D.

Proof The mapping m → f−1 ◦ m ◦ f is an isomorphism of group of

conformal automorphisms of D onto the group of conformal automorphisms

of U . �

Corollary 25.8.3 If U1 and U2 are simply connected domains which are

proper subsets of C then there is a conformal transformation φ of U1 onto U2.

Proof Take φ = f−1
2 ◦ f1, where f1 is a conformal transformation of U1

onto D and f2 is a conformal transformation of U2 onto D. �

Inspection of the proof of the Riemann mapping theorem shows that

it depends on the fact that if g is a holomorphic function on the simply

connected domain U , and if g has no zeros in U then g has a square root;

no other consequences of simple connectivity are used. Thus we have the

following result.

Proposition 25.8.4 A domain U is simply connected if and only if when-

ever g is a holomorphic function on U which has no zeros in U then g has

a square root.

Proof The condition is necessary, by Corollary 22.7.2. If it is satisfied,

then either U = C or U is homeomorphic to the simply connected domain

D. �
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Applications

We now apply the theory that we have developed to obtain further results.

These are interesting in themselves (although they are only the first of many

such important results), but they are principally intended to illustrate how

the theory is used in practice.

26.1 Jensen’s formula

Our aim is to show that the growth of an entire function f is related to the

location of the zeros of f . For this, we need Jensen’s formula.

Theorem 26.1.1 Suppose that r > 1 and that f is a meromorphic func-

tion on Dr = {z : |z| < r} which has no zeros or poles in the set

Dr \D = {z : 1 ≤ |z| < r} or at 0. Then

log |f(0)| = −
∑
s∈Sf

kf (s) log |s|+
∑
ζ∈Zf

lf (ζ) log |ζ|+
1

2π

∫ π

−π
log |f(eit)| dt,

where kf (s) is the order of the pole at s and lf (ζ) is the order of the zero

at ζ.

Proof Suppose first that Sf∪Zf is empty. There then exists a holomorphic

branch of log z on f(Dr), so that log f is a holomorphic function onDr. Thus

log f(0) = 1
2π

∫ π
−π log f(e

it) dt, by Cauchy’s integral formula, and the result

follows by taking the real part of this equation.

Secondly, suppose that Sf ∪Zf is not empty. We use Möbius functions to

remove the zeros and poles, so that we can again appeal to Cauchy’s integral

formula. Recall that if w ∈ D then the Möbius function

m−w(z) =
z − w

1− wz

768
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is an automorphism of D, with a simple zero at w and a simple pole at 1/w,

and that if z = eit ∈ T then

|mw(e
it)| =

∣∣∣∣ eit − w

1− eitw

∣∣∣∣ = ∣∣∣∣ eit − w

e−it − w

∣∣∣∣ = 1.

Let ρ = sup{|z| : z ∈ Sf ∪ Zf} and let τ = min(r, 1/ρ). Let

g(z) = f(z).

⎛⎝∏
s∈Sf

m−s(z)
kf (s)

⎞⎠ .

⎛⎝∏
ζ∈Zf

m−ζ(z)
−lf (ζ)

⎞⎠ .

Then g has removable singularities at the points of Sf ∪ Zf . We remove

them; the resulting function, again called g, is then a holomorphic function

on Dτ with no zeros. Further, |f(eit)| = |g(eit)| for eit ∈ T. Thus log |g(0)| =
1
2π

∫ π
−π log |g(eit)| dt =

1
2π

∫ π
−π log |f(eit)| dt, by the first case. Since

log |g(0)| = log |f(0)|+
∑
s∈Sf

kf (s) log |ms(0)| −
∑
ζ∈Zf

lf (ζ) log |mζ(0)|

= log |f(0)|+
∑
s∈Sf

kf (s) log |s| −
∑
ζ∈Zf

lf (ζ) log |ζ|,

the result follows. �

Corollary 26.1.2 Suppose that r > u > 0 and that f is a meromorphic

function on Dr = {z : |z| < r} which has no zeros or poles in the set

Dr \Du = {z : u ≤ |z| < r} or at 0. Then

log |f(0)| =
∑
s∈Sf

kf (s) log |
u

s
| −

∑
ζ∈Zf

lf (ζ) log |
u

ζ
|+ 1

2π

∫ π

−π
log |f(ueit)| dt,

where kf (s) is the order of the pole at s and lf (ζ) is the order of the zero

at ζ.

Proof Apply the theorem to the function f(z/u). �

Suppose that f is an entire function. We set nf (t) to be the number

of zeros, counted according to multiplicity, in Dt. Thus n(t) is a piecewise

constant increasing function on [0,∞).

Theorem 26.1.3 Suppose that f is an entire function and that f(0)= 1.

If f has no zeros on Tu then∫ u

0

n(t)

t
dt =

1

2π

∫ π

−π
log |f(ueit)| dt.
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Proof Since∫ u

0

n(t)

t
dt =

∑
ζ∈Zf∩Du

∫ u

|ζ|

lf (ζ)

t
dt =

∑
ζ∈Zf∩Du

lf (ζ) log |
u

ζ
|,

this follows from Corollary 26.1.2. �

26.2 The function π cotπz

Note that the function π cot πz is a periodic meromorphic function of period

1, with singular set Z, and with residue 1 at each pole.

Proposition 26.2.1 Let Rα = C \ ∪∞
n=−∞Nα(n), for 0 < α < 1

2 . Then

the function π cot πz is bounded on Rα.

Proof By periodicity, it is enough to show that the function π cot πz is

bounded on the set Sα = Rα ∩ {x+ iy : 0 ≤ x ≤ 1}. It is continuous on the

compact set Kα = Sα ∩ {x+ iy : |y| ≤ 1}, and is therefore bounded on it. It

is therefore sufficient to show that the function π cot πz is bounded on the

set L = {x+ iy : 0 ≤ x ≤ 1, |y| > 1}. If z = x+ iy ∈ L, then

π cot πz = iπ
eiπxe−πy + e−iπxeπy

eiπxe−πy − e−iπxeπy
,

so that, since 3e−2π < 1,

|π cot πz| ≤ π
eπ|y| + e−π|y|

eπ|y| − e−π|y| ≤ π
1 + e−2π

1− e−2π
≤ 2π.

�

Theorem 26.2.2 If z ∈ C \ Z then

π cot πz =
1

z
+ 2

∞∑
j=1

z

z2 − j2
= lim

k→∞

⎛⎝ k∑
j=−k

1

z − j

⎞⎠ ,

the sum and limit converging locally uniformly on C \ Z.

Proof Note that neither of the series
∑∞

j=1 1/(z − j) and
∑∞

j=1 1/(z + j)

converges.

The sum
1

z
+ 2

∞∑
j=1

z

z2 − j2
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converges locally uniformly on C \Z to a meromorphic function g, periodic

with period 1, and with simple poles on Z, with residue 1 at each point.

Thus the function π cot πz−g(z) has removable singularities at the integers:

removing the singularities, we obtain an entire function f . We show that g

is bounded on Rα; by periodicity, it is enough to show that it is bounded on

Sα. Since it is continuous, it is bounded on Kα, and it is therefore enough to

show that it is bounded on L. If z ∈ L then the real part of z2 is negative,

so that |z2 − n2| ≥ max(|z|2, n2). Let k be the integral part of |z|. Then∣∣∣∣∣∣
k∑

j=1

z

z2 − j2

∣∣∣∣∣∣ ≤ k|z|
|z|2 ≤ 1

and ∞∑
j=k+1

∣∣∣∣ z

z2 − j2

∣∣∣∣ ≤ |z| ∞∑
j=k+1

1

j(j − 1)
=
|z|
k
≤ 2,

which gives the result.

Consequently, the function f is a bounded entire function, and is therefore

constant, by Liouville’s theorem. Finally, π cot π/2 = 0 and

g(1/2) = lim
k→∞

⎛⎝ k∑
j=−k

1
1
2 − j

⎞⎠ = lim
k→∞

1

k + 1
2

= 0,

so that f = 0. �

We can use this theorem, together with the residue theorem, to calculate

certain infinite sums.

Corollary 26.2.3 Suppose that f is a meromorphic function with a finite

singular set disjoint from Z, for which

NR = sup{|zf(z)| : |z| = R} → 0 as R→∞.

Let g(z) = πf(z) cot πz. Then∑
s∈Sf

res g(s) = −f(0)−
∞∑
j=1

(f(j) + f(−j)).

Proof The function g has simple poles on Z, and the residue at j is f(j).

Suppose that k ∈ N and that k > sup{|z| : z ∈ Sf}. By the residue theorem,∫
κk+1/2

πf(z) cot πz dz = 2πi

⎛⎝∑
s∈Sf

res g(s) +

k∑
j=−k

f(j)

⎞⎠ .
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By Proposition 26.2.1, M = supk∈N

(
sup|z|=k+ 1

2
|π cot πz|

)
<∞, and so∣∣∣∣∣

∫
κk+1/2(0)

πf(z) cot πz dz

∣∣∣∣∣ ≤ 2πMNk+1/2 → 0

as k →∞, from which the result follows. �

Example 26.2.4 If 0 < a < 1 then

∞∑
j=−∞

1

(j − a)2
=
( π

sinπa

)2
.

Let f(z) = 1/(z − a)2. Then π cot πz/(z − a)2 has a pole of order 2 at a,

with residue −(π/ sin πa)2, so that
∑∞

j=−∞ 1/(j − a)2 = (π/ sin πa)2.

In particular, putting a = 1/2, it follows that

∞∑
n=0

1

(2n+ 1)2
=

1

4

∞∑
n=0

1

(n+ 1
2 )

2
=

1

8

∞∑
n=−∞

1

(n+ 1
2 )

2
= π2/8.

Since

∞∑
n=1

1

n2
=

∞∑
n=0

1

(2n + 1)2
+

∞∑
n=1

1

(2n)2
=

∞∑
n=0

1

(2n + 1)2
+

1

4

∞∑
n=1

1

n2
,

it follows that
∑∞

n=1 1/n
2 = π2/6. We can also obtain this result directly.

The function (π cot πz)/z2 has a pole of order 3 at 0, and straightfor-

ward calculations show that the residue is −π2/3. Thus we again find that∑∞
n=1 1/n

2 = π2/6.

26.3 The functions πcosec πz

The function g(z) = sinπz is an entire function. It is periodic, with period

2. Its zero set is Z and g′(z) = π cos πz, so that g′(n) = (−1)nπ, for n ∈ Z.

Thus the function πcosec πz = π/ sin πz is a meromorphic function on C,

with singular set Z; the residue at n is (−1)n.

Proposition 26.3.1 Let z = x + iy. If k ∈ Z and x = k + 1
2 , then

|πcosec πz| ≤ 2πe−π|y| and if |y| ≥ 1 then |πcosec πz| ≤ 4πe−π|y|

Proof If |x| = k + 1
2 then

|πcosec πz| = π/ cosh y ≤ 2πe−π|y|.



26.3 The functions πcosecπz 773

If |y| ≥ 1 then

|πcosec πz| =
∣∣∣∣ 2iπ

eiπx−πy − e−iπx+πy

∣∣∣∣ ≤ 2π

eπ|y| − e−π|y| ≤ 4πe−π|y|.

. �

Theorem 26.3.2 If z ∈ C \ Z then

πcosec πz =

∞∑
j=−∞

(−1)j
z − j

,

and the double series converges locally uniformly on C \ Z.

Proof First observe that

2k∑
j=1

(−1)j
z − j

=

k∑
j=1

(
1

z − 2j
− 1

z − (2j − 1)

)
=

k∑
j=1

1

(z − 2j)(z − (2j − 1))
,

and

2k∑
j=1

(−1)j
z + j

=

k∑
j=1

(
1

z + 2j
− 1

z + (2j − 1)

)

= −
k∑

j=1

1

(z + 2j)(z + (2j − 1))
,

so that each of the series
∑∞

j=1(−1)j/(z − j) and
∑∞

j=1(−1)j/(z + j) con-

verges locally uniformly on C \Z, and so the double series converges locally

uniformly on C \ Z.
Now cosec u = cot u/2 − cot u. It therefore follows from Theorem 26.2.2

that

πcosec πz =

⎛⎝2

z
+ 2

∞∑
j=1

z/2

(z/2)2 − j2

⎞⎠−
⎛⎝1

z
+ 2

∞∑
j=1

z

z2 − j2

⎞⎠
=

1

z
+ 2

⎛⎝ ∞∑
j=1

2z

z2 − (2j)2
−

∞∑
j=1

z

z2 − j2

⎞⎠
=

1

z
+ 2

∞∑
j=1

(−1)jz
z2 − j2

=

∞∑
j=−∞

(−1)j
z − j

.

�
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We can require weaker conditions on the decay of f when we consider

infinite sums, using the function πcosec πz instead of π cot πz.

Proposition 26.3.3 Suppose that f is a meromorphic function with a

finite singular set disjoint from Z, for which

MR = sup{|f(z)| : |z| ≥ R} → 0 as R→∞.

Let h(z) = πf(z)cosec πz. Then

∑
s∈Sf

res h(s) = −f(0)−
∞∑
j=1

(−1)j(f(j) + f(−j)).

Proof The function h has simple poles on Z, the residue at j being

(−1)jf(j). Here it is convenient to consider square contours γk+1/2, with

vertices at (±1 ± i)(k + 1
2). Let νk+1/2 = sup{|f(z)| : z ∈ γk+1/2}; then

νk+1/2 → 0 as k →∞. By the residue theorem,

∫
γk+1/2

πf(z)cosec πz dz = 2πi

⎛⎝∑
s∈Sf

res g(s) +

k∑
j=−k

(−1)jf(j)

⎞⎠ .

Using Proposition 26.3.1, it follows that∣∣∣∣∣
∫
γk+1/2

h(z) dz

∣∣∣∣∣ ≤ νk+1/2

⎛⎝4

∫ k+
1
2

0
4πe−πt dt+ 4πe−π(k+1/2)(4k + 2)

⎞⎠
≤ 32νk+1/2 → 0

as k →∞, and so the result follows. �

Example 26.3.4 If a ∈ R and a �= 0, then

π

sinhπa
=

1

a
+ 2a

∞∑
j=1

(−1)j
j2 + a2

.

Take f(z) = 1/(z − ia). The residue of h(z) = πf(z)cosec πz at ia is

π/i sinh(πa), so that

π

i sinhπa
= − 1

−ia −
∞∑
j=1

(−1)j
(

1

j − ia
+

1

−j − ia

)
.

Multiply by i, and simplify the summands.
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Recall that the beta function B on (0,∞)× (0,∞) is defined as B(x, y) =∫ 1
0 tx−1(1− t)y−1 dt.

Corollary 26.3.5 If 0 < x < 1 then B(x, 1− x) = πcosec πx.

Proof For each is equal to
∑∞

j=−∞
(−1)j

x−j . (See Volume I, Section 10.3.) �

Exercises

26.3.1 Show that if 0 < a < 1 then

πcosec πa =
1

a
−

∞∑
j=1

2(−1)ja
j2 − a2

.

Show that when a = 1
2 then this formula reduces to the familiar

formula

π

4
= 1− 1

3
+

1

5
− 1

7
+ · · · .

26.3.2 Show that if 0 < a < 1 then

∞∑
n=−∞

(−1)n
(n − a)2

=
π2 cos πa

sin2 πa
.

26.3.3 Calculate the sum

1− 1

32
− 1

52
+

1

72
+

1

92
− · · · .

26.4 Infinite products

Suppose that F is a meromorphic function on C, with nonzero poles

{s1, s2, . . .} and zeros {ζ1, ζ2, ...} listed in order of increasing modulus. Sup-

pose that kj is the order of the pole sj and that lj be the order of the zero ζj.

Then, as in Section 23.5, the function f(z) = F ′(z)/F (z) is a meromorphic

function on C, with simple poles on SF ∪ ZF , the residue at sj being −kj
and the residue at ζj being lj . Again, let (rn) be an increasing unbounded

sequence of positive numbers for which Trn ∩ (SF ∪ ZF ) is empty, and let

Mn = sup{|f(z)| : z ∈ Trn}. Then there are finitely many poles and zeros

of f inside Trn : let them be {s1, s2, . . . , sjn} ∪ {ζ1, ζ2, . . . , ζin}.
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Theorem 26.4.1 Suppose that F is a meromorphic function on C with the

properties described above, that Mn → 0 as n→∞, and that 0 /∈ SF ∪ ZF .

Suppose that w ∈ C \ (SF ∪ ZF ). Then

F (w) = F (0). lim
n→∞

⎛⎝ in∏
i=1

(
1− w

ζi

)li

.

jn∏
j=1

(
1− w

sj

)−kj

⎞⎠ .

The limit exists locally uniformly on C \ (SF ∪ ZF ).

Proof Applying Theorem 23.5.6, we see that

F ′(w)

F (w)
= f(w) = − lim

n→∞

⎛⎝ jn∑
j=1

kj
w − sj

−
in∑
i=1

li
w − ζi

⎞⎠ ,

the limit existing locally uniformly. Suppose that z0 ∈ C \ (SF ∪ ZF ), that

K = Mδ(z0) ⊆ C\(SF ∪ZF ) and that w ∈ K. Integrating along a rectifiable

path in C \ (SF ∪ ZF ) from 0 to z0, and in K from z0 to w we see that

log F (w) = logF (0)− lim
n→∞

⎛⎝ jn∑
j=1

kj logK

(
1− w

sj

)
−

in∑
i=1

li logK

(
1− w

ζi

)⎞⎠ ,

where logK is appropriately defined for w ∈ K, and that the convergence is

uniform on K. Applying the exponential function, the result follows. �

If the sequence (Mn)
∞
n=1 is bounded, but not a null sequence, we must

appeal to Theorem 23.5.7.

Theorem 26.4.2 Suppose that F is a meromorphic function on C with

the properties described above, that (Mn)
∞
n=1 is a bounded sequence, and that

0 /∈ SF ∪ ZF . Suppose that w ∈ C \ (SF ∪ ZF ). Then

F (w) = F (0). lim
n→∞

⎛⎝ in∏
i=1

((
1− w

ζi

)li

eliw/ζi

)
.

jn∏
j=1

((
1− w

sj

)−kj

e−kjw/sj

)⎞⎠ .

The limit exists locally uniformly on C \ (SF ∪ ZF ).



26.4 Infinite products 777

Proof Using Theorem 23.5.7, and arguing as above,

log F (w)− log F (0)

= − lim
n→∞

⎛⎝ jn∑
j=1

kj

(
logU

(
1− w

sj

)
+

w

sj

)
−

in∑
i=1

li

(
logU

(
1− w

ζi

)
+

w

ζi

)⎞⎠ ,

and exponentiation again gives the result. �

Corollary 26.4.3 If, in addition, F is an even function, with zeros

{ζ ′1, ζ ′2, . . .} and poles {s′1, s′2, . . .} in the half space Hr = {z = x+ iy : x > 0}
(listed in order of increasing modulus) then

F (w) = F (0). lim
n→∞

⎛⎝ in∏
i=1

(
1− w2

ζ ′2i

)li

.

jn∏
j=1

(
1− w2

s′2j

)−kj

⎞⎠ .

Proof Pair the zeros ζi and −ζ ′i, and the poles ζ ′j and −ζ ′j. �

Example 26.4.4 (Euler’s product formula)

sinπz= πz

∞∏
j=1

(
1− z2

n2

)
= πz

⎛⎝ ∞∏
j=1

((
1− z

n

)
ez/n

)⎞⎠
.

⎛⎝ ∞∏
j=1

((
1 +

z

n

)
e−z/n

)⎞⎠ ,

and each of the products converges locally absolutely uniformly on C \ Z.

Proof Let F (z) = (sinπz)/πz. Then F ′(z)/F (z) = π cot πz−1/z, and so,

taking rn = n+ 1
2 , the sequence (Mn)

∞
n=1 is bounded. We can apply Theorem

26.4.2, and Corollary 26.4.3. Corollary 26.4.3 gives the first equation. Since

0 < 1 − (1 − w)ew < w2 for 0 < w < 1, it follows from Proposition 20.5.2

that each of the products

∞∏
j=1

((
1− z

n

)
ez/n

)
and

∞∏
j=1

((
1 +

z

n

)
e−z/n

)
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converges locally absolutely uniformly on C \ Z. Thus

lim
n→∞

(
n∏

i=1

(
1− z

n

)
ez/n

)
.

(
n∏

i=1

(
1 +

z

n

)
e−z/n

)

=

(
lim
n→∞

n∏
i=1

(
1− z

n

)
ez/n

)
.

(
lim
n→∞

n∏
i=1

(
1 +

z

n

)
e−z/n

)
,

so that the second equation follows from Theorem 26.4.1. �

26.5 *Euler’s product formula*

(This section can be omitted on a first reading.)

In Example 26.4.4, we established Euler’s product formula for sin πz. The

proof depended in an essential way on the residue theorem. Euler established

his formula long before Cauchy established the residue theorem, and it is

of interest to prove Euler’s theorem in a more elementary way. In Euler’s

time, rigorous analysis had not been developed, but we shall proceed accu-

rately, making use of Weierstrass’ uniform M test for products (Volume II,

Corollary 14.2.10).

Let us set ωn = e2πi/n, for n ∈ N. Then ωn
n = 1 and the roots of the

polynomial Xn − 1 are 1, ωn, ω
2
n, . . . , ω

n−1
n , so that

Xn − 1 = (X − 1)

n−1∏
j=1

(X − ωj
n).

Note that ωn−j
n is the complex conjugate of ωj

n, so that

(X − ωj
n)(X − ωj

n) = X2 − 2 cos(2πj/n)X + 1.

Thus if n = 2k + 1 is odd then the homogeneous polynomial Xn − Y n can

be factorized as a product of real polynomials

Xn − Y n = (X − Y )

k∏
j=1

(X2 − 2 cos(2πj/n)XY + Y 2),

while if n = 2k is even then we have the factorization

Xn − Y n = (X − Y )(X + Y )

k−1∏
j=1

(X2 − 2 cos(2πj/n)XY + Y 2).
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These factorizations are very useful, and we use them to establish Euler’s

product formula.

Theorem 26.5.1 If z ∈ C then

sinπz = πz

∞∏
j=1

(
1− z2

j2

)
,

and the product converges locally uniformly.

Proof Suppose that z ∈ C and that n = 2k+1 is an odd natural number

greater than |z|. If log is the principal value of Log in the right half-plane,

then

n log
(
1 +

z

n

)
− z =

z2

n

(
−1

2
+

z

3n
− z2

4n2
+ · · ·

)
,

so that

|n log
(
1 +

z

n

)
− z| ≤ |z|2

2n

(
1 +

|z|
n

+

(
|z|
n

)2

+ · · ·
)

=
|z|2

2(n − |z|)

and (1 + z/n)n → ez as n→∞. Thus if we set

sinn(z) =
1

2i

((
1 +

iz

n

)n

−
(
1− iz

n

)n)
it follows that sinn(z)→ sin z as n→∞.

Since (1 + iw)2 + (1 − iw)2 = 2(1 − w2) and (1 + iw)(1 − iw) = 1 + w2,

applying the formula above we find that

(1 + iw)n − (1− iw)n

= 2iw

k∏
j=1

(
2(1 − w2)− 2 cos(2πj/n)(1 + w2)

)
= 2iw

k∏
j=1

(
(2− 2 cos(2πj/n)) − (2 + 2 cos(2πj/n))w2

)
= 2iwAn

k∏
j=1

(
1− 1 + cos(2πj/n)

1− cos(2πj/n)
w2

)

= 2iwAn

k∏
j=1

(
1−w2 cot2

πj

n

)
,
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where An is a constant. Comparing the coefficients of w on the two sides of

the equation, we see that An = n.

Setting w = πz/n = πz/(2k + 1) we see that

sin2k+1(πz) = πz

k∏
j=1

(
1− π2z2

(2k + 1)2
cot2

πj

2k + 1

)
.

We now appeal to Weierstrass’ uniform M test for products. (Volume II,

Corollary 14.2.10). Let N = N ∪ {∞} be the one-point compactification of

N. If k ∈ N let

fj(k) = 0 for k < j,

=
π2z2

(2k + 1)2
cot2

πj

2k + 1
for j ≤ k < +∞,

=
z2

j2
for k = +∞.

Since θ cot θ → 1 as θ → 0, it follows that each fj is continuous on N.

Further, θ cot θ is a decreasing function on (0, π/2) (verify this!), so that

‖fj‖∞ ≤ |z2|/j2 and
∑∞

j=1 ‖fj‖∞ <∞. Thus the conditions of Weierstrass’

uniformM -test for products are satisfied, and so the product
∏J

j=1(1−fj(k))
converges uniformly to a continuous function gz on N as J →∞. But

πzgz(k) = πz

∞∏
j=1

(1− fj(k)) = sin2k+1(πz)

for k ∈ N, and

πzgz(∞) = πz

∞∏
j=1

(
1− z2

j2

)
,

so that, since gz(k)→ gz(∞) as k →∞,

sinπz = lim
k→∞

sin2k+1(πz) = πz

∞∏
j=1

(
1− z2

j2

)
.

Finally, the product converges locally uniformly, since if |z| ≤ R then

|z2/j2| ≤ R2/j2. �

We can use this to give a proof of Theorem 26.2.2 which does not depend

upon the residue theorem.
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Corollary 26.5.2 If z ∈ C \ Z then

π cot πz =
1

z
+ 2

∞∑
j=1

z

z2 − j2
=

1

z
+

∞∑
j=1

(
1

z − j
− 1

z + j

)
,

and the convergence is uniform on the compact subsets of C \ Z.

Proof First consider the case where x ∈ (0, 1), so that 0 < sinπx ≤ 1.

Since the function log is continuous on (0, 1],

log sinπx = log πx+

∞∑
j=1

log

(
1− x2

j2

)
.

Now

d

dx
log

(
1− x2

j2

)
=

2x

x2 − j2
,

and
∑∞

j=1 2x/(x
2−j2) converges uniformly on compact subsets of (0, 1). We

now appeal to Corollary 12.1.7 of Volume II. This implies that

π cot πx =
d

dx
log sinπx =

1

x
+2

∞∑
j=1

x

x2 − j2
=

1

x
+2

∞∑
j=1

(
1

x− j
− 1

x+ j

)
,

and that the convergence is uniform on the compact subsets of (0, 1).

The series on the right also converges locally uniformly on C \ Z to a

holomorphic function f on C \ Z. Since f(x) = π cot πx for x ∈ (0, 1), it

follows that f(z) = π cot πz for z ∈ C \ Z. �

Exercises

26.5.1 Suppose that n = 2k. Show that

Xn + Y n =

k∏
j=1

(
X2 − 2 cos((2j − 1)π/2k)XY + Y 2

)
.

Argue as in Theorem 26.5.1 to show that

cosπz =

∞∏
j=1

(
1− 4z2

(2j − 1)2

)
.
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26.5.2 Obtain the same result, by using the formula sin 2x = 2 sinx cos x,

and carefully using Euler’s product formula for sin x.

26.5.3 We define sec z = 1/ cos z for z �= (2n − 1)π/2. Show that if z �= w

and w �= 0 then (1 − z/w)−1 = 1 + z/(w − z). Use this to establish

the following identities:

πcosec πz =
1

z

∞∏
j=1

(
1 +

z2

j2 − z2

)
for z ∈ \ Z;

π secπz =

∞∏
j=1

(
1 +

4z2

(2j − 1)2 − 4z2

)
for z − 1

2 ∈ C \ Z;

tanπz = πz

∞∏
j=1

(
1 +

(4j − 1)z2

j2((2j − 1)2 − 4z2)

)
for z − 1

2 ∈ C \ Z;

cot πz =
1

z

∞∏
j=1

(
1− (4j − 1)z2

(2j − 1)2(j2 − z2)

)
for z ∈ C \ Z;

sinπz

sinπw
=

z

w

∞∏
j=1

(
1 +

w2 − z2

j2 − w2

)
for w ∈ C \ Z.

Show that the products for π cosec πz and cot πz converge uniformly

on the compact subsets of C\Z and that the products for π secπz and

tan πz converge uniformly on the compact subsets of C \ (Z+ 1/2).

26.5.4 Show that (d/dx) log tan x = 2/ sin 2x, for x �∈ πZ. Establish the

following identities:

tanπz =

∞∑
j=1

8z2

(2j − 1)2 − 4z2

=

∞∑
j=1

(
1

j − 1
2 − x

− 1

j − 1
2 + x

)
for z − 1/2 ∈ C \ Z;

cosec πz =
1

z
+ 2

∞∑
j=1

(−1)j
(

z

z2 − j2

)

=
1

z
+

∞∑
j=1

(−1)j
(

1

z + j
+

1

z − j

)
for z ∈ C \ Z.
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26.6 Weierstrass products

Suppose that ζ1, . . . , ζN are distinct non-zero complex numbers, and that

l1, . . . , lN are natural numbers. Then the polynomial function

p(z) =

N∏
j=1

(1− z

ζj
)lj

has zeros at ζ1, . . . , ζN , with multiplicities l1, . . . , lN . If, further, l0 ∈ N then

zl0p(z) also has a zero at 0, with multiplicity l0. (The fact that we have to

consider 0 separately is a rather trivial nuisance, but is one that will recur.)

Suppose that U is a domain and that Z is an infinite discrete subspace

of U \ {0}. We can write Z = {ζ1, ζ2, . . .} where the terms are distinct,

and are arranged in order of increasing modulus. Suppose that (lj)
∞
j=1 is a

sequence in N. Can we find a holomorphic function f on U with zero set

Zf equal to Z, and with the multiplicity of the zero at each ζj equal to

lj? A first attempt might be to try f(z) =
∏∞

j=1

(
1− z

ζj

)lj
; but as Euler’s

product formula shows, the product need not converge. On the other hand,

the inclusion of an exponential term in each factor of Euler’s product formula

produced a product which converges locally uniformly. Weierstrass showed

that if suitable exponential terms are included in each factor, then a locally

uniformly convergent product results.

First, let us describe the exponential terms that we shall need. We

introduce several entire functions. Suppose that n ∈ Z+ and that w ∈ C. Let

λ0(w) = 0,

λn(w) = w + w2/2 + · · · + wn/n, for n > 0,

dn(w) = eλn(w),

En(w) = (1− w)dn(w),

gn(w) = 1− En(w).

Note that if |w| < 1 then λn(w)→ − log(1−w) as n→∞, so that dn(w)→
1/(1 − w), En(w)→ 1 and gn(w)→ 0 as n→∞.

The entire functions En are called elementary factors. Suppose that U

is a domain and that m is a Möbius function on U which does not have a

singularity in U . The holomorphic function En ◦m on U is called a Weier-

strass factor, and a product of Weierstrass factors which converges locally

uniformly on a domain is called a Weierstrass product, as is the holomorphic

function which it defines. We shall answer the question above by constructing

functions which are Weierstrass products.
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We need to know how quickly gn(w) converges to 0 as n→∞.

Proposition 26.6.1 If n ∈ N and |w| ≤ 1 then |gn(w)| ≤ |w|n+1.

Proof Each of the functions described above is an entire function. Since

dn(0) = 1, dn has a Taylor series expansion dn(w) = 1+
∑∞

j=1 ajw
j/j!. Since

all the coefficients of the Taylor expansion of ew and all the coefficients in

the definition of λn(w) are positive, it follows that aj > 0 for j ∈ N. Since

En(0) = 1, En has a Taylor series expansion En(w) = 1+
∑∞

j=1 bjw
j/j!. Let

us consider the derivative of En:

E′
n(w) = −dn(w) + (1− w)d′n(w)

= −dn(w) + (1− w)λ′
n(w)dn(w)

= −wndn(w).

We draw two conclusions from this. First, bj = 0 for 1 ≤ j ≤ n. Secondly,

bj < 0 for j > n+ 1. Thus

0 = En(1) = 1 +

∞∑
j=n+1

bj
j!

= 1−
∞∑

j=n+1

|bj|
j!

,

so that
∑∞

j=n+1 |bj |/j! = 1. Consequently, if |w| ≤ 1 then

|gn(w)| = |1− En(w)| = |w|n+1

∣∣∣∣∣∣
∞∑

j=n+1

bjw
j−(n+1)

j!

∣∣∣∣∣∣
≤ |w|n+1

∞∑
j=n+1

|bj |
j!

= |w|n+1.

�

We begin with the simplest case, when U = C.

Theorem 26.6.2 Suppose that Z is an infinite closed discrete subspace

of C \ {0} and that (lj)
∞
j=1 is a sequence of natural numbers. Let Z =

{ζ1, ζ2, . . .}, where the terms are listed in order of increasing modulus. Write

Z = {η1, η2, . . .}, where each ζj is repeated lj times, and the terms are listed

in order of increasing modulus. If (pn)
∞
n=1 is a sequence in N for which

∞∑
n=1

(
r

|ηn|

)pn+1

<∞ for all r > 0,
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then the product

∞∏
n=1

Epn

(
w

ηn

)
= lim

N→∞

N∏
n=1

Epn

(
w

ηn

)
converges locally uniformly to an entire function f on C, for which Zf = Z

and the zero at ζj has multiplicity lj , for j ∈N.

Proof We begin with two remarks. First, |ηj | → ∞ as j →∞, and so the

condition holds if we take pn = n for n ∈ N. But it is desirable to take pn
small; for example, if Z = Z \ {0}, the we can take pn = 1 for all n, as in

Euler’s product formula. Secondly, the infinite product does not converge in

the strict sense of infinite products, since there are terms which are zero at

points of Z.

We show that the product converges locally uniformly. Suppose that K is

a compact subset of C. Let r = sup{|z| : z ∈ K}. There exists n0 such that

|ηn| > r for n ≥ n0. If w ∈ K and n ≥ n0 then∣∣∣∣gpn
(
w

ηn
)

∣∣∣∣ ≤ ( r

|ηn|

)pn+1

for w ∈ K,

so that the sum
∑∞

n=n0
gpn

( w
ηn
) converges uniformly on K. It therefore

follows from Proposition 20.5.2 that the infinite product

∞∏
n=n0

(
1− gpn

(
w

ηn

))
=

∞∏
n=n0

Epn

(
w

ηn

)
converges uniformly on K to a continuous function, not taking the value 0.

Consequently
∏∞

n=1Epn(w/ηn) tends locally uniformly to an entire f on C,

Zf = Z, and each zero ζj has multiplicity lj , for j ∈N. �

We can easily deal with the case where 0 ∈ Z: let h(z) = zl0f(z). Then h

also has a zero, with multiplicity l0, at 0.

Example 26.6.3 The product

W1(z) =

∞∏
n=1

E1 =

∞∏
n=1

((
1− z

n

)
e−z/n

)
.

The product converges, since
∑∞

n=1(1/n
2) < ∞, and so W1 is an entire

function with zero setN. Each of these zeros is a simple zero. Euler’s product

formula can then be written as sin πz = πzW1(z)W1(−z). We shall consider

this function further in the next section.
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Next we consider the case where U is a proper subset of C and Z is

bounded. The idea of the proof is the same, but the details are rather more

complicated.

Theorem 26.6.4 Suppose that U is a domain which is a proper subset of

C, that Z is an infinite bounded closed discrete subspace of U and that (lj)
∞
j=1

is a sequence of natural numbers. Let Z = {ζ1, ζ2, . . .}, where the terms are

distinct. Then d(ζj , ∂U)→ 0 as j →∞. Write Z = {η1, η2, . . .}, where each

ζj is repeated lj times, and the terms are listed so that (d(ηn, ∂U))∞n=1 is

a decreasing sequence. The sequence (d(ηn, ∂U))∞n=1 is a null sequence. For

each n, there exists δn ∈ ∂U such that |ηn − δn| = d(ηn, ∂U). If (pn)
∞
n=1 is a

sequence in N for which

∞∑
n=1

(
d(ηn, ∂U)

r

)pn+1

<∞ for all r > 0,

then the product
∞∏
n=1

Epn

(
ηn − δn
w − δn

)
converges locally uniformly to a holomorphic function f on U , for which

Zf = Z and the zero at ζj has multiplicity lj, for j ∈ N.

Proof If r > 0 then the set {ζ ∈ Z : d(ζ, ∂U) ≥ r} is a bounded closed

subset of U , and is therefore finite. Thus d(ηn, ∂U) → 0 as n → ∞. If

ηn ∈ Z then {δ ∈ ∂U : |ηn − δ| ≤ 2d(ηn, ∂U)} is a compact set, so that

there exists δn ∈ ∂U for which |ηn − δn| = d(ηn, ∂U). Suppose that K is a

compact subset of U . Let r = inf{d(w, ∂U) : w ∈ K}. Then r > 0, and so

|(ηn − δn)/(w − δn)| ≤ d(ηn, ∂U)/r, for w ∈ K. Thus

∞∑
n=1

∣∣∣∣gpn

(
ηn − δn
w − δn

)∣∣∣∣ ≤ ∞∑
n=1

(
d(ηn, ∂U)

r

)pn+1

<∞,

so that the product
∞∏
n=1

Epn

(
ηn − δn
w − δn

)
converges locally uniformly to a holomorphic function f(w) on U , for which

Zf = Z and the zero at ζj has multiplicity lj, for j ∈ N. �

Example 26.6.5 Blaschke products.

Theorem 26.6.4 applies when U is a bounded domain, and in particular,

it applies when U = D. For example, suppose that (ζn)
∞
n=1 is a sequence of
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distinct non-zero elements in D and (ln)
∞
n=1 is a sequence in N for which∑∞

n=1 ln(1 − |ζn|) < ∞. Then, writing ζn = rne
iθn , the function f(w) =∏∞

n=1((w − ζn)/(w − eiθn))ln is a holomorphic function f on D for which

Zf = Z and the zero at ζj has multiplicity lj, for j ∈ N. This function has

some unfortunate features, since |(w − ζn)/(w − eiθn)| → ∞ as w → eiθn .

Let us replace each δn by γn = 1/ζ̄n. Then
∑∞

n=1 ln|ζn − γn| <∞, and so

the product

∞∏
n=1

(
1− ζn − γn

w − γn

)ln

=

∞∏
n=1

(
ζn − w

γn − w

)ln

=

∞∏
n=1

ζ̄n

(
ζn − w

1− ζ̄n

)ln

also converges locally uniformly to a holomorphic function f(w) on D for

which Zf = Z and the zero at ζj has multiplicity lj , for j ∈ N. But∏∞
n=1(1/|ζn|)ln also converges, and so the product

∞∏
n=1

(
|ζn|ln
ζn

)
.

(
ζn − w

1− ζ̄nw

)ln

converges to a function B(w), with the same properties. This function is

called a Blaschke product. Each function (ζn − w)/(1 − ζ̄nw) is a Möbius

function which is an automorphism of D and which is a homeomorphism of

D. Consequently |B(w)| < 1 for w ∈ D. As we shall see in Part Six, B(w)

also behaves well as w approaches the boundary T of D.

We now return to our original problem, and consider the general case.

Theorem 26.6.6 Suppose that U is a domain which is a proper subset of

C, that Z is an infinite closed discrete subspace of U and that (lj)
∞
j=1 is a

sequence of natural numbers. Let Z = {ζ1, ζ2, . . .}, where the terms are dis-

tinct, and let Z = {η1, η2, . . .}, where each ζj is repeated lj times. Then there

exists a sequence (mn)
∞
n=1 of Möbius functions such that

∏∞
n=1En(mn(w))

converges locally uniformly to a holomorphic function f on U , for which

Zf = Z and the zero at ζj has multiplicity lj , for j ∈ N.

Proof Note that if Z is bounded, then the result follows from Theorem

26.6.4. For then, with the notation of Theorem 26.6.4, |ηn− δn| → 0, so that

∞∑
n=1

∣∣∣∣∣gn
(
ηn − δn
w − δn

)
≤

∞∑
n=1

∣∣∣∣∣
(
ηn − δn
w − δn

)n+1
∣∣∣∣∣ <∞;

consequently, the product converges locally uniformly.
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Suppose first that Z is bounded, and that U is unbounded. We retain

the notation of Theorem 26.6.4. We show that f(w) → 1 as w → ∞. Let

R = Sup{|ζ|| : ζ ∈ Z}. Then |z| ≤ R for all z ∈ Z, and so there exists z ∈ ∂U

with |z| ≤ R. Consequently |ηn − δn| ≤ 2R for all n ∈ N. Suppose that

0 < ε < 1
4 . There exists S > 0 such that if |w| > S then 2R/(|w| − R) < ε.

For such w, |ηn − δn|/|w − δn| < ε for all n, so that

∞∑
n=1

gn

(
|ηn − δn|
|w − δn|

)
≤

∞∑
n=1

εn+1 < ε

Consequently, f(w) < 2ε, by Proposition 20.5.2.

Now return to the general case. Let w0 be an element of U . There exists

r > 0 such thatMr(w0) ⊆ U . Let T (w) = r/(w−w0), for w ∈ U \{w0}. Then
T maps U \ {w0} conformally onto V = T (U \ {w0}) and T (Z) ⊆ D. Thus

there exists a Weierstrass product which converges locally uniformly on V

to a holomorphic function f , for which Zh = T (Z), and the zeros have the

appropriate multiplicity. Let f(z) = h(T (z)) for z ∈ U \ {w0}. Then f has

a removable singularity at w0; setting f(w0) = 1, we obtain a holomorphic

function on U with the required properties. �

Theorem 26.6.7 (The Weierstrass factorization theorem) Suppose that f

is a non-constant holomorphic function on a simply connected domain U .

There exist a holomorphic function h and a Weierstrass product w on U

such that f = ehw.

Proof Let Zf be the zero set of f . There exists a Weierstrass product w

on U with zero set Zf , and with zeros with the same multiplicity as the

zeros of f . Thus the function f/w has removable singularities at the points

of Zf . Let g be the function obtained by removing the singularities. Then

g is a holomorphic function on U with no zeros. By Theorem 22.7.1, there

exists a continuous branch of log g on U . Let h = log g. Then f = ehw. �

In the case where f is an entire function for which f(0) �= 0, with zero

set {ζ1, ζ2, . . .}, we can take w to be
∏∞

n=1(Epn
(z/ζn))

ln , where ln is the

multiplicity of the zero ζn, and the sequence (pn)
∞
n=1 is chosen in such a way

that the Weierstrass product converges locally uniformly. If f(0) = 0, we

must include a factor zl0 , where l0 is the multiplicity of the zero at 0.

We can use these results to construct meromorphic functions with given

zeros and poles. If S is a closed discrete subspace of a domain U and k is

a mapping from S to N, we can construct a holomorphic function h on U

with zero set S, where the zero at s ∈ S has multiplicity k(s): then 1/h is a

meromorphic function on U with no zeros, and with singular set S, the pole
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at s ∈ S having order k(s). If Z is a closed discrete subspace of U disjoint

from S and l is a mapping from Z to N, we can construct a holomorphic

function g on U with zero set Z, where the zero at ζ ∈ Z has multiplicity

l(ζ): then f = g/h is a meromorphic function on U with given zeros and

poles.

In fact, meromorphic functions can be constructed with more strongly

prescribed properties at the poles.

Theorem 26.6.8 (The Mittag–Leffler theorem) Suppose that S is a closed

discrete subspace of a domain U and that p is a mapping from S into

the space of complex polynomials of positive degree. Then there exists a

meromorphic function f on U such that the principal part of f at s is

ps(1/(z − s)).

Proof We shall only prove this in the case where U = C or D: the proof

in the general case requires results about the approximation of holomor-

phic functions by rational functions. The proof involves sums, rather than

products.

First we consider the case where 0 �∈ S. Let (rn)
∞
n=1 be a strictly increasing

sequence such that infs∈S |s| > r1, and such that rn → ∞ (if U = C) or

rn → 1 (if U = D) as n→∞. Let Dn = {z : |z| ≤ rn}, let An = Dn+1 \Dn

and let Sn = S ∩An, for n ∈ N. The function fn(s) =
∑

s∈Sn
ps(1/(z − s))

has poles in An with the correct principal parts, and is holomorphic in a

neighbourhood of Dn. Thus the Taylor series expansion of fn about 0 has

radius of convergence greater than rn. It follows, by taking sufficiently many

terms, that there is a polynomial gn such that supz∈Dn
|fn(z)−gn(z)| < 1/2n.

But then the function hn = fn−gn has the correct principal parts in An, and

the series
∑∞

n=1 hn converges locally uniformly on U \ S to a meromorphic

function with the required properties.

If 0 ∈ S, we simply add p0(1/z) to the function obtained for the set

S \ {0}. �

Corollary 26.6.9 Suppose that f is a meromorphic function on a domain

U , and that Sf is the disjoint union of A and B. Then there exist

meromorphic functions g and h such that f = g+h, Sg =A and Sh=B.

Proof By the theorem, there exists g with Sg =A such that f − g has

removable singularities at the points of A. Remove them, and set h= f − g.

�



790 Applications

Corollary 26.6.10 Suppose that f and g are holomorphic functions on a

domain U , and that Zf ∩Zg = ∅. Then there exist holomorphic functions h

and k on U such that hf + kg = 1.

Proof The function 1/fg is meromorphic on U , with singular set Zf ∪Zg.

By the preceding corollary, we can write 1/fg = a + b, with Sa = Zf and

Sb = Zg. Let k = af . If ζ ∈ Zf , then 1/g and af are both holomorphic in a

neighbourhood of ζ, and so k = 1/g−af is holomorphic in a neighbourhood

of ζ. Since it is holomorphic elsewhere, k is a holomorphic function on U .

Similarly, h = bg is a holomorphic function on U . Finally, 1 = fgb+ fga =

hf + kg. �

Exercises

26.6.1 Suppose that U is a domain other than C. Show that there is a

closed discrete subspace Z of U such that Z = Z ∪ ∂U . Construct a

holomorphic function f on U with the property that if V is a domain

which contains U as a proper subset, then f cannot be extended to

a holomorphic function on V .

26.6.2 Construct a holomorphic function B on D with the property that for

each z ∈ T there exist sequences (zn)
∞
n=1 and (wn)

∞
n=1 in D such that

zn → z, wn → z, B(zn)→ 0 and B(wn)→ 1 as n→∞.

26.7 The gamma function revisited

In Volume I, Section 10.5, we established properties of the gamma function,

considered as a function of a real variable. Here we consider it as a function

of a complex variable.

If z = x+ iy and t > 0, then |tz−1e−t| = tx−1e−t, so that the integral

lim
ε→0,R→∞

(∫ R

ε
tz−1e−t dt

)
converges locally uniformly on the right half-plane Hr = {z = x+iy : x > 0}
to a holomorphic function Γ on Hr. We can however extend Γ further. We

split the defining integral into two. Let

Γ0(z) = lim
ε→0

(∫ 1

ε
tz−1e−t dt

)
and Γ1(z) = lim

R→∞

(∫ R

1
tz−1e−t dt

)
.



26.7 The gamma function revisited 791

The integral for Γ1 converges locally uniformly on C, and so Γ1 is an entire

function.

Suppose that z = x+ iy, with x > 1. Since

e−t =

∞∑
n=0

(−1)ntn/n!,

and since the series converges uniformly on [0, 1],

Γ0(z) = lim
ε→0

( ∞∑
n=0

(−1)n
(∫ 1

0
tz−1 t

n

n!
dt

))

=

∞∑
n=0

(−1)n lim
ε→0

(∫ 1

0

tz+n−1

n!
dt

)
=

∞∑
n=0

(−1)n
n!(z + n)

.

Now this series converges locally uniformly on C \ {0,−1,−2, . . .}, and so

it defines a holomorphic function on C \ {0,−1,−2, . . .}; we again denote

this function by Γ0. Further, omitting the term (−1)n/n!(z + n), we see

that Γ0 has a simple pole at −n, with residue (−1)n/n!. Thus, if we set

Γ(z) = Γ0(z) + Γ1(z) for z ∈ C \ {0,−1,−2, . . .}, we obtain a meromorphic

function on C.

Proposition 26.7.1 If z ∈ C \ {0,−1,−2, . . .} then Γ(z + 1) = zΓ(z).

Proof Let f(z) = Γ(z + 1) − zΓ(z) for z ∈ C \ {0,−1,−2, . . .}. Then f

is a holomorphic function. By Proposition 10.5.1 of Volume I, f(x) = 0 for

x ∈ (0,∞), and so the zeros of f are not isolated. Thus f = 0. �

Proposition 26.7.2 If z ∈ C \ Z then Γ(z)Γ(1− z) = πcosec πz.

Proof Proposition 10.5.4 of Volume I stated that if x and y are real and

positive then Γ(x)Γ(y) = B(x, y)Γ(x+ y); in particular, if x ∈ (0, 1) then

Γ(x)Γ(1 − x) = B(x, 1− x) = πcosec πx,

by Corollary 26.3.5. Thus Γ(z)Γ(1−z)−πcosec πz is a holomorphic function

on C \ Z which vanishes on (0, 1), and is therefore zero. �

Corollary 26.7.3 The function Γ(z) has no zeros in C \ {0,−1,−2, . . .}.

Proof If z ∈ C \ Z and Γ(z) = 0 then πcosec πz = 0; but πcosec πz has

no zeros. If z ∈ N, then Γ(z) = (z − 1)! �= 0. �

Corollary 26.7.4 Γ(12 ) =
√
π.
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Proof For πcosec π/2 = π. �

We can see this another way. Setting t = s2/2,

Γ(12 ) =

∫ ∞

0
t−1/2e−t dt =

√
2

∫ ∞

0
e−s2/2 ds =

√
π.

We can also extend the beta function. Let Bw(z) = Γ(z)Γ(w)/Γ(z + w)

for w �∈ {0,−1,−2, . . .} and z �∈ {0,−1,−2, . . .}∪{−w,−1−w,−2−w, . . .}.
ThenBw is a meromorphic function of z. If n ∈ Z+ then Bw has a simple pole

at −n, with residue (−1)nΓ(w)/n!Γ(w−n). On the other hand, the function

Γw(z) = Γ(z +w) has a simple pole at −n−w, and so Bw has a removable

singularity at −n − w. Thus Bw can be extended to be a meromorphic

function on C\{0,−1,−2, . . .} and Bw then has zero set {−n−w : n ∈ Z+}.
We therefore define B(z, w) to be Bw(z) for z, w ∈ C \ {0,−1,−2, . . .}; if z
and w are real and positive, this agrees with the previous definition of the

beta function.

The function 1/Γ is an entire function, with simple zeros at 0,−1,−2, . . .,
and we can apply the Weierstrass factorization theorem to it. What is the

result?

Theorem 26.7.5 (i) Let

L(z) = e−γz/zW1(−z) = e−γz/z

∞∏
n=1

((1 + z/n)e−z/n),

where γ is Euler’s constant. Then L = Γ.

(ii) Let Ln(z) = (n − 1)!nz/z(z + 1) . . . (z + n − 1). Then Ln(z) → Γ(z)

locally uniformly on the domain U = C \ {0,−1,−2, . . .}.

Proof First we show that Ln(z)→ L(z) locally uniformly on U . Now

Ln(z) =
nz

z(1 + z) . . . (1 + z
n−1)

=
ez(logn−(1+

1
2+··· 1

n−1
))

zE1(−z)E1(
−z
2 ) . . . E1(− z

n−1)
;

since

z

(
log n−

(
1 + 1

2 + · · · +
1

n− 1

))
→ γz

and E1(−z)E1

(
−z
2

)
. . . E1

(
− z

n− 1

)
→W1(−z)

locally uniformly on U as n→∞, the result follows.



26.7 The gamma function revisited 793

Now Ln(1) = 1 and Ln(z + 1) = nzLn(z)/(z + n), so that L(1) = 1 and

L(z + 1) = zL(z), for z ∈ U . Let T1 be the strip {z = x + iy : 1 ≤ x ≤ 2}.
If z = x + iy ∈ T1, then |1 + z/n| ≥ |1 + x/n| and |nz| = nx, so that

|Ln(z)| ≤ Ln(x) and |L(z)| ≤ L(x). Since L is bounded on [1, 2], it follows

that L is bounded on T1. Similarly

|Γ(z)| =
∣∣∣∣∫ ∞

0
tz−1e−t dt

∣∣∣∣ ≤ ∫ ∞

0
tx−1e−t dt = Γ(x),

so that Γ is also bounded on T1.

Now let F (z) = L(z) − Γ(z). The function F is a meromorphic function

on U which satisfies F (z + 1) = zF (z) for z ∈ U and is bounded on T1.

Since L(1) = Γ(1) = 1, F (1) = 0. Using the equation F (z + 1) = zF (z), it

follows that F (z) → F ′(1) as z → 0, so that F has a removable singularity

at 0. Using the equation F (z + 1) = zF (z) repeatedly, it then follows that

F (z)→ (−1)nF (0)/n! as z → −n, so that all the singularities are removable;

removing them, F becomes an entire function. We must show that F = 0.

Let T0 be the strip {z = x + iy : 0 ≤ x ≤ 1}. Since F is continuous, F is

bounded on the set {z = x + iy ∈ T0 : |y| ≤ 1}. If z = x + iy ∈ T0 and

|y| > 1, then |F (z)| = |F (z+1)/z| ≤ |F (z+1)|, and so F is bounded on T0.

Let us now set G(z) = F (z)F (1− z). Then G is an entire function which

is bounded on T0, and G(z) = G(1 − z). Further,

G(z + 1) = F (z + 1)F (−z) = zF (z)F (−z) = −F (z)F (1 − z) = −G(z)

so that G(z + 2) = G(z) and G(−z) = −G(1 − z) = −G(−z). Thus G is

periodic, with period 2, and is bounded on T0∪T1. It is therefore a bounded

entire function, and so is constant, by Liouville’s theorem. Since F (1) = 0,

G = 0, and so F (z)F (1 − z) = 0 for all z. This implies that F = 0; for if

not, then ZG = ZF ∪ (1− ZF ) would be countable. �

We shall see in Part Six (Exercise 29.1.3) that this theorem can be proved

more directly, once the Lebesgue integral has been introduced.

Exercises

26.7.1 Show that if z ∈ C \ (−∞, 0] then

log Γ(z) = log z − γz −
∞∑
n=1

(
log
(
1 +

z

n

)
− z

n

)
.

26.7.2 Let Ψ(z) = Γ′(z)/Γ(z), for z ∈ U = C \ {0,−1,−2, . . .}.
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(i) Show that

Ψ(z) = −γ − 1

z
+

∞∑
n=1

z

n(z + n)
,

and that the sum converges locally uniformly in U .

(ii) What is the singular set of Ψ? What is the order of each pole?

What is the residue there?

(iii) Evaluate Ψ(1).

(iv) Show that Ψ(z+1) = Ψ(z)+1/z. What is limn→∞(Ψ(n)−log n)?

(v) Show that if z ∈ C \ Z then Ψ(z)−Ψ(1− z) = −π cot πz.

26.8 Bernoulli numbers, and the evaluation of ζ(2k)

Euler not only showed that ζ(2) =
∑∞

j=1 j
−2 = π2/6, but also evaluated

ζ(2k) =
∑∞

j=1 j
−2k, for k ∈ N, in terms of the Bernoulli numbers. We begin

by considering the function B(z) = z/(ez−1). The entire function (ez−1)/z

has a removable singularity at 0 and zeros at 2πiZ\{0}. Consequently B(z)

is a meromorphic function on C, with simple poles at 2πiZ\{0}. We denote

its power series expansion about 0 as

B(z) =
z

ez − 1
= 1 +

∞∑
j=1

Bj

j!
zj, for |z| < 1;

the series has radius of convergence 2π. The coefficients (Bj)
∞
j=1 are the

Bernoulli numbers. Note that B1 = −1/2. Now consider

B(z) +
z

2
=

z(ez + 1)

2(ez − 1)
=

z

2
.
ez/2 + e−z/2

ez/2 − e−z/2
=

z

2
coth

z

2
.

This is an even function, and so B2k+1 = 0 for k ∈ N. If z �= 0 then

(
B(z) +

z

2

)(ez − 1

z

)
=

ez + 1

2

so that ⎛⎝1 +

∞∑
j=2

Bj

j!
zj

⎞⎠ ·
⎛⎝1 +

∞∑
j=1

zj

(j + 1)!

⎞⎠ =
1

2

⎛⎝2 +

∞∑
j=1

zj

j!

⎞⎠ .
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Multiplying the two series, and equating the coefficient of z2k, we obtain the

equation

B2k

(2k)!
= −

k−1∑
j=1

B2j

(2j)!(2k − 2j + 1)!
+

1

2(2k)!
− 1

(2k + 1)!
.

Consequently,

(2k + 1)B2k = −
k−1∑
j=1

(
2k + 1

2j

)
B2j + k − 1

2
.

Thus

B2 =
1

6
, B4 = −

1

30
, B6 =

1

42
, B8 = −

1

30
, B10 =

5

66
, B12 = −

691

2730
.

Note that it follows from the recurrence relation that the Bernoulli numbers

are rational numbers. The form of B12 suggests that there is no obvious

pattern for them. A formula for Bk is given in Exercise 2.

Putting z = 2iw in the formula above, we see that if |w| < π then

w cotw =

∞∑
k=0

(−4)kB2k
w2k

(2k)!

Theorem 26.8.1 If k ∈N then

ζ(2k) = 1 +
1

22k
+

1

32k
+ · · · = (−1)k−1 2

2k−1π2kB2k

(2k)!
=

22k−1π2k|B2k|
(2k)!

Proof If |w| < π then

w2

j2π2 − w2
=

w2

j2π2

(
1− w2

j2π2

)−1

=

∞∑
k=1

(
w2

j2π2

)k

.
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It therefore follows from Theorem 26.2.2 that

w cotw = 1− 2

∞∑
j=1

w2

j2π2 − w2

= 1− 2

∞∑
j=1

( ∞∑
k=1

(
w2

j2π2

)k
)

= 1− 2

∞∑
k=1

w2k

π2k

⎛⎝ ∞∑
j=1

1

j2k

⎞⎠
= 1− 2

∞∑
k=1

w2k

π2k
ζ(2k),

the change of order of summation being justified, since

∞∑
j=1

( ∞∑
k=1

∣∣∣∣ w2

j2π2

∣∣∣∣k
)

<∞.

The result now follows by equating the coefficients of w2k in the two power

series for w cotw. �

Note that this implies that the Bernoulli numbers B2k alternate in sign.

What about the values of ζ(2k + 1)? They remain a mystery. It was not

until 1979 that the French mathematician Roger Apéry showed, to great

acclaim, that ζ(3) is irrational.

Exercises

26.8.1 Use Stirling’s formula to show that

(eπ)2k|B2k|

(2k)2k+
1
2

→ 4
√
π as k →∞.

26.8.2 Show that

Bk =

k∑
j=1

(
j∑

l=1

(−1)l
(
j

l

)
lk

j + 1

)
,

for k ∈ N. (I don’t know how difficult this is!)
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26.9 The Riemann zeta function revisited

Since |n−z| = n−x for z = x+ iy, the series

ζ(z) =

∞∑
n=1

1

nz

converges locally uniformly to a holomorphic function ζ on the open half-

space H1 = {x + iy : x > 1}. Can we extend ζ to a meromorphic function

on C? If so, what are its properties?

In order to answer this, we need to establish relations between ζ and the

gamma function Γ.

Proposition 26.9.1 If z ∈ H1 then

Γ(z)ζ(z) =

∫ ∞

0

tz−1

et − 1
dt.

Proof Making the change of variables t = nu,

Γ(z) =

∫ ∞

0
tz−1e−t dt = nz

∫ ∞

0
uz−1e−nu du,

so that if z ∈ H1 then

Γ(z)ζ(z) =

∞∑
n=1

n−zΓ(z) =

∞∑
n=1

(∫ ∞

0
tz−1e−nt dt

)

=

∫ ∞

0

( ∞∑
n=1

tz−1e−nt

)
dt

=

∫ ∞

0

tz−1

et − 1
dt.

(Justify the interchange of addition and integration!) �

The function 1/(ew − 1) is a meromorphic function on C, with simple

poles on the set {2πij : j ∈ Z}. Recall that if z = reiθ with 0 < θ < 2π then

wz−1
(π) = rz−1ei(z−1)θ. The function fz(w) = wz−1

(π) /(e
w − 1) is meromorphic

on the cut plane Cπ = C \ [0,∞). If j ∈ N then the residue at 2πij is

(2πj)z−1ei(z−1)π/2, and the residue at −2πij is (2πj)z−1ei(z−1)πei(z−1)π/2. If

0 < r < 2π < R, let us set

Ir,R(z) =

∫ r

R
e2πiz

tz−1

et − 1
dt+

∫
κr(0)←

fz(w) dw +

∫ R

r

tz−1

et − 1
dt.
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Then Ir,R is an entire function on C, which converges locally uniformly as

R→∞ to the entire function

Ir(z) =

∫ r

∞
e2πiz

tz−1

et − 1
dt+

∫
κr(0)←

fz(w) dw +

∫ ∞

r

tz−1

et − 1
dt.

Further, it follows from Cauchy’s theorem that Ir does not depend on r. We

therefore denote Ir by I.

Theorem 26.9.2 Let ζ̃(z) = ie−iπzI(z)Γ(1 − z)/2π for z ∈ C \N. Then

ζ̃ has removable singularities at 2, 3, . . . and a simple pole at 1, with residue

1. If z ∈ H1 \ N, then ζ̃(z) = ζ(z), so that ζ̃ extends ζ to meromorphic

function on C.

Proof If z = x + iy ∈ H1 and 0 < r|w| ≤ 1
2 then |ew − 1| ≥ |w| −∑∞

j=2 |w|j/j! ≥ |w|/2, so that |fz(w)| ≤ 2rx−2, and∣∣∣∣∣
∫
κr(0)←

fz(w) dw

∣∣∣∣∣ ≤ 4πrx−1 → 0 as r → 0.

Thus if z ∈ H1 then

I(z) = (1− e2πiz)

∫ ∞

0

tz−1

et − 1
dt = (1− e2πiz)Γ(z)ζ(z).

In particular, I(n) = 0 for n ∈ {2, 3, 4, . . .} Recall that Γ(z)Γ(1 − z) =

πcosec πz. Thus if z ∈ H1 \N then

ζ(z) =
sin(πz)I(z)Γ(1 − z)

π(1− e2πiz)
= ζ̃(z).

Since Γ has poles at 0,−1,−2, . . ., the function ζ appears to have singu-

larities at 1, 2, 3, . . .. Since ζ̃(z) = ζ(z) for z ∈ H1 \ N, the singularities

at 2, 3, . . . are all removable, and there is a single simple pole at 1, with

residue 1. �

The next step is to evaluate I, and to obtain a functional equation for ζ.

Theorem 26.9.3 If z �= 1 then

ζ(z) = 2zπz−1 sin(12πz)Γ(1− z)ζ(1− z).

Proof As usual it is only necessary to establish this identity for all real z

in an interval in R. We consider z = s ∈ (−1, 0). Let Sk be the sum of the
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residues of fs(w) in the annulus Ak = {z : π < |z| < (2k + 1)π}. It then

follows from the residue theorem that

Iπ,(2k+1)π(s) +

∫
κ(2k+1)π(0)

fs(w) dw = 2πiSk

= 2πi(1 − eiπs)

k∑
j=1

(2jπi)s−1

= (2πi)s(1− eiπs)

k∑
j=1

js−1.

Suppose that w = u+ iv and that ew = z = x+ iy. If |w| = (2k + 1)π then

either (2k + 1
2 )π < |v| < (2k + 3

2)π, in which case x ≤ 0 and |ew − 1| ≥ 1,

or |u| ≥ π/2, in which case either x ≥ eπ/2 > 4 or x < e−π/2 < 1
4 . Thus

|ew − 1| > 1
2 , so that∣∣∣∣∣
∫
κ(2k+1)π(0)

fs(w) dw

∣∣∣∣∣ ≤ 4π[(2k + 1)]s−1 → 0 as k →∞.

Consequently

I(s) = (2πi)s(1− eiπs)

∞∑
j=1

js−1 = (2πi)s(1− eiπs)ζ(1− s).

Combining this with the equation ζ(s) = ie−iπsI(s)Γ(1 − s)/2π, the result

follows. �

What can we say about ζ(z) for z ∈ C \H1?

Proposition 26.9.4 If k ∈ N then ζ(−k) = (−1)kBk+1/(k + 1).

Proof

I(−k) = −
∫
κr(0)

w−k−1

ew − 1
dw

= −
∫
κr(0)

w−k−2

⎛⎝1 +

∞∑
j=1

Bj

j!
wj

⎞⎠ dw

= −
∫
κr(0)

w−k−2 dw −
∞∑
j=1

Bj

j!

∫
κr(0)

wj−k−2 dw.

(Again, justify the interchange of addition and integration!)
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All the terms vanish, except for the term where j = k+1, so that I(−k) =
−2πiBk+1/(k + 1)!. Thus, applying the formula of Theorem 26.9.2,

ζ(−k) = ieπikI(−k)Γ(k + 1) = (−)kBk+1/(k + 1).

�

Note that this implies that ζ(−2k) = 0 for k ∈ N. These zeros are the

trivial zeros of ζ. If ζ ∈ H1 then

ζ(z) =
∏
p

1

1− pz
,

where the product is taken over all primes, and so there are no zeros in

H1. In fact, it can be shown that all the other zeros lie in the critical strip

{x+ iy : 0 < x < 1}. In 1857, Riemann conjectured that all the zeros lie on

the critical line {x+ iy : x = 1/2}. This is still the great unsolved problem

of mathematics, and here is a good place to stop.1

Exercises

26.9.1 Let p1, p2, . . . be the sequence of primes, and suppose that z ∈ H1.

(i) Show that 1/(1 − p−z
n ) =

∑∞
j=0 p

−jz
n .

(ii) Suppose that
∏n

m=1 1/(1 − p−z
m ) = 1 +

∑∞
j=1(a

(n)
j )−jz. When is

a
(n)
j = 0?

(iii) Show that the product
∏∞

m=1 1/(1 − p−z
m ) converges locally

uniformly on H1 to ζ(z).

26.9.1 Show that if z ∈ H1 then ζ(z)2 =
∑∞

n=1 τ(n)/n
z, where τ(n) is the

number of divisors of n.

26.9.2 Show that if z ∈ H1 then ζ(z)ζ(z + 1) =
∑∞

n=1 σ(n)/n
z+1, where

σ(n) is the sum of the divisors of n.

26.9.3 Show that if z ∈ H1 then ζ(z) = ζ(z + 1)
∑∞

n=1 φ(n)/n
z+1, where

φ(n) is the number of positive integers less than n which are coprime

to n.

1 There are many accounts of the analytic properties of the Riemann zeta function: see, for
example, G.Tenenbaum, Introduction to analytic and probabilistic number theory, Cambridge
University Press, 1995.
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Lebesgue measure on R

27.1 Introduction

In Volume I, we developed properties of the Riemann integral. This is very

satisfactory when we wish to integrate continuous or monotonic functions,

and is a useful precursor for the complex path integrals that we considered

in Part Five, but it has serious shortcomings. It can only be applied to a

rather small class of functions, and it is not good for taking limits. Let us

give two examples to illustrate this; they also indicate how the shortcomings

will be overcome.

First, let us recall the definition of a fat Cantor set. Suppose that ε =

(εj)
∞
j=1 is a sequence of positive numbers, for which

∑∞
j=1 εj = σ < 1. We

set C
(ε)
0 = [0, 1], and define a decreasing sequence (C

(ε)
n )∞n=0 of closed subsets

of [0, 1] recursively. The set C
(ε)
n is the union of 2n closed intervals, each of

length (1 − σn)/2
n; the set C

(ε)
n+1 is obtained by removing an open interval

of length εn+1/2
n from the middle of each of these intervals. Then the fat

Cantor set C(ε) is the intersection ∩∞
n=0C

(ε)
n ; it is a perfect subset of [1, 0] with

empty interior. Let U (ε) = [0, 1]\C(ε) and let U
(ε)
n = [0, 1]\C(ε)

n ; (U
(ε)
n )∞n=1 is

an increasing sequence of open subsets of [0, 1] with union U (ε). The indicator

function of C(ε) is not Riemann integrable (Volume I, Example 8.3.11). That

is, C(ε) is a perfect compact set which is not Jordan measurable (Volume

II, Section 18.3), and consequently U (ε) is a bounded open set which is not

Jordan measurable. On the other hand, each of the sets U
(ε)
n is a finite union

of open intervals, and is therefore Jordan measurable: v(U
(ε)
n ) =

∑n
j=1 εj.

This suggests that the size of U (ε) should be
∑∞

j=1 εj , the sum of the lengths

of the disjoint intervals whose union is U .

The second example is rather simpler. The set Q ∩ [0, 1] is a countable

dense subset of [0, 1], and its indicator function f is not Riemann integrable.

803
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Let (rj)
∞
j=1 be an enumeration of Q ∩ [0, 1], and let fn be the indicator

function of the set {r1, . . . , rn}. Then fn is Riemann integrable, and its

Riemann integral is 0. The sequence (fn)
∞
n=1 increases pointwise to f . This

suggests that the integral of f should be 0, and that the size of Q ∩ [1, 0]

should be 0.

How do we resolve these difficulties? The trouble with the Riemann inte-

gral, and with Jordan content, is that very simple functions (step functions)

and very simple sets (finite unions of cells) are used to provide approxima-

tions. Lebesgue’s fundamental insight was to see that it is easy to define

the size of a bounded open subset O of R as the sum of the lengths of

the disjoint intervals whose union is O. The size of a compact set is then

defined by taking complements. Open sets are then used to measure the size

of a bounded subset A of R from the outside, and compact sets to measure

the size from the inside. If the two values coincide and this is not always

the case – A is Lebesgue measurable, and the common value is the Lebesgue

measure λ(A) of A. In this chapter, we develop these ideas in some detail.

This reveals one of the unfortunate features of measure theory; much of it

develops by taking many small steps, rather than one big one.

27.2 The size of open sets, and of closed sets

We begin by considering a non-empty open subset U of R. Recall (Volume I,

Theorem 5.3.3) that U is the union of a finite or infinite sequence of disjoint

open intervals Ij. We define the size l(U) of U to be the sum
∑

j l(Ij),

where l(Ij) is the length of Ij (here summation is over a finite set {1, . . . , n}
or over N). Since the summands are all positive, the sum does not depend

upon the order in which the terms are listed. Then 0 < l(U) ≤ ∞. We define

l(∅) = 0. The size of U can be infinite, even if U does not contain an infinite

or semi-infinite interval; for example if U = ∪∞
n=1(n, n + 1

n), l(U) = ∞.

This can cause some inconvenience; the next result shows how this can be

avoided.

Proposition 27.2.1 If U is a bounded open subset of R and U ⊆ (a, b),

then l(U) ≤ b− a.

Proof Suppose first that U = ∪n
j=1Ij is a finite union of disjoint open

intervals, and that Ij = (aj , bj). We order the intervals from left to right,

so that

a ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ an < bn ≤ b.
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Then

l(U) =

n∑
j=1

(bj − aj) = −a1 +
n−1∑
j=1

(bj − aj+1) + bn ≤ bn − a1 ≤ b− a.

If U = ∪∞
j=1Ij then

l(U) = sup
n∈N

n∑
j=1

l(Ij) = sup
n∈N

l(∪n
j=1Ij) ≤ b− a.

�

Thus if an open set is bounded, it has finite size. The converse is not true;

for example, if U = ∪∞
n=1(n+ 1

n+1 , n+ 1
n) then l(U) = 1.

We now establish some fundamental properties of the size of open sets.

The results of this theorem lie at the heart of the theory of Lebesgue mea-

sure and the Lebesgue integral: you should take note of this as the theory

develops. Most of the proofs only involve simple manipulation; the exception

is the proof of (ii), which involves topological properties of R.

Theorem 27.2.2 Suppose that U , (Un)
∞
n=1 and V are open subsets of R,

and that U = ∪∞
n=1Un.

(i) If U ⊆ V then l(U) ≤ l(V ).

(ii) If (Un)
∞
n=1 is an increasing sequence, then l(U) = limn→∞ l(Un).

(iii) l(U) + l(V ) = l(U ∪ V ) + l(U ∩ V ).

(iv) l(U) ≤
∑∞

n=1 l(Un).

(v) If Ui ∩ Uj = ∅ for i �= j then l(U) =
∑∞

n=1 l(Un).

Proof (i) If l(V ) = ∞, there is nothing to prove. Otherwise, suppose

that U = ∪jIj and V = ∪kJk are representations as unions of disjoint

intervals. Since each Ij is connected, it is contained in some Jk. Then, using

Proposition 27.2.1,

l(U) =
∑
j

l(Ij) =
∑
k

(∑
{l(Ij) : Ij ⊆ Jk}

)
≤
∑
k

l(Jk) = l(V ).

(ii) Since Un ⊆ U for all n ∈ N, l(Un) ≤ l(U), for each n ∈ N, by (i),

and so supn l(Un) ≤ l(U). It is the converse inequality that is important. We

consider the case where l(U) < ∞ and U = ∪jIj , where (Ij) = ((aj , bj)) is

a finite or infinite sequence of disjoint open intervals. Suppose that ε > 0.

There exists J ∈ N such that
∑J

j=1 l(Ij) ≥ l(U)− ε/2. Choose η > 0 so that

η < ε/4J and η < (bj − aj)/2 for 1 ≤ j ≤ J . Let

Lj = (aj + η, bj − η) and let Kj = [aj + η, bj − η],
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and let L = ∪J
j=1Lj , K = ∪J

j=1Kj . Then K is a compact subset of R. Since

(Un) is an increasing sequence of open sets which covers K, there exists

N ∈ N such that L ⊆ K ⊆ UN . Thus if n ≥ N then

l(Un) ≥ l(UN ) ≥ l(L) =

J∑
j=1

(bj − aj − 2η) ≥
J∑

j=1

(bj − aj)− ε/2 ≥ l(U)− ε.

Thus l(Un)→ l(U) as n→∞.

When l(U) = ∞ it is necessary to make some straightforward modifica-

tions to the proof; the details are left to the reader.

(iii) The result holds when U and V are open intervals, and a straight-

forward inductive argument shows that the result holds when U and V are

finite unions of open intervals. In general, U = ∪∞
n=1Un and V = ∪∞

n=1Vn,

where (Un)
∞
n=1 and (Vn)

∞
n=1 are increasing sequences of open sets, each of

which is a finite union of open intervals. Since U ∪ V = ∪∞
n=1(Un ∪ Vn) and

U ∩ V = ∪∞
n=1(Un ∩ Vn),

l(U) + l(V ) = lim
n→∞

(l(Un) + l(Vn))

= lim
n→∞

(l(Un ∪ Vn) + l(Un ∩ Vn)) = l(U ∪ V ) + l(U ∩ V ).

(iv) Let Wn = ∪n
j=1Uj . Then l(Wn+1) ≤ l(Wn) + l(Un+1), by (iii), and so

l(Wn) ≤
∑n

j=1 l(Uj) ≤
∑∞

j=1 l(Uj). Since (Wn)
∞
n=1 is an increasing sequence

of open sets whose union is U ,

l(U) = lim
n→∞

l(Wn) ≤
∞∑
j=1

l(Uj),

by (ii).

(v) In this case, l(Wn+1) = l(Wn) + l(Un+1), by (iii), so that l(Wn) =∑n
j=1 l(Uj) and l(U) =

∑∞
j=1 l(Uj). �

Corollary 27.2.3 Suppose that K is a compact subset of R, and that U1

and U2 are bounded open subsets of R, each containing K. Then

l(U1) + l(U2 \K) = l(U2) + l(U1 \K).

Proof Since

U1 ∪ (U2 \K) = U1 ∪ U2 and U1 ∩ (U2 \K) = (U1 ∩ U2) \K,

l(U1) + l(U2 \K) = l(U1 ∪ U2) + l((U1 ∩ U2) \K).



27.2 The size of open sets, and of closed sets 807

Exchanging U1 and U2,

l(U2) + l(U1 \K) = l(U1 ∪ U2) + l((U1 ∩ U2) \K),

which gives the result. �

If K is a compact subset of R we define the size s(K) of K to be l(U)−
l(U\K), where U is a bounded open set containingK; Corollary 27.2.3 shows

that s(K) does not depend upon the choice of U . Note that s(K) < l(U).

Here are some easy examples: you should verify the details.

1. s([a, b]) = b− a.

2. If F is a finite set, then s(F ) = 0

3. If C is Cantor’s ternary set, then s(C) = 0.

4. If C(ε) is the fat Cantor set described in the previous section, then

s(C(ε)) = 1− σ.

The following theorem follows from Theorem 27.2.2 by taking comple-

ments.

Theorem 27.2.4 Suppose that K, (Kn)
∞
n=1 and L are compact subsets

of R.

(i) If K ⊆ L then s(K) ≤ s(L).

(ii) If (Kn)
∞
n=1 is a decreasing sequence, and K = ∩∞

n=1Kn then s(K) =

limn→∞ s(Kn).

(iii) s(K) + s(L) = s(K ∪ L) + s(K ∩ L).

The size of open and closed sets behaves well under translation, scaling

and reversal:

l(a+ U) = l(U) = l(−U), and l(cU) = cl(U) for c > 0,

and corresponding results hold for the size of compact sets. On the other

hand, there are no good results concerning addition. For example, the Cantor

ternary set has size 0, while C +C = [0, 2], so that s(C +C) = 2. Similarly,

if U = ∪∞
n=1(n + 1

n+1), n + 1
n then λ(U) = 1, while λ(U + V ) = ∞, for any

non-empty open set V .

Exercises

27.2.1 Suppose that U and V are bounded open subsets of R, each of which

is the finite union of disjoint open intervals. Use Riemann integration

to show that l(U) + l(V ) = l(U ∪ V ) + l(U ∩ V ).
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27.2.2 Suppose that U and V are non-empty open subsets of R. Show that

l(U) + l(V ) ≤ l(U + V ).

27.2.3 Let U be the set of non-empty open subsets of (0, 1). Show that there

does not exist K ∈ R+ such that l(U + V ) ≤ K(l(U) + l(V )) for all

U, V in U .
27.2.4 Let U = ∪∞

n=1(n + 1
n+1 , n + 1

n). Show that l(U) = 1, and that l(U +

V ) =∞, for any non-empty open set V .

27.2.5 Suppose that U is an open subset of R, that K is a compact subset

of U and that V is an open subset of U . Show that s(K) ≤ s(K \
V ) + l(V ).

27.3 Inner and outer measure

We now use open sets to measure the size of a bounded subset of R from

the outside, and use compact sets to measure the size from the inside. We

restrict attention to bounded subsets of R, to avoid problems with infinite

values; we shall come to these later.

Suppose that A is a bounded subset of R. We set

λ∗(A) = inf{l(U) : U open and bounded, A ⊆ U},
λ∗(A) = sup{s(K) : K compact,K ⊆ A}.

The quantity λ∗(A) is the outer measure of A, and λ∗(A) is the inner measure

of A.

Proposition 27.3.1 If A is a bounded subset of R then λ∗(A) ≤ λ∗(A).

Proof IfK ⊆ A ⊆ U , whereK is compact and U is bounded and open then

s(K) = l(U)− l(U \K) < l(U). Letting K vary, we see that λ∗(A) ≤ l(U).

Letting U vary, λ∗(A) ≤ λ∗(A). �

If A is a bounded subset of R for which λ∗(A) = λ∗(A), we say that A is

Lebesgue measurable, and set λ(A) = λ∗(A) = λ∗(A). The quantity λ(A) is

the Lebesgue measure of A.

Theorem 27.3.2 (i) A bounded open subset U of R is Lebesgue measur-

able, and λ(U) = l(U).

(ii) A compact subset K of R is Lebesgue measurable, and λ(K) = s(K).

Proof (i) If V is a bounded open subset of R which contains U , then

l(U) ≤ l(V ); hence λ∗(U) = l(U). If U = ∅ then l(U) = 0, so that λ∗(U) =

λ∗(U) = 0. Next, suppose that U = ∪n
j=1Ij is a finite disjoint union of non-

empty open intervals Ij = (aj , bj), and that ε > 0. Choose η > 0 so that
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η < ε/2n and η < min{(bj−aj)/2 : 1 ≤ j ≤ n}. Let K = ∪n
j=1[aj+η, bj−η].

Then K is a compact subset of U , and

s(K) =

n∑
j=1

(bj − aj − 2η) >

n∑
j=1

(bj − aj)− ε = l(U)− ε.

Since ε is arbitrary, λ∗(U) = l(U) = λ∗(U).

Finally suppose that U = ∪∞
j=1Ij is an finite disjoint union of non-empty

open intervals Ij = (aj , bj), and that ε > 0. There exists n0 ∈ N such that∑n0

j=1 l(Ij) >
∑∞

j=1 l(Ij) − ε/2 = l(U) − ε/2. Let Un0
= ∪n0

j=1Ij. By the

previous case, there exists a compact subset K of Un0
such that s(K) >

l(Un0
)− ε/2 =

∑n0

j=1 l(Ij)− ε/2. Hence s(K) > l(U)− ε. Since ε is arbitrary,

λ∗(U) = l(U) = λ∗(U).

(ii) As in (i), λ∗(K) = s(K). There is a bounded open set U such that

K ⊆ U . Suppose that ε > 0. There exists a compact subset L of U \K such

that s(L) > l(U \K)− ε. Let V = U \ L. Then

l(V ) = l(U)− s(L) < l(U)− l(U \K) + ε = s(K) + ε.

Thus λ∗(K) = s(K) = λ∗(K). �

We now establish results which correspond to Theorems 27.2.2 and 27.2.4.

Theorem 27.3.3 Suppose that A, (An)
∞
n=1 and B are bounded subsets of

R, and that A = ∪∞
n=1An.

(i) If A ⊆ B then λ∗(A) ≤ λ∗(B) and λ∗(A) ≤ λ∗(B).

(ii) λ∗(A) ≤
∑∞

n=1 λ
∗(An).

(iii) If Ai ∩Aj = ∅ for i �= j then λ∗(A) ≥
∑∞

n=1 λ∗(An).

(iv) λ∗(A ∪B) + λ∗(A ∩B) ≤ λ∗(A) + λ∗(B).

(v) λ∗(A ∪B) + λ∗(A ∩B) ≥ λ∗(A) + λ∗(B).

Proof (i) follows immediately from the definitions.

(ii) Suppose that ε > 0. For each n ∈ N there exists a bounded open set

Un such that An ⊆ Un and l(Un) < λ∗(An) + ε/2n. Let U = ∪∞
n=1Un. Then

A ⊆ U , and, using Theorem 27.2.2,

λ∗(A) ≤ l(U) ≤
∞∑
n=1

l(Un) <

∞∑
n=1

λ∗(An) + ε.

Since ε is arbitrary, the result follows.

(iii) Suppose that ε > 0. For each n ∈ N there exists a compact set

Kn such that Kn ⊆ An and s(Kn) > λ∗(An) − ε/2n. Let Ln = ∪n
i=1Ki.
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Then Ln ⊆ A and s(Ln) =
∑n

i=1 s(Ki) ≥
∑n

i=1 λ∗(Ai) − ε. Thus λ∗(A) ≥∑n
i=1 λ∗(Ai) − ε. Since this holds for all n ∈ N, λ∗(A) ≥

∑∞
i=1 λ∗(Ai) − ε.

Since this holds for all ε > 0, the result follows.

(iv) Suppose that ε > 0. There exist bounded open sets U and V such

that A ⊆ U , B ⊆ V , l(U) < λ∗(A) + ε/2 and l(V ) < λ∗(B) + ε/2. Then

λ∗(A) + λ∗(B) ≥ l(U) + l(V )− ε

= l(U ∪ V ) + l(U ∩ V )− ε ≥ λ∗(A ∪B) + λ∗(A ∩B)− ε.

Since this holds for all ε > 0, the result follows.

(v) The proof of this is similar to the proof of (iv), and is left as an exercise

for the reader. �

As with length, if A is a bounded subset of R, then

λ∗(a+A) = λ∗(A) = λ∗(−A), and λ∗(cA) = cλ∗(A) for c > 0,

and similar results hold for inner measure.

Exercises

27.3.1 Suppose that A is a subset of a bounded open subset U of R. Show

that λ∗(A) = l(U)− λ∗(U \A).
27.3.2 Suppose that A and B are bounded disjoint subsets of R. Show that

λ∗(A ∪B) ≤ λ∗(A) + λ∗(B) ≤ λ∗(A ∪B).

27.4 Lebesgue measurable sets

Here are the fundamental properties of Lebesgue measurable sets, and

Lebesgue measure.

Theorem 27.4.1 Suppose that A, (An)
∞
n=1 and B are Lebesgue measurable

subsets of a bounded interval I. Let C = ∪∞
n=1An and let D = ∩∞

n=1An.

(i) The sets A ∪B and A ∩B are Lebesgue measurable and

λ(A ∪B) + λ(A ∩B) = λ(A) + λ(B).

(ii) A \B is Lebesgue measurable, and λ(A) = λ(A \B) + λ(A ∩B).

(iii) If B ⊆ A then λ(B) = λ(A)− λ(A \B) ≤ λ(A).

(iv) (Countable additivity) If Ai∩Aj = ∅ for i �= j, then C is measurable,

and λ(C) =
∑∞

n=1 λ(An).
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(v) (Upwards continuity) If (An)
∞
n=1 is an increasing sequence then C is

measurable, and λ(C) = supn∈N λ(An).

(vi) The set C is measurable, and supn∈N λ(An) ≤ λ(C) ≤
∑∞

n=1 λ(An).

(vii) (Downwards continuity) If (An)
∞
n=1 is a decreasing sequence, then D

is measurable, and then λ(D) = infn∈N λ(An).

(viii) The set D is measurable, and λ(D) ≤ infn∈N.

Proof

(i) It follows from Theorem 27.3.3 (iv) and (v) that

λ∗(A ∪B) + λ∗(A ∩B) = λ∗(A ∪B) + λ∗(A ∩B).

Thus

0 ≤ λ∗(A ∪B)− λ∗(A ∪B) = λ∗(A ∩B)− λ∗(A ∩B) ≤ 0.

Consequently λ∗(A ∪B) = λ∗(A ∪B) and λ∗(A ∩B) = λ∗(A ∩B),

(ii) Suppose that ε > 0. There exist bounded open sets U and V and

compact sets K and L such that K ⊆ A ⊆ U and L ⊆ B ⊆ V , and

such that λ(K) > λ(U)− ε and λ(L) > λ(V )− ε. Then, using Exercise

27.2.5

λ∗(A \B) ≤ λ(U \ L) = λ(U)− λ(L) ≤ λ(A)− λ(B) + 2ε,

andλ∗(A \B) ≥ λ(K \ V ) ≥ λ(K)− λ(V ) ≥ λ(A)− λ(B)− 2ε.

since ε is arbitrary, λ∗(A \B) = λ∗(A \B) = λ(A)− λ(B).

(iii) is an immediate consequence.

(iv) By Theorem 27.3.3 (ii) and (iii),

λ∗(C) ≤
∞∑
n=1

λ∗(An) =

∞∑
n=1

λ(An) =

∞∑
n=1

λ∗(An) ≤ λ∗(C) ≤ λ∗(C),

so that all the terms are equal. Thus C is measurable, and λ(C) =∑∞
n=1 λ(An).

(v) Let E1 = A1 and let En+1 = An+1\An for n ∈ N. Each En is Lebesgue

measurable, by (ii), and C is the disjoint union of the sequence

(En)
∞
n=1. Hence C is Lebesgue measurable, and λ(C) =

∑∞
n=1 λ(En).

Since λ(An) =
∑n

j=1 λ(Ej), by (i), the result follows.

(vi) Let Gn = ∪n
j=1Aj, for n ∈ N. Then Gn is Lebesgue measurable, and

λ(Gn) =
∑n

j=1 λ(Ej) ≤
∑n

j=1 λ(Aj), by (i) and (ii). Since (Gn)
∞
n=1 is

an increasing sequence and C = ∪∞
n=1Gn, C is Lebesgue measurable
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and λ(C) = supn∈N λ(Gn) ≤
∑∞

n=1 λ(An), by (v). Since An ⊆ C for

all n ∈N, supn∈N λ(An) ≤ λ(C).

(vii) This is a matter of taking relative complements. Let Fn = A1 \An, for

n ∈ N. Then (Fn)
∞
n=1 is an increasing sequence of Lebesgue measur-

able sets, with union the bounded set A1 \D. Thus A1 \D is Lebesgue

measurable, and

λ(A1 \D) = sup
n∈N

λ(A1 \ An) = λ(A1)− inf
n∈N

λ(An),

by (iii) and (v). Using (iii) again,

λ(D) = λ(A1)− λ(A1 \D) = inf
n∈N

λ(An).

(viii) Let Hn = ∩n
j=1Aj, for n ∈ N. Then Hn is Lebesgue measurable,

and λ(Hn) ≤ λ(An), by (i) and (ii). Since(Hn)
∞
n=1 is a decreasing

sequence and D = ∩∞
n=1Hn, D is Lebesgue measurable, and λ(D) =

infn∈N λ(Hn) ≤ infn∈N λ(An), by (vii).

�

Exercises

27.4.1 Suppose that A and B are bounded subsets of R, and that A is

Lebesgue measurable. Show that λ∗(B) = λ∗(A ∩B) + λ∗(B \A).
27.4.2 Suppose that A is a bounded Lebesgue measurable subset of R, that

λ(A) > 0, and that 0 < r < 1. Show that there is a non-empty open

interval I such that λ(A∩ I) > rl(I). [Hint: Consider an open subset

U of R such that A ⊆ U and l(U) < (1/r)λ(A).]

27.4.3 Suppose that A is a bounded Lebesgue measurable subset of R, and

that λ(A) > 0. Let A − A = {a1 − a2 : a1, a2 ∈ A}. Choose r in

(1/2, 1); by the previous question, there is a non-empty open interval

I such that λ(A ∩ I) > rl(I). Suppose that |x| < (2r − 1)l(I). What

is the length of I ∪ (I + x)? What is λ((A ∩ I) + x)? Can A ∩ I and

(A ∩ I) + x be disjoint? Deduce that 0 is in the interior of A−A.

27.5 Lebesgue measure on R

So far we have only defined Lebesgue measure on the bounded subsets of R.

We now use the fact that R is a countable union of disjoint bounded inter-

vals, or that R is the union of an increasing sequence of bounded intervals,
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to extend the definition to unbounded sets. Let us count the unit intervals

in R: we set

Ik =

{
(l, l + 1] if k = 2l + 1,

(−l,−l + 1] if k = 2l,

We also set Jk = (−k, k] = ∪2k
j=1Ij : (Jk)

∞
k=1 is an increasing sequence of

bounded intervals whose union is R. We say that a subset A ofR is Lebesgue

measurable if A ∩ Ik is Lebesgue measurable, (or, equivalently, if A ∩ Jk
is Lebesgue measurable) for all k ∈ N, and denote the set of Lebesgue

measurable subsets of R by L(R). If A ∈ L(R), we define the Lebesgue

measure λ(A) to be

λ(A) =

∞∑
k=1

λ(A ∩ Ik) = sup
k∈N

λ(A ∩ Jk).

Thus 0 ≤ λ(A) ≤ ∞. This definition clearly extends the definitions of

Lebesgue measurability, and of the Lebesgue measure, of a bounded set.

Most, but not all, of Theorem 27.4.1 extends to this case.

Theorem 27.5.1 Suppose that A, (An)
∞
n=1 and B are Lebesgue measurable

subsets of R. Let C = ∪∞
n=1An and let D = ∩∞

n=1An.

(i) The sets A ∪B and A ∩B are Lebesgue measurable and

λ(A ∪B) + λ(A ∩B) = λ(A) + λ(B).

(ii) A \B is Lebesgue measurable, and λ(A) = λ(A \B) + λ(A ∩B).

(iii) If B ⊆ A then λ(B) ≤ λ(A).

(iv) (Countable additivity) If Ai∩Aj = ∅ for i �= j, then C is measurable,

and λ(C) =
∑∞

n=1 λ(An).

(v) (Upwards continuity) If (An)
∞
n=1 is an increasing sequence then C is

measurable, and λ(C) = supn∈N λ(An).

(vi) The set C is measurable, and supn∈N λ(An) ≤ λ(C) ≤
∑∞

n=1 λ(An).

(vii) (Downwards continuity) If (An)
∞
n=1 is a decreasing sequence, and if

λ(A1) <∞, then D is measurable, and then λ(D) = infn∈N λ(An).

(viii) The set D is measurable, and λ(D) ≤ infn∈N λ(An).

Proof We prove (iv) and (vii), and leave the other parts as easy exercises

for the reader.
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(iv) Since C ∩ Ik = ∪∞
n=1(An ∩ Ik) for each k ∈ N, C is Lebesgue

measurable. If Ai ∩Aj = ∅ for i �= j then

∞∑
n=1

λ(An) =

∞∑
n=1

( ∞∑
k=1

λ(An ∩ Ik)

)
=

∞∑
k=1

( ∞∑
n=1

λ(An ∩ Ik)

)

=

∞∑
k=1

λ((∪∞
n=1An) ∩ Ik) = λ(∪∞

n=1An),

the change of order of summation being justified, as all the summands are

non-negative.

(vii) Since D∩ Ik = ∩∞
n=1(An∩ Ik) for each k ∈ N, D is Lebesgue measur-

able. Suppose that (An)
∞
n=1 is a decreasing sequence, and that λ(A1) <∞.

Certainly, λ(D) ≤ infn∈N λ(An), since D ⊆ An for n ∈ N. Suppose that

ε > 0. There exists k such that λ(A1\Jk) < ε. If n ∈ N then An\Jk ⊆ A1\Jk,
so that λ(An \ Jk) < ε and λ(An ∩ Jk) > λ(An)− ε. Thus

λ(D) ≥ λ(D ∩ Jk) = inf
n∈N

λ(An ∩ Jk) ≥ inf
n∈N

λ(An)− ε.

Since this holds for all ε > 0, λ(D) ≥ infn∈N λ(An). �

Note carefully that downwards continuity requires that λ(A1) < ∞. If

An = (n,∞) then (An)
∞
n=1 is a decreasing sequence, and ∩∞

n=1An = ∅;
λ(An) = ∞ and λ(An) = ∞ does not tend to λ(∩∞

n=1An) = 0. This phe-

nomenon will recur. If λ(A) = ∞ then A must be unbounded, but the

converse does not hold. For example,

λ

( ∞⋃
n=1

(
n, n+

1

n(n+ 1)

))
=

∞∑
n=1

1

n(n+ 1)
= 1.

Thus infinite values can cause problems: these problems will continue to

recur.

27.6 A non-measurable set

Is every bounded subset of R measurable? It depends! If we assume that

the axiom of choice holds, we can give an example of a subset C of the

interval I = [0, 1) which is not Lebesgue measurable. On the other hand,

Solovay has shown that, starting from the axiom system ZF , but denying

the axiom of choice, it is possible to construct a model of the real numbers

for which every subset of the real line is Lebesgue measurable. In general,



27.6 A non-measurable set 815

mathematicians are reluctant to give up the axiom of choice, and prefer to

accept that not all subsets of R are Lebesgue measurable.

Let α be an irrational number in I. We define a bijection γ : I → I by

setting γ(x) = x + α (mod 1). Thus γ translates the interval [0, 1 − α) by

an amount α onto the interval [α, 1) and translates the interval [1−α, 1) by

a negative amount α− 1 onto the interval [0, α). The bijection γ generates

a group Γ = {γn : n ∈ Z} of bijections of I onto itself. Since α is irrational,

if x ∈ I then γm(x) �= γn(x) for m �= n, and the orbit Ox = {γn(x) : n ∈ Z}
of x is a countably infinite set. It is an easy exercise to show that Ox is a

dense subset of [0, 1).

Using the axiom of choice, we pick one element out of each orbit. That is

to say, there exists a subset C of I such that C ∩ Ox is a singleton set, for

each x ∈ [0, 1). We claim that C is not Lebesgue measurable.

Suppose, if possible, that C is Lebesgue measurable, with measure λ(C).

Then λ(C) = λ(C ∩ [0, 1− α)) + λ(C ∩ [1− α, 1)). Since

γ(C) = γ(C ∩ [0, 1 − α)) ∪ γ(C ∩ [1− α, 1)),

γ(C) is Lebesgue measurable, and λ(γ(C)) = λ(C). Similarly, γ−1(C) is

Lebesgue measurable, and λ(γ−1(C)) = λ(C). Iterating, γn(C) is Lebesgue

measurable, for all n ∈ Z, and λ(γn(C)) = λ(C).

Now the sets γn(C) are disjoint, and ∪n∈Nγn(C)= [0, 1), by the construc-

tion. Thus

1 = λ([0, 1)) =

∞∑
−∞

λ(γn(C)).

If λ(C)= 0, then
∑∞

−∞ λ(γn(C))= 0, and if λ(C)> 0, then
∑∞

−∞ λ

(γn(C))=∞; in either case we obtain a contradiction.

In fact, we can say more. Let A= {γ2n(0) : n ∈ Z} and let B= {γ2n+1(0) :

n ∈ Z}. Then A and B are dense in [0, 1). Let P = C + A (mod 1) and

let Q = C + B (mod 1). Then [0.1) is the disjoint union of P and Q, and

Q = γ(P ). Suppose that K is a compact subset of P . Since (K−K)∩B = ∅
(why?), and since B is dense in [0, 1), it follows from Exercise 27.4.3 that

s(K) = 0. Thus λ∗(P ) = 0 and λ∗(Q) = λ∗(γ(P )) = 0. Consequently if E

is any Lebesgue measurable subset of I of positive measure, λ∗(P ∩ E) = 0

and λ∗(P ∩ E) = λ(E) − λ∗(B ∩ E) = λ(E). Thus A ∩ E is not Lebesgue

measurable. Now let D = ∪n∈Z(P + n). Then D is a subset of R with the

property that if E is any Lebesgue measurable subset E or R with positive

measure, then D ∩E is not Lebesgue measurable.
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Exercises

27.6.1 We recall the construction of the Cantor–Lebesgue function,

described in Volume I (Exercise 6.3.9). At the jth stage in the con-

struction of Cantor’s ternary set C, 2j−1 intervals, each of length 1/3j ,

are removed. List these intervals from left to right as I1,j, . . . , I2j−1,j:

that is, sup(Ii,j) < inf(Ii+1,j) for 1 ≤ i < 2j−1. Define a function f on

[0, 1]\C by setting f(x) = (2i−1)/2j for x ∈ Ii,j. Set f(1) = 1, and if

x ∈ C and x �= 1, set f(x) = inf{f(y) : y > x, y ∈ [0, 1]\C}. Then f is

a continuous increasing function on [0, 1]. This is the Cantor–Lebesgue

function.

Now let g(x) = f(x) + x. Show that g is a uniformly continuous

homeomorphism of [0, 1] onto [0, 2]. Show that λ(g(C)) = 1. There

exists a subset D of g(C) which is not Lebesgue measurable. Let

F = g−1(D). Show that F is Lebesgue measurable. Thus D is the

uniformly continuous image of a Lebesgue measurable set F which is

not Lebesgue measurable.
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Measurable spaces and measurable functions

28.1 Some collections of sets

Since we have seen that, if we assume that the axiom of choice holds, then

not every subset of R is Lebesgue measurable, it is sensible to consider

the properties that the collection of Lebesgue measurable sets possesses.

We use the ideas that result from this to provide a setting for more general

measures than Lebesgue measures. We make several definitions. Throughout

this section, X is a non-empty set.

A set R of subsets of X is called a ring if

(i) the empty set belongs to R,

(ii) if A,B ∈ R then A ∪B ∈ R, and

(iii) if A,B ∈ R then A \B ∈ R.

Proposition 28.1.1 If R is a ring and A,B ∈ R then A ∩ B ∈ R and

AΔB ∈ R.

Proof For A ∩B = B \ (B \ A) and AΔB = (A \B) ∪ (B \A). �

Example 28.1.2 Three examples of rings.

The collection of finite subsets of X is a ring.

The collection of subsets of R of the form A = ∪n
j=1Ij, where each Ij =

(aj , bj ] is a bounded half-open half-closed interval in R, is a ring.

The collection of bounded subsets of Rd which are Jordan measurable is

a ring.

A set F of subsets of X is called a field, or algebra, if it is a ring, and if,

in addition, X ∈ F .

817
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Example 28.1.3 Two examples of a field.

Suppose that (a, b] is a bounded half-open half-closed interval in R. The

collection of sets of the form A = ∪n
j=1Ij , where each Ij = (aj , bj ] is a

half-open half-closed interval contained in (a, b], is a field.

The collection of subsets of a compact cell C in Rd which are Jordan

measurable is a field.

A set S of subsets of X is called a σ-ring if it is a ring, and if, in addition,

(iv) if (Aj)
∞
j=1 is a sequence of sets in S then ∩∞

j=1Aj ∈ S.

Example 28.1.4 Four examples of σ-rings.

(i) The collection of countable subsets of X is a σ-ring.

(ii) The collection of bounded Lebesgue measurable subsets ofR is a σ-ring.

(iii) The collection of Lebesgue measurable subsets of R of finite measure

is a σ-ring.

(iv) The collection of Lebesgue measurable subsets of R of measure 0 is a

σ-ring.

The first result is an immediate consequence of the definition. The others

are consequences of Theorems 27.4.1 and 27.5.1. Other characterizations of

σ-rings are given in Exercise 2.

A set S of subsets of X is called a σ-field, or σ-algebra, if it is a σ-ring,

and if, in addition, X ∈ R.

Example 28.1.5 The collection L of Lebesgue measurable subsets of R

is a σ-field.

This is a consequence of Theorem 27.5.1.

Proposition 28.1.6 Suppose that Σ is a non-empty collection of subsets

of a set X. The following are equivalent.

(i) Σ is a σ-field.

(ii) (a) if A ∈ Σ then X \ A ∈ Σ, and

(b) if (An)
∞
n=1 is a sequence of disjoint elements of Σ then

∪∞
n=1An ∈ Σ.

(iii) (a) if A ∈ Σ then X \ A ∈ Σ, and

(b) if (An)
∞
n=1 is an increasing sequence in Σ then ∪∞

n=1An ∈ Σ.

Proof An easy exercise for the reader. �

A measurable space is a pair (X,Σ), where X is a set and Σ is a σ-field

of subsets of X. σ-fields and measurable spaces are the natural setting for

measure theory. Here are some basic facts concerning them.
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Proposition 28.1.7 Suppose that F is a set of subsets of a set S. Then

there is a smallest σ-field σ(F) of subsets of S which contains F .

Proof Let s be the collection of those σ-fields of subsets of S which contain

F . It is non-empty, since P (S) ∈ s. Let

σ(F) = {A : A ∈ Σ, for all Σ ∈ s}.

Then it is easy to verify that σ(F) is a σ-field, and that it belongs to s. It

is then clearly the smallest element of s. �

The σ-field σ(F) is called the σ-field generated by F . An important feature

of this proposition is that its proof is indirect, and gives no indication of the

structure of sets in σ(F). This fact gives a particular flavour to much of

measure theory.

Proposition 28.1.8 Suppose that (X,Σ) is a measurable space, that Y is

a set and that f : X → Y is a mapping. Then {A ⊆ Y : f−1(A) ∈ Σ} is a

σ-field.

Proof Suppose that f−1(A) ∈ Σ, and that (An)
∞
n=1 is a sequence of subsets

of Y such that f−1(An) ∈ Σ for n ∈ N. Then f−1(Y ) = X ∈ Σ, f−1(Y \A) =
X \ f−1(A) ∈ Σ and f−1(∪n∈NAn) = ∪n∈Nf−1(An) ∈ Σ. �

A mapping f : (X1,Σ1) → (X2,Σ2) from a measurable space (X1,Σ1)

to a measurable space (X2,Σ2) is said to be measurable if f−1(A) ∈ Σ1 for

each A ∈ Σ2.

Corollary 28.1.9 Suppose that F is a set of subsets of Y , and that

f−1(A) ∈ Σ for A ∈ F . Then f−1(A) ∈ Σ for A ∈ σ(F); the mapping

f : (X,Σ)→ (Y, σ(F)) is measurable.

Proof For {A ⊆ Y : f−1(A) ∈ Σ} is a σ-field containing F , and so

σ(F) ⊆ {A ⊆ Y : f−1(A) ∈ Σ}. Thus f−1(A) ∈ Σ for A ∈ σ(F). �

Exercises

28.1.1 Suppose that (X, τ) is a topological space and that x ∈ X. Show that

the collection of sets R = {A : x �∈ A} is a ring of subsets of X.

28.1.2 Show that the intersection of a collection of σ-fields is a σ-field. Show

that the union of two σ-fields need not be a σ-field.

28.1.3 Suppose that R is a ring of subsets of a set X. Show that the following

are equivalent:

(i) R is a σ-ring;
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(ii) if (Aj)
∞
j=1 is a decreasing sequence of sets in R then ∩∞

j=1Aj ∈ R.

(iii) if (Aj)
∞
j=1 is a sequence of sets in R and if there exists B ∈ R

such that ∪∞
j=1Aj ⊆ B then ∪∞

j=1Aj ∈ R.

28.1.4 Prove Proposition 28.1.6.

28.2 Borel sets

Suppose that (X, τ) is a topological space. The σ-field B generated by the

collection of open sets is called the Borel σ-field, and its elements are called

Borel sets. Since the Lebesgue measurable subsets of R form a σ-algebra

which contains the open subsets of R, the Borel σ-field B is contained in the

σ-field L of Lebesgue measurable sets. The restriction of Lebesgue measure

to the bounded Borel sets of R is called Borel measure. The collection of

open subsets of R is closed under countable unions, but not under countable

intersections. Recall that a Gδ is a countable intersection of open sets. The

collection of open subsets is contained in the collection of Gδ sets, which is

closed under countable intersections. This, in turn, is not closed under count-

able unions. We can therefore consider the collection of Gδσ sets (countable

unions of Gδ sets), Gδσδ sets, and so on. But it happens that this is a strictly

increasing sequence, and that if we consider countable unions and countable

intersections of all such sets, the resulting collection is not closed under

countable unions or countable intersections. Thus there is no simple way to

describe what a typical Borel set looks like: it is often necessary to proceed

indirectly.

Proposition 28.2.1 Consider the following collections of subsets of R.

F1 = {(r,∞) : r ∈ Q}, F2 = {(−∞, r] : r ∈ Q},
F3 = {[r,∞) : r ∈ Q}, F4 = {(−∞, r) : r ∈ Q},
F5 = {(c,∞) : c ∈ R}, F6 = {(−∞, c] : c ∈ R},
F7 = {[c,∞) : c ∈ R}, F8 = {(−∞, c) : c ∈ R},
F9 = {U : U open}, F10 = {K : K compact},
F11 = {A : A a Gδ set}, F12 = {B : B an Fσ set}.

Then B = σ(Fi) for 1 ≤ i ≤ 12.

Proof Since B = σ(F9), it is enough to show that Fi ⊆ σ(Fj) for i �= j.

Taking complements, F1 = F2, F3 = F4, F5 = F6, F7 = F8, F9 ⊇ F10

and F11 = F12. Since an open set is the countable union of compact sets,

F9 ⊇ F10. Since

(r,∞) = ∪∞
n=1[r + 1/n,∞) and [r,∞) = ∩∞

n=1(r − 1/n,∞),
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F1 = F3, and similarly F5 = F7. Since

(c,∞) = ∪{(r,∞) : r ∈ Q, r > c},

and since this is a countable union, F1 = F7. If c < d then

(c, d) = (c,∞) ∩ (−∞, d) ∈ F7.

Since an open set is the countable union of open intervals, it follows that

F7 = F9. Finally it is clear that F9 = F11. �

Proposition 28.2.2 Suppose that (X1, τ1) and (X2, τ2) are topological

spaces, equipped with their Borel σ-fields B1 and B2. If f : X1 → X2 is

a continuous mapping, then f is measurable.

Proof This is an immediate consequence of Corollary 28.1.9. �

Lebesgue asserted, mistakenly, that the continuous image of a Borel set is

a Borel set. The Russian mathematician Suslin showed that this was not so;

indeed, there exists a Borel set B in R2 such that π1(B) = {x ∈ R : (x, y) ∈
B for some y ∈ R} is not a Borel set. In fact, Suslin’s results opened up a

large new theory, descriptive set theory, which is far too difficult to describe

here.1

Exercises

28.2.1 Let F be the subset of the Cantor set C defined in Exercise 27.6.1.

Show that F is not a Borel set. Deduce that the Borel σ-field in R is

a proper sub-σ-field of the Lebesgue σ-field L.
(This result can also be proved by showing that the Borel σ-field

B has the same cardinality as R: there is a bijection of B onto R. On

the other hand, since every subset of the Cantor set C is Lebesgue

measurable, L has cardinality at least as big as the cardinality of

P (C). But there is a bijection of C onto R, and so there is a bijection

of L onto P (R). By Cantor’s theorem (Volume I, Theorem 1.6.3), the

inclusion mapping B → L cannot be surjective.)

28.3 Measurable real-valued functions

Throughout this section, we shall consider a measurable space (X,Σ) and

real-valued functions defined on X.

1 See A. Kechris, Classical Descriptive Set Theory, Springer, 1995.
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Let us describe some notation that we shall use. We shall, for example,

consider sets of the form {x : |f(x) − g(x)| < 1/k}. When the context is

clear, we shall denote this by (|f − g| < 1/k), and use similar notation for

other such sets. Thus

(f ∈ A) = f−1(A) and (f = c) = f−1({c}).

Similarly, if a set such as (f ∈ A) is a measurable subset of X, and φ is a

function on Σ, we write φ(f ∈ A) for φ((f ∈ A)).

We say that a real-valued function f on X is Σ-measurable (or simply

measurable, if it is clear what Σ is) if it is a measurable mapping of (X,Σ)

into (R,B); that is, f−1(A) ∈ Σ for every Borel set A inR. IfX is an interval

I (finite or infinite) in R and Σ is the σ-field of Lebesgue measurable sets,

then we say that f is Lebesgue measurable; if Σ is the σ-field of Borel sets,

then we say that f is Borel measurable.

It follows from Corollary 28.1.9 that a real-valued function f on X is

Σ-measurable if and only if (f ∈ A) ∈ Σ for all A in some Fj , where Fj is

one of the collections of subsets of R defined in Proposition 28.2.1. In many

cases, as in the next two corollaries, it is convenient to use the collection

F5 = {(c,∞) : c ∈ R}. Thus f is measurable if and only if (f > c) ∈ Σ for

each c ∈ R.

Corollary 28.3.1 (i) If A ⊆ X, then the indicator function IA of A is

Σ-measurable if and only if A ∈ Σ.

(ii) A simple function f =
∑n

j=1 αjIAj
(where αi < αj and Ai∩Aj = ∅ for

i < j) is Σ-measurable if and only if Aj ∈ Σ for 1 ≤ j ≤ n.

Proof

(i) For

(IA > c) =

⎧⎨⎩
X if c < 0,

A if 0 ≤ c < 1,

∅ if c ≥ 1.

(ii) We can suppose that X = ∪n
i=1Ai.

If c < a1 then (f > c) = X = ∪n
i=1Ai,

if aj ≤ c < aj+1 then (f > c) = ∪n
i=j+1Ai,

and if c ≥ an then (f > c) = ∅.

�

Recall (Volume II, Exercise 13.1.6) that a real-valued function f on a

topological space (X, τ) is upper semi-continuous if for each x ∈ X and



28.3 Measurable real-valued functions 823

each ε > 0, there is a neighbourhood N(x) of x such that f(y) < f(x) + ε

for y ∈ N(x), or equivalently, if (f < c) is open, for each c ∈ R. Lower

semi-continuity is defined similarly.

Corollary 28.3.2 If (X, τ) is a topological space and Σ is the σ-field

of Borel measurable sets, then upper semi-continuous and lower semi-

continuous functions on X are measurable functions.

Proposition 28.3.3 If f is a measurable function on X and φ is a Borel

measurable function on R, then φ ◦ f is a measurable function on X.

Proof If A is a Borel subset of R then φ−1(A) is a Borel subset of R, and

so (φ ◦ f)−1(A) = f−1(φ−1(A)) ∈ Σ. �

Theorem 28.3.4 Suppose that f and g are real-valued Σ-measurable

functions on X. Then each of the functions

−f, f+, f−, |f |, f + g, fg, f ∨ g, and f ∧ g

is Σ-measurable. The sets (f < g), (f ≤ g) and (f = g) are in Σ.

Proof We consider some continuous real-valued functions on R. Let

φ1(x) = −x, φ2(x) = x+, φ3(x) = x−, φ4(x) = |x| and φ5(x) = x2.

Then φi ◦ f is Σ-measurable, for 1 ≤ i ≤ 5: the functions −f , f+, f−, |f |
and f2 are Σ-measurable.

Addition and multiplication are a little bit more complicated. Since

(f + g > c) = ∪{(f > r) ∩ (g > c− r) : r ∈ Q},

and since Q is countable, f + g is Σ-measurable.

Since fg = 1
4((f + g)2 − (f − g)2), fg is Σ-measurable.

Next, f ∨ g = 1
2(f + g + |f − g|) and f ∧ g = 1

2(f + g − |f − g|), and so

they are both Σ-measurable.

Finally, f(x) < g(x) if and only if there exists r ∈ Q such that

f(x) < r < g(x), so that (f < g) = ∪{(f < r) ∩ (g > r) : r ∈ Q},
which is in Σ, since Q is countable. Similarly, (f ≤ g) = X \ (g < f) ∈ Σ,

and (f = g) = (f ≤ g) \ (f < g) ∈ Σ. �

Thus the set L0 = L0(X,Σ, μ) of real-valued measurable functions on X

is a real vector space, when addition and scalar multiplication are defined

pointwise.
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We now consider sequences of measurable functions, suprema, infima and

limits. These may be infinite, and so we need to consider extended real-

valued functions, functions taking values in R = {−∞}∪R ∪ {∞}. We say

that such a function f is Σ-measurable if (f ∈ A) ∈ Σ for each Borel set A

in R and if both (f = −∞) and (f =∞) are in Σ.

Theorem 28.3.5 Suppose that (fn)
∞
n=1 is a sequence of extended real-

valued Σ-measurable functions on X. Then each of the extended real-valued

functions

sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn, and lim inf
n→∞

fn

is Σ-measurable.

Proof Since

(sup
n∈N

fn > c) = ∪n∈N(fn > c),

(sup
n∈N

fn =∞) = ∩k∈N(∪n∈N(fn > k)),

(sup
n∈N

fn = −∞) = ∩n∈N(fn = −∞),

the function supn∈N fn is Σ-measurable. The proof for infn∈N fn is exactly

similar.

Since

lim sup
n→∞

fn = inf
n→∞

(sup
k≥n

fk),

the function lim supn∈N fn is Σ-measurable, and so, similarly is

lim infn∈N fn. �

Corollary 28.3.6 The set

C∗ = {x : fn(x) converges in R as n→∞}

is in Σ. Let f(x) = limn→∞ fn(x) if x ∈ C∗, and let f(x) = 0 otherwise.

Then f is Σ-measurable.

Proof For

C∗ = (lim sup
n→∞

fn = lim inf
n→∞

fn) and f = (lim sup
n→∞

fn).IC∗ .

�

Corollary 28.3.7 If each fn is real-valued, then the set

C = {x : fn(x) converges in R as n→∞}
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is in Σ. Let f(x) = limn→∞ fn(x) if x ∈ C, and let f(x) = 0 otherwise.

Then f is Σ-measurable.

Proof For C = C∗ \ ((lim infn→∞ fn = +∞) ∪ (lim supn→∞ fn = −∞)).

�

28.4 Measure spaces

Many of the results about Lebesgue measure extend to a more general set-

ting. A finite measure space is a triple (X,Σ, μ), where (X,Σ) is a measurable

space and μ is a countably additive, or σ-additive mapping of Σ into R+: if

(An) is a sequence of disjoint elements of Σ then μ(∪∞
n=1An) =

∑∞
n=1 μ(An).

(Note that, since all the summands are non-negative, the sum does not

depend upon the order of summation.) The function μ is called a measure.

(The adjective ‘finite’ is included, because μ(X) is a real number, and so is

finite.) Thus if I is a bounded interval in R then (I,L(I), λ), where L(I) is
the σ-field of Lebesgue measurable subsets of I and λ is Lebesgue measure, is

an example of a finite measure space. Similarly, if B(I) is the σ-field of Borel

measurable subsets of I and λ is the restriction of λ to B, then (I,B(I), λ)
is a finite measure space; in this case, λ is called Borel measure on I.

The construction of Lebesgue measure was quite complicated, and the

same is true of other measure spaces. We shall defer the construction of

other measure spaces until Chapter 30.

Theorem 28.4.1 Suppose that (X,Σ, μ) is a finite measure space. Suppose

that A,B ∈ Σ, and that (An)
∞
n=1 is a sequence in Σ.

(i) μ(A ∪B) + μ(A ∩B) = μ(A) + μ(B).

(ii) If B ⊆ A then μ(B) ≤ μ(A).

(iii) (Upwards continuity) If (An)
∞
n=1 is an increasing sequence then

μ(∪∞
n=1An) = sup

n∈N
μ(An).

(iv) (Downwards continuity) If (An)
∞
n=1 is a decreasing sequence then

μ(∩∞
n=1An) = inf

n∈N
μ(An).

(v) supn∈N μ(An) ≤ μ(∪∞
n=1An) ≤

∑∞
n=1 μ(An).

(vi) μ(∩∞
n=1An) ≤ infn∈N μ(An).

Proof The proof is left as an exercise for the reader. �
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Corollary 28.4.2 If f is a measurable real-valued function on X, then

μ(|f | > n)→ 0 as n→∞.

Proof For the sequence (|f | > n)∞n=1 decreases to the empty set. �

Suppose that (X,Σ, μ) is a finite measure space and that (An)
∞
n=1 is a

sequence in Σ. We define

lim sup
n→∞

An = ∩∞
n=1

(
∪∞
j=nAj

)
and lim inf

n→∞
An = ∪∞

n=1

(
∩∞
j=nAj

)
.

Thus x ∈ lim supn→∞An if and only if x is frequently in An: for each n ∈N

there exists m ≥ n such that x ∈ Am, or, equivalently, x ∈ An for infinitely

many n. Similarly, x ∈ lim infn→∞An if and only if x is eventually in An:

there exists n ∈ N such that x ∈ Am for m ≥ n.

Corollary 28.4.3 (The first Borel–Cantelli lemma) If
∑∞

n=1 μ(An) < ∞
then μ(lim supn→∞An) = 0.

Proof Suppose that ε > 0. There exists N ∈ N such that∑∞
n=N+1 μ(An) < ε. Then

μ(lim sup
n→∞

An) ≤ μ(∪∞
n=N+1An) ≤

∞∑
n=N+1

μ(An) < ε.

Since ε is arbitrary, the result follows. �

Measure spaces provide the natural setting for probability theory. A prob-

ability space is a finite measure space (Ω,Σ,P) for which P(Ω) = 1. The

elements of Σ are called events, P is called a probability measure, and P(A)

is called the probability of A. The development of probability theory has

contributed greatly to measure theory, but it would take us too far afield to

investigate this2.

When we constructed Lebesgue measure on R, we began by restricting

attention to bounded sets, and then extending the results to more general

sets. We can do the same in the present setting. For example, we could

consider an arbitrary setX, consider the σ-field of all subsets ofX and define

μ to be counting measure on A: μ(A) is the number of elements in A, if A is

finite, and μ(A) =∞ if A is infinite. We shall however restrict our attention

to σ-finite measure spaces. A σ-finite measure space is a measurable space

(X,Σ), together with a sequence (Ik)
∞
k=1 of disjoint elements of Σ whose

2 There are many excellent texts on probability theory; my favourite is Probability Theory and
Examples by Rick Durrett (CUP, 2010).
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union is X, and a function μ on Σ (a σ-finite measure), taking values in

[0,∞], with the properties that

(i) μ is countably additive; if (An)
∞
n=1 is a sequence of disjoint elements of

Σ then μ(∪n∈NAn) =
∑∞

n=1 μ(An), and

(ii) μ(Ik) <∞ for k ∈ N.

Thus A ∈ Σ if and only if A ∩ Ik ∈ Σ for k ∈ N, and then μ(A) =∑∞
k=1 μ(A ∩ Ik). The results of Theorem 27.5.1 extend easily to σ-finite

measure spaces.

We can also define σ-finite measures in terms of increasing sequences. Let

(Jk)
∞
k=1 be an increasing sequence in Σ whose union is X. Then A ∈ Σ if

and only if A ∩ Jk in Σ for each k ∈ N. Then μ is a σ-finite measure on

Σ if it is countably additive and if μ(Jk) is finite, for each k ∈ N. Then

μ(A) = limk→∞ μ(A ∩ Jk). This definition is clearly equivalent to the one

above.

In future we shall use the term ‘measure’ to mean either a finite measure

or a σ-finite measure.

Suppose that (X,Σ, μ) is a finite or σ-finite measure space. An element

N of Σ is a null set if μ(N) = 0. If M ∈ Σ and M ⊂ N , where N is a

null set, then M is a null set. If (Nn)
∞
n=1 is a sequence of null sets, then

μ(∪∞
n=1Nn) ≤

∑∞
n=1 μ(Nn) = 0, so that ∪∞

n=1Nn is a null set. Thus the

collection of null sets is a σ-ring contained in Σ.

A measure space (X,Σ, μ) is complete if every subset of a null set is

measurable, and is therefore a null set. Lebesgue measure is complete, since

if M ⊆ N , where N is a null set, then

0 ≤ λ∗(M) ≤ λ∗(M) ≤ λ(N) = 0,

so that λ∗(M) = λ∗(M) = 0.

It is quite easy to complete a measure space.

Theorem 28.4.4 Suppose that (X,Σ, μ) is a finite or σ-finite measure

space. Let

N = {M ⊆ X : there exists a null set N such that M ⊆ N}.

Let Σ̂ = {A ∪ N : A ∈ Σ, N ∈ N}. Then Σ̂ is a σ-field containing Σ. If

B = A ∪M ∈ Σ̂, let μ̂(B) = μ(A). Then μ̂ is well defined, and (X, Σ̂, μ̂) is

a complete measure space. If B ∈ Σ̂ there exists A,C in Σ with A ⊆ B ⊆ C

and μ(A) = μ̂(B) = μ(C).
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Proof If B = A ∪M = A′ ∪M ′ ∈ Σ̂, there exists a null set N such that

M ∪ M ′ ⊆ N . Since AΔA′ ⊆ M ∪M ′ ⊆ N , μ(A) = μ(A′), and so μ̂ is

well defined. If (Bn)
∞
n=1 = (An ∪Mn)

∞
n=1 is a disjoint sequence in Σ̂, then

∪∞
n=1Bn = (∪∞

n=1An) ∪ (∪∞
n=1Mn). Since ∪∞

n=1Mn ∈ N ,

μ̂(∪∞
n=1Bn) = μ(∪∞

n=1An) =

∞∑
n=1

μ(An) =

∞∑
n=1

μ̂(Bn),

so that μ̂ is a measure which extends μ.

If B = A ∪M ∈ Σ̂, there exists a null set N such that M ⊆ N . Let

C = A ∪N . Then C ∈ Σ, A ⊆ B ⊆ C and μ(A) = μ̂(B) = μ(C). �

Exercises

28.4.1 Suppose that Σ is a σ-field of subsets of a set X, and that μ : Σ→ R+

is a function. Show that the following are equivalent.

(i) μ is a measure.

(ii) (Upwards continuity) If (An)
∞
n=1 is an increasing sequence in Σ

and A = ∪∞
n=1An, then μ(A) = supn∈N μ(An).

(iii) (Downwards continuity) If (An)
∞
n=1 is a decreasing sequence and

A = ∩∞
n=1An, then μ(A) = infn∈N μ(An).

(iv) (Downwards continuity at ∅) If (An)
∞
n=1 is a decreasing sequence

and ∩∞
n=1An = ∅, then μ(An)→ 0 as n→∞.

28.4.2 Suppose that (X, τ) is a compact Hausdorff space. Show that the

collection R of subsets of X which are both open and closed is a

field. Suppose that φ : R → R+ is finitely additive. Show that it is

countably additive.

28.4.3 Suppose that (X,Σ) is a measurable space and that (Iγ)γ∈Γ is an

uncountable family of disjoint elements of Σ whose union is X, and

a function μ on Σ, taking values in [0,∞], with the properties that

(i) μ is countably additive; if (An)
∞
n=1 is a sequence of disjoint

elements of Σ then μ(∪n∈NAn) =
∑∞

n=1 μ(An), and

(ii) 0 < μ(Iγ) <∞ for γ ∈ Γ.

Show that if A ∈ Σ and μ(A) < ∞ then {γ : μ(A ∩ Iγ) < ∞} is

countable.

28.4.4 Does Corollary 28.4.2 hold for σ-finite measure spaces?

28.4.5 Does the first Borel–Cantelli lemma hold for σ-finite measure spaces?

28.5 Null sets and Borel sets

Let us now consider the null sets of (R,L, λ).



28.5 Null sets and Borel sets 829

Proposition 28.5.1 A subset A of R is a λ-null set if and only if λ∗(A) =
0; that is, given ε < 0 there exists a sequence (In)

∞
n=1 of open intervals which

cover A for which
∑∞

n=1 l(In) < ε.

Proof Immediate. (Add end of proof sign here) �

Corollary 28.5.2 (R,L, λ) is a complete measure space.

As examples, a countable subset ofR, such asQ, is a null set, and Cantor’s

ternary set is a null set which is not countable.

Proof For a singleton set is a null set. �

On the other hand, Cantor’s ternary set is a null set which is not

countable.

Recall that a subset of R is a Gδ set if it is the intersection of a sequence

of open sets, and is a Kσ set if it is the union of a sequence of compact

sets. It follows from Theorem 27.5.1 that Gδ sets, Kσ sets and Fσ sets are

Lebesgue measurable.

Theorem 28.5.3 Suppose that A is a subset of R. The following are

equivalent.

(i) A is Lebesgue measurable.

(ii) There exists a Kσ set C and a null set M disjoint from C such that

A = C ∪M .

(iii) There exists a Gδ set B and a null set N contained in B such that

A = B \N .

Proof Clearly (ii) implies (i). Suppose that A is Lebesgue measurable.

For each k ∈ Z, A ∩ (k, k + 1] is Lebesgue measurable, and so for each

n ∈ N there exists a compact set Kk,n such that Kk,n ⊆ A ∩ (k, k + 1], and

λ(Kk,n) > λ(A)−1/n. Let Lk = ∪∞
n=1Kk,n, and let Nk = (A∩(k, k+1])\Lk .

Then

λ(Nk) = λ(A ∩ (k, k + 1]) − λ(Lk) ≤ λ(A)− λ(Kk,n) ≤ 1/n,

for each n ∈ N, so that Nk is a null set. Then

A = C ∪N, where C = ∪{Kk,n : k ∈ Z, n ∈ N} and N = ∪k∈ZNk.

C is a Kσ set, N is a null set and C ∩N = ∅. Thus (i) implies (ii). Finally,

it follows by taking complements that (ii) and (iii) are equivalent. �

Suppose that (X, τ) is a topological space. Recall that the σ-field B gener-

ated by the collection of open sets is called the Borel σ-field, and its elements
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are called Borel sets. Since the Lebesgue measurable subsets of R form a

σ-algebra which contains the open subsets of R, the Borel σ-field B is con-

tained in the σ-field L. The restriction of Lebesgue measure to the bounded

Borel sets of R is called Borel measure.

Corollary 28.5.4 Suppose that A is a subset of R. The following are

equivalent.

(i) A is Lebesgue measurable.

(ii) There exists a Borel set B and a null set N contained in B such that

A = B \N .

(iii) There exists a Borel set C and a null set M disjoint from C such that

A = C ∪M .

Proof Immediate. �

A measure space (X,Σ, μ) is complete, and the measure μ is complete, if

whenever B is a subset of a null set A, then B ∈ Σ, so that B is also a

null set, Lebesgue measure on R is complete, but the corresponding Borel

measure is not. We can always complete a measure space.

Proposition 28.5.5 Suppose that (X,Σ, μ) is a measure space. Let N be

the set of subsets of null sets in Σ. Then Σ̃ = {A ∪ N : A ∈ Σ, N ∈ N}
is a σ-field containing Σ. If Ã = A ∪ N ∈ Σ̃, let μ̃(Ã) = μ(A). Then μ̃ is

well defined, is a complete measure on Σ̃ which extends μ, and N is the set

of μ̃-null sets.

Proof First, it is easy to verify that N is a σ-ring of subsets of X. If

Ã1 = A1 ∪ N1 and Ã2 = A2 ∪ N2, then Ã1 ∩ Ã2 = (A1 ∩ A2) ∪ N , where

N = (A1 ∩N2)∪ (N1 ∩A2)∪ (N1 ∩N2) ∈ N . If (Ãj)
∞
j=1 = (Aj ∪Nj)

∞
j=1 is a

sequence in Σ̃ then ∪∞
j=1Ãj = (∪∞

j=1Aj) ∪ (∪∞
j=1Nj) ∈ ±, and so S̃igma is a

σ-field, which clearly contains Σ. �

Exercise

28.5.1 Let g : [0, 1] → [0, 2) be the mapping of Exercise 27.6.1. If A is a

Borel subset of [0, 1], is g(A) a Borel subset of [0, 2]?

28.6 Almost sure convergence

In measure theory, the first Borel–Cantelli lemma is frequently used to show

that a property holds on a measure space, except possibly on a set of mea-

sure 0. If so, we say that it holds almost everywhere almost surely. Thus
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if (fn)
∞
n=1 is a sequence in L0(X,Σ, μ) and if f ∈ L0(X,Σ, μ) then we say

that fn → f almost surely, as n→∞ if there exists a null set N such that

fn(x)→ f(x) for all x ∈ X \N . Note that we do not require that fn(x) does

not converge to f(x) for x ∈ N ; we are content to remain ignorant about

what happens on N .

Proposition 28.6.1 Suppose that (X,Σ, μ) is a measure space,

that (fn)
∞
n=1 and (gn)

∞
n=1 are sequences in L0(X,Σ, μ) and that

f, g ∈ L0(X,Σ, μ). If fn → f and gn → g almost everywhere, as n → ∞,

then fn + gn → f + g and fngn → fg almost everywhere, as n→∞.

Proof For the union of two null sets is a null set. �

Suppose that (X,Σ, μ) is a finite measure space, that (fn)
∞
n=1 and (gn)

∞
n=1

are sequences in L0(X,Σ, μ). We say that fn → f almost uniformly if for each

ε > 0 there exists A ∈ Σ with μ(A) < ε such that fn → f uniformly on X \A
as n →∞. This terminology is standard, but is unfortunate, since ‘almost’

usually involves sets of measure 0: ‘nearly uniform convergent’ would be

better.

How are these notions of convergence related? The next result is rather

remarkable.

Theorem 28.6.2 (Egorov’s theorem) Suppose that (X,Σ, μ) is a

finite measure space, that (fn)
∞
n=1 is a sequence in L0(X,Σ, μ) and that

f ∈ L0(X,Σ, μ). Then fn → f almost everywhere as n → ∞ if and only if

fn → f almost uniformly as n→∞.

Proof Suppose first that fn → f almost everywhere as n → ∞ and that

ε > 0. Let

C = {x : fn(x) converges in R as n→∞},
and let

Bn,k = (|fn − f | > 1/k) and An,k = ∪m≥nBm,k, for n, k ∈ N.

First, keep k fixed. Then (An,k)
∞
n=1 is a decreasing sequence in Σ, and

∩∞
n=1An,k ⊆ (lim supn→∞ |fn−f | > 1/k) ⊆ X\C, so that, since μ(X\C) = 0,

μ(An,k)→ 0 as n→∞, by lower continuity. Thus there exists nk such that

μ(Ank,k) < ε/2k.

Now let A = ∪∞
k=1Ank,k. Then μ(A) ≤

∑∞
k=1 μ(Ank,k) < ε. If x �∈ A and

k ∈ N, then x �∈ Ank,k, and so x �∈ Bn,k for n ≥ nk. Thus |fn(x)−f(x)| ≤ 1/k

for n ≥ nk; fn → f almost uniformly.

Conversely, suppose that fn → f almost uniformly as n → ∞. For each

k ∈ N there exists Ak ∈ Σ with μ(Ak) < 1/k such that fn → f uniformly on
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Figure 28.6.

X \ Ak as n→∞. Let A = ∩∞
k=1Ak. Then μ(A) = 0 and fn → f pointwise

on X \ A. Thus fn → f almost everywhere as n→∞. �

Let us also establish an easy, but important, approximation result that

we shall need later, when we consider integration. Here the convergence is

pointwise.

Theorem 28.6.3 Suppose that f is a real-valued measurable function on

a measure space (X,Σ, μ). There exists a sequence (Dn)
∞
n=1 of simple mea-

surable functions which converges pointwise to f . If f is non-negative, then

the sequence (Dn)
∞
n=1 can be taken to be a pointwise increasing sequence of

non-negative functions.

Proof We use a simple construction. Suppose that f ∈ L0(X,Σ, μ), and

that n ∈ N. We divide the interval [−n, n) into 2n.2n disjoint intervals, each

of length 1/2n; we set Ij,n = ((j− 1)/2n, j/2n] for −n2n+1 ≤ j ≤ n.2n. Let

Aj,n = (f ∈ Ij,n); then Aj,n is measurable. We set

Dn(f) =

n.2n∑
j=−n2n+1

((j − 1)/2n)IAj,n
.
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Thus Dn(f) is a simple measurable function, and if n > |f(x)| then

Dn(f)(x) < f(x) ≤ Dn(f)(x) + 1/2n. Consequently, Dn(f) → f point-

wise. If f ≥ 0, then the functions Dn are non-negative, and the sequence

(Dn)
∞
n=1 increases pointwise to f . �
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Integration

29.1 Integrating non-negative functions

After so much consideration of measure and of measurable functions, we

are now in a position to develop the theory of integration. We begin by

considering the integral of a non-negative extended-real-valued measurable

function f defined on a finite or σ-finite measure space (X,Σ, μ). We define

the tail distribution function λf to be

λf (t) = μ(f > t), for t ∈ [0,∞).

If λf (t) = ∞ for some t > 0 (so that λf (s) = ∞ for 0 < s ≤ t) we

define
∫
X f dμ = ∞. Otherwise, the function λf is a decreasing real-valued

function on [0,∞). It is continuous on the right, since if tn ↘ t as n → ∞
then (f > tn) ↗ (f > t), so that μ(fn > t) ↗ μ(f > t). If μ(X) = ∞, it

may happen that λf (t)→∞ as t↘ 0. We define∫
X
f dμ =

∫ ∞

0
λf (t) dt.

Here, the integral on the right is an improper Riemann integral, taking values

in [0,∞]; this integral exists, since λf is a decreasing function. Note that

λf (t) → μ(f = ∞) as t → ∞, so that if μ(f = ∞) > 0 then
∫
X f dμ = ∞.

The diagram below shows why this definition is made: the ‘area under the

curve’ is shifted to the left, and then evaluated.

Note that if 0 ≤ f ≤ g almost everywhere then λf ≤ λg, and so
∫
X f dμ ≤∫

X g dμ. In particular, if f = g almost everywhere then
∫
X f dμ =

∫
X g dμ,

and if f = 0 almost everywhere then
∫
X f dμ = 0.

As an important but easy example, let us consider the integral of

a non-negative simple measurable function f . We can suppose that

f =
∑k

j=1 αjIAj
, where A1, . . . , Ak are disjoint measurable sets of finite

834
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Figure 29.1.

measure, and 0 < α1 < · · · < αk. Let α0 = 0 and let Bj = ∪k
i=jAi. Then

Bj = (f > αj−1), so that

λf (t) =

{
μ(Bj) for αj−1 ≤ t < αj , for 1 ≤ j ≤ k,

0 for αk ≤ t.

Thus ∫
X
f dμ =

k∑
j=1

(αj − αj−1)μ(Bj)

=

k∑
j=1

(αj − αj−1)

⎛⎝ k∑
i=j

μ(Ai)

⎞⎠
=

k∑
i=1

⎛⎝ i∑
j=1

(αj − αj−1)

⎞⎠μ(Ai) =

k∑
i=1

αiμ(Ai).

It follows by elementary arguments that if f =
∑k

j=1 αjIAj
, where the αj

are non-negative, but not necessarily distinct, and the Aj are not necessarily

disjoint, then
∫
X f dμ =

∑k
j=1 αjμ(Aj).

We need the following easy, but fundamentally important, result concern-

ing improper integrals of decreasing functions.

Theorem 29.1.1 Suppose that (gn)
∞
n=1 is a sequence of decreasing non-

negative functions on (0,∞), which increases pointwise to a function g. Then∫ ∞

0
g(t) dt = lim

n→∞

∫ ∞

0
gn(t) dt.

Proof The function g is a decreasing non-negative function, so that the

improper Riemann integral exists. We consider the case where
∫∞
0 g(t) dt is

finite; the proof when it is infinite is proved in exactly the same way.
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The sequence (
∫∞
0 gn(t) dt)

∞
n=1 is increasing, and is bounded above by∫∞

0 g(t) dt. Suppose that ε > 0. There exist 0 < a < b <∞ such that∫ b

a
g(t) dt >

∫ ∞

0
g(t) dt − ε/3,

and there exists a dissection D = (a = t0 < · · · < tk = b) of [a, b] such that

sD(g) =

k∑
j=1

g(tj)(tj − tj−1) >

∫ b

a
g(t) dt − ε/3.

Since gn → g pointwise, there exists N ∈ N such that gn(tj) > g(tj) −
ε/3(b − a), for 1 ≤ j ≤ k and n ≥ N . If n ≥ N , then∫ ∞

0
gn(t) dt ≥

∫ b

a
gn(t) dt ≥ sD(gn) =

k∑
j=1

gn(tj)(tj − tj−1)

=

k∑
j=1

g(tj)(tj − tj−1)−
k∑

j=1

(g(tj)− gn(tj))(tj − tj−1)

≥ sD(g)− ε/3 ≥
∫ ∞

0
g(t) dt − ε,

which establishes the theorem. �

This enables us to prove the fundamental theorem of integration theory.

Theorem 29.1.2 (The monotone convergence theorem) Suppose that

(fn)
∞
n=1 is an increasing sequence of non-negative measurable functions on a

finite or σ-finite measure space (X,Σ, μ) which converges pointwise almost

everywhere to a function f . Then∫
X
fn dμ→

∫
X
f dμ as n→∞.

Proof The sequence (
∫
X fn dμ)

∞
n=1 is increasing, and converges to a limit

less than or equal to
∫
X f dμ. The importance of the result is that equality

holds.

If λfN (t) = ∞ for some N ∈ N and some t > 0 then
∫
X fn dμ = ∞ for

n ≥ N , and the result holds trivially. Otherwise, if t > 0 then the sequence

(fn > t)∞n=1 of sets in Σ increases to (f > t), so that λfn(t) → λf (t) as

n→∞. If
∫∞
0 λf (t) dt <∞ then the result follows from Theorem 29.1.1. If∫∞

0 λf (t) dt = ∞, then given M > 0 there exists T such that
∫ T
0 λf (t) dt >
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M . But then limn→∞
∫ T
0 λfn(t) dt > M , and so limn→∞

∫∞
0 λfn(t) dt > M .

Since this holds for all M > 0,
∫
X fn dμ→∞ as n→∞. �

The following example shows how powerful and useful this theorem is; it

provides a direct proof of Theorem 26.7.5.

Example 29.1.3 If x > 0 then

Γ(x) = lim
n→∞

n!nx

x(x+ 1) . . . (x+ n)

The functions tx−1(1 − t/n)nI[0,n] increase pointwise to the function

tx−1e−t on [0,∞) as n→∞, so that

Γ(x) =

∫ ∞

0
tx−1e−t dt = lim

n→∞

∫ n

0
tx−1(1− t

n
)n dt.

Making the change of variables s = t/n,∫ n

0
tx−1(1− t

n
)n dt = nx

∫ 1

0
sx−1(1− s)n ds = nxB(x, n+ 1),

where B is the beta function. As in Volume 1, Section 10.3, if x > 0 and

y > 0 then, integrating by parts, B(x, y + 1) = (y/(x + y))B(x, y). Using

this repeatedly, ∫ n

0
tx−1(1− t

n
)n dt =

n!nx

x(x+ 1) . . . (x+ n)
.

We use the monotone convergence theorem to prove a useful inequality.

Theorem 29.1.4 (Fatou’s lemma) Suppose that (fn)
∞
n=1 is a sequence

of non-negative measurable functions on a finite or σ-finite measure space

(X,Σ, μ). Then ∫
X
lim inf

n→∞
fn dμ ≤ lim inf

n→∞

∫
fn dμ.

In particular, if fn → f almost everywhere then∫
X
f dμ ≤ lim inf

n→∞

∫
fn dμ.
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Proof Let gn = infj≥n fj. Then gn ≤ fn and gn increases pointwise to

lim infn→∞ fn, so that∫
X
lim inf

n→∞
fn dμ = lim

n→∞

∫
X
gn dx ≤ lim inf

n→∞

∫
fn dμ.

�

Equality need not hold: for example if fn = nI(0,1/n] or if fn = (1/n)I[0,n]
then fn → 0 pointwise, but

∫
R fn dλ = 1, for n ∈N.

The integral respects algebraic operations.

Theorem 29.1.5 Suppose that f and g are non-negative measurable func-

tions on a finite or σ-finite measure space (X,Σ, μ), and that α and β are

non-negative numbers. Then∫
X
(αf + βg) dμ = α

∫
X
f dμ+ β

∫
X
g dμ.

Proof First suppose that f =
∑k

j=1 αjIAj
and g =

∑n
m=1 βmIBm

are

simple measurable functions, with ∪k
j=1Aj = ∪n

m=1Bm = X. Then

αf + βg =

k∑
j=1

n∑
m=1

(ααj + ββm)IAj∩Bm
,

so that ∫
X
(αf + βg) dμ =

k∑
j=1

n∑
m=1

(ααj + ββm)μ(Aj ∩Bm)

= α

k∑
j=1

αj

(
n∑

m=1

μ(Aj ∩Bm)

)

+β

n∑
m=1

βm

⎛⎝ k∑
j=1

μ(Aj ∩Bm)

⎞⎠
= α

k∑
j=1

αjμ(Aj) + β

n∑
m=1

βmμ(Bm)

= α

∫
X
f dμ + β

∫
X
f dμ.

If f and g are measurable then, by Theorem 28.6.3, there exist increasing

sequences (fn)
∞
n=1 and (gn)

∞
n=1 of non-negative simple measurable functions
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which converge pointwise to f and g respectively. Then the sequence (αfn+

βgn)
∞
n=1 of simple functions increases pointwise to αf + βg. Applying the

theorem of monotone convergence,∫
X
(αf + βg) dμ = lim

n→∞

∫
X
(αfn + βgn) dμ

= lim
n→∞

(
α

∫
X
fn dμ + β

∫
X
gn dμ

)
= α

∫
X
f dμ+ β

∫
X
f dμ.

�

Suppose that f is a non-negative measurable function on a finite or σ-

finite measure space (X,Σ, μ), We can also integrate f over measurable sets.

If A ∈ Σ, we set
∫
A f dμ =

∫
X fIA, dμ, where IA is the indicator function of

A. Alternatively, let ΣA = {B ∈ Σ, B ⊆ A}. Then ΣA is a σ-field of subsets

of A, the restriction μA of μ to ΣA is a measure on ΣA, the restriction fA
of f to A is ΣA-measurable, and

∫
A f dμ =

∫
A fA dμA.

Exercise

29.1.1 Suppose that f is a non-negative measurable function on a mea-

sure space (X,Σ, μ) and that f(x) > 0 for almost all x. Show that∫
X f dμ = 0 if and only if μ(X) = 0.

29.2 Integrable functions

We next consider the problem of integrating a real-valued measurable

function f on a finite or σ-finite measure space (X,Σ, μ), when f is not

necessarily non-negative. This is done by integrating the positive and neg-

ative parts of f separately, and trying to combine the integrals. Thus we

make the following definitions:

•
∫
X f dμ =

∫
X f+ dμ−

∫
X f− dμ if

∫
X f+ dμ <∞ and

∫
X f− dμ <∞;

•
∫
X f dμ =∞ if

∫
X f+ dμ =∞ and

∫
X f− dμ <∞;

•
∫
X f dμ = −∞ if

∫
X f+ dμ <∞ and

∫
X f− dμ =∞.

•
∫
X f dμ is not defined if

∫
X f+ dμ =∞ and

∫
X f− dμ =∞.

The function f is said to be integrable if
∫
X f+ dμ <∞ and

∫
X f− dμ <∞;

this is clearly the case if and only if
∫
X |f | dμ <∞.
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Proposition 29.2.1 If f and g are integrable, if h is a bounded measurable

function and if α ∈ R then hf , αf and f + g are integrable, and∫
X
αf dμ = α

∫
X
f dμ and

∫
X
(f + g) dμ =

∫
X
f dμ +

∫
X
g dμ.

Proof Let M = supx∈X |h(x)|. Since (hf)+ ≤ M |f | and (hf)− ≤ M |f |,
the function hf is integrable, and so therefore is αf . If α ≥ 0 then∫

X
αf dμ =

∫
X
(αf)+ dμ−

∫
X
(αf)− dμ =

∫
X
αf+ dμ−

∫
X
αf− dμ

= α

(∫
X
f+ dμ−

∫
X
f− dμ

)
= α

∫
X
f dμ,

and if α < 0 then∫
X
αf dμ =

∫
X
(αf)+ dμ−

∫
X
(αf)− dμ =

∫
X
|α|f− dμ−

∫
X
|α|f+ dμ

= |α|
(∫

X
f− dμ−

∫
X
f+ dμ

)
= −|α|

∫
X
f dμ = α

∫
X
f dμ.

Since |f + g| ≤ |f |+ |g|, the function f + g is integrable.

Since (f + g)+ + f− + g− = (f + g)− + f+ + g+,∫
X
(f+g)+ dμ+

∫
X
f− dμ+

∫
X
g− dμ =

∫
X
(f+g)− dμ+

∫
X
f+ dμ+

∫
X
g+ dμ.

Rearranging, ∫
X
(f + g) dμ =

∫
X
f dμ+

∫
X
g dμ.

�

We denote the set of integrable functions on (X,Σ, μ) by L1
R(X,Σ, μ).

The proposition shows that L1
R(X,Σ, μ) is a vector space and the mapping

f →
∫
X f dμ is a linear functional on it.

We have the following simple consequence of the monotone convergence

theorem.

Proposition 29.2.2 (Beppo Levi’s theorem) If (fn)
∞
n=1 is a sequence of

integrable functions increasing pointwise to f , then∫
X
fn dμ→

∫
X
f dμ as n→∞.
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Proof For
∫
X(fn − f1) dμ →

∫
X(f − f1) dμ as n → ∞, by the monotone

convergence theorem, and so∫
X
f dμ =

∫
X
(f − f1) dμ +

∫
X
f1 dμ

= lim
n→∞

(∫
X
(fn − f1) dμ

)
+

∫
X
f1 dμ = lim

n→∞

(∫
X
fn dμ

)
.

�

Here is an application.

Example 29.2.3 Euler’s number γ is given by the formula

γ =

∫ 1

0

1− e−t

t
dt−

∫ ∞

1

e−t

t
dt.

In Volume 1, Exercise 8.8.9, it was shown that

−γ = lim
n→∞

(∫ 1

0

(1− t/n)n − 1

t
dt+

∫ n

1

(1− t/n)n

t
dt

)
;

the first integrand increases to (e−t − 1)/t and the second to e−t/t.

A much more important result follows from Fatou’s lemma.

Theorem 29.2.4 (The dominated convergence theorem) Suppose that

(fn)
∞
n=1 is a sequence of measurable functions which converges pointwise

almost everywhere to f , and that g is an integrable function such that

|fn| ≤ |g|, for each n. Then∫
X
fn dμ→

∫
X
f dμ as n→∞.

Proof The functions |g| + fn and |g| + f are non-negative. By Fatou’s

lemma,∫
X
(|g|+ f) dμ ≤ lim inf

n→∞

∫
X
(|g| + fn) dμ =

∫
X
|g| dμ + lim inf

n→∞

∫
X
fn dμ,

so that f is integrable, and
∫
X f dμ ≤ lim infn→∞

∫
X fn dμ. Similarly, the

functions |g| − fn and |g| − f are non-negative, so that
∫
X(−f) dμ ≤

lim infn→∞
∫
X(−fn) dμ; thus∫

X
f dμ ≥ lim sup

n→∞

∫
X
fn dμ ≥ lim inf

n→∞

∫
X
fn dμ ≥

∫
X
f dμ.

Consequently, all the terms are equal, and the result follows. �
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Corollary 29.2.5 Further,
∫
X |fn − f | dμ→ 0 as n→∞.

Proof For |fn − f | ≤ 2g almost everywhere, and |fn − f | → 0 almost

everywhere. �

Corollary 29.2.6 (The bounded convergence theorem) Suppose that

(fn)
∞
n=1 is a uniformly bounded sequence of measurable functions on a finite

measure space (X,Σ, μ) which converges pointwise almost everywhere to f .

Then ∫
X
fn dμ→

∫
X
f dμ and

∫
X
|fn − f | dμ→ 0 as n→∞.

Proof Take g to be the constant function taking the value M =

sup{|fn(x)| : n ∈ N, x ∈ X}. �

The dominated convergence theorem and the bounded convergence

theorem can be applied to infinite series, as the exercises show.

What is the relation between the Riemann integral and the Lebesgue

integral? In order to answer this, we need to introduce the notions of the

upper and lower envelopes of a bounded function. Let f be any bounded

real-valued function on an interval I. We define the upper envelope M(f)

and the lower envelope m(f) as

M(f)(x) = inf
δ>0

(sup{f(y) : y ∈ I, |x− y| < δ}) ,

m(f)(x) = sup
δ>0

(inf{f(y) : y ∈ I, |x− y| < δ}) .

Proposition 29.2.7 If M(f) is the upper envelope of a bounded real-

valued function f on an interval I and m(f) is the lower envelope of f , then

M(f) is upper semi-continuous and m(f) is lower semi-continuous.

Proof Suppose that x ∈ I and ε > 0. There exists δ > 0 such that if

y ∈ (x − δ, x + δ) ∩ I then f(y) < M(f)(x) + ε. For such y, there exists

η > 0 such that (y−η, y+η) ⊆ (x−δ, x+δ), and so M(f)(y) < M(f)(x)+ε.

The lower semi-continuity of m(f) is proved similarly. �

Thus M(f) and m(f) are measurable, even though f need not be. Note

that m(f)(x) ≤ f(x) ≤ M(f)(x), and that m(f)(x) = M(f)(x) if and

only if f is continuous at x. The function Ω(f) = M(f) − m(f) is the

oscillation of f .
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Theorem 29.2.8 Suppose that f is a bounded real-valued function on a

closed interval I = [a, b]. Then

∫
I
M(f) dλ =

∫ b

a
f(x) dx, the upper Riemann integral of f ,∫

I
m(f) dλ =

∫ b

a
f(x) dx, the lower Riemann integral of f .

Proof Suppose that ε > 0. There exists a step function v ≥ f such that∫ b
a v(x) dx ≤

∫ b
a f(x) dx + ε. Then M(f)(x) ≤ v(x) except possibly at the

finite set of points of discontinuity of v, and so
∫
I M(f) dμ ≤

∫ b
a v(x) dx.

Since ε is arbitrary, it follows that
∫
I M(f) dλ ≤

∫ b
a f(x) dx.

Let Mn(f)(x) = sup{M(f)(y) : y ∈ [x − 1/n, x + 1/n] ∩ I}, for

n ∈ N. Since M(f) is upper semi-continuous, Mn(f) decreases pointwise

to M(f). Thus
∫
I Mn(f) dλ →

∫
I M(f) dλ as n → ∞, by the theorem of

bounded convergence. Hence there exists N such that
∫
I MN (f) dλ <

∫
I

M(f) dλ+ ε. Let

D = (a = x0 < · · · < xk = b)

be a dissection of [a, b] with mesh size less than 1/N . If

Kj = sup{f(x) : x ∈ [xj−1, xj ]},

then Kj ≤MN (f)(x) for x ∈ [xj−1, xj ], and so

∫ b

a
f(x) dx ≤

k∑
j=1

Kj(xj − xj−1) ≤
∫
I
MN (f) dλ <

∫
I
M(f) dλ+ ε.

Since ε is arbitrary, it follows that
∫ b
a f(x) dx ≤

∫
I M(f) dλ.

The other equality is proved similarly. �

Corollary 29.2.9 The function f is Riemann integrable if and only if it

is continuous almost everywhere. If so, then the Riemann integral of f and

the Lebesgue integral of f are equal.

Proof The theorem implies that f is Riemann integrable if and only if∫
I(M(f) − m(f)) dλ = 0. Since M(f) ≥ f ≥ m(f), this happens if and

only if M(f) = f = m(f) almost everywhere; that is, if and only if f is

continuous almost everywhere.
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If f is Riemann integrable, then f = M(f) almost everywhere, so that f

is Lebesgue measurable and∫ b

a
f(x) dx =

∫
I
M(f) dλ =

∫
I
f dλ.

�

Complex-valued integrable functions can also be defined. If f is a complex-

valued measurable function on (X,Σ), and f = g + ih, where g and h are

real-valued functions, then f is integrable if g and h are, and the integral is

defined as ∫
X
f dμ =

∫
X
g dμ+ i

∫
X
hdμ.

The set of complex-valued integrable functions is denoted by L1
C(X,Σ, μ).

It is readily verified that L1
C(X,Σ, μ) is a complex vector space, and that

the mapping f →
∫
X f dμ is a complex linear functional on it. The reader

should verify that the dominated convergence theorem and the bounded

convergence theorem also hold for complex-valued functions.

Exercises

29.2.1 Suppose that (X,Σ, μ) is a finite measure space, and that φ is a

bounded finitely additive real-valued function on Σ which is abso-

lutely continuous with respect to μ. Show that φ is countably

additive. Does the result extend to σ-finite measure spaces?

29.2.2 By making the substitution x = ny, calculate

lim
n→∞

n

∫ 1

0
(1− y)n cos ay dy.

29.2.3 Prove the following form of Dirichlet’s test. Suppose that (fn)
∞
n=1

is a decreasing sequence of integrable functions which converges to

0 almost everywhere and that (gn)
∞
n=1 is a sequence of bounded

measurable functions for which the sequence of partial sums

(
∑n

j=1 gj)
∞
n=1 is uniformly bounded. Show that

∑∞
n=1 fngn converges

almost everywhere to an integrable function s, and that∫
X
s dμ =

∞∑
n=1

∫
X
fngn dμ.

29.2.4 Let f be the indicator function of a fat Cantor set. Show that there

exists no function equal to f almost everywhere which is Riemann

integrable.
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The remaining exercises provide examples of the use of the

theorem of dominated convergence, and the theorem of bounded

convergence..

29.2.5 Use the thorem of dominated convergence to prove Kronecker’s

lemma:

If aj ≥ 0 and

∞∑
j=1

aj/j <∞ then
1

n

n∑
j=1

aj → 0 as n→∞.

29.2.6 Suppose that μ is a finite Borel measure on the Euclidean space Rd.

If y ∈ Rd, let

μ̂(y) =

∫
Rd

e−i〈x,y〉 dμ(x);

μ̂ is the Fourier transform of μ. Show that μ̂ is a bounded continuous

function on Rd.

29.2.7 Suppose that 1 < α < 2. Let fn(x) = nαx/(1 + n2x2), for x ∈ [0, 1].

Show that fn → 0 pointwise, but not uniformly. Use the theorem

of dominated convergence to show that
∫ 1
0 fn(x) dx→ 0 as n→∞.

Show that this can also be proved by making a change of variables.

29.2.8 Suppose that 0 < x ≤ π. Let

sn(x) =

n∑
j=1

sin jx

j
and let tn(x) =

n∑
j=1

cos jx.

Show that

sn(x) =

∫ x

0
tn(t) dt =

∫ x/2

0

sin(2n + 1)t

sin t
dt− x

2
.

29.2.9 Show that if 0 < a < b ≤ π/2 then∫ b

a

sin(2n + 1)t

sin t
dt→ 0 as n→∞.

Deduce that sn(x)→ (π − x)/2 as n→∞.

29.2.10 Show that

0 <

∫ x/2

0

sin(2n+ 1)t

sin t
dt ≤

∫ π/(2n+1)

0

sin(2n + 1)t

sin t
dt

=

∫ π

0

sin t

(2n+ 1) sin(t/(2n + 1))
dt <

π

2

∫ π

0

sin t

t
dt.
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Deduce that there exists K such that

sup
n∈N

|sn(x)| ≤ K, for x ∈ [0, π].

29.2.11 Let

un(x) =

n∑
j=1

(−1)j+1 sin jx

j
and let vn(x) =

n∑
j=1

sin(2j − 1)x

2j − 1
.

By making a change of variables, show that un(x)→ x/2 as n→∞
and that supn∈N |un(x)| ≤ K (the constant in the previous exer-

cise), for x ∈ [0, π). Deduce that vn(x) → π/2 as n → ∞ and that

supn∈N |vn(x)| ≤ 2K, for x ∈ (0, π).

29.2.12 Suppose that f is a Lebesgue integrable function on [0, π]. Show

that

2

π

∞∑
n=1

1

2n − 1

∫ π

0
f(t) sin(2n − 1)t dt =

∫ π

0
f(t) dt.

29.3 Changing measures and changing variables

In this section, we establish various results involving changes of measure and

changes of variable.

Proposition 29.3.1 Suppose that φ is a measurable mapping from a

finite measure space (X,Σ, μ) into a measurable space (Y, T ). If A ∈ T ,

let φ∗μ(A) = μ(φ−1(A)). Then φ∗μ is a finite measure on T .

Proof If (An)
∞
n=1 is a sequence of disjoint sets in T then (φ−1(An))

∞
n=1 is

a sequence of disjoint sets in Σ, and so

φ∗μ(∪n∈NAn) = μ(∪n∈Nφ−1(An)) =

∞∑
n=1

μ(φ−1(An)) =

∞∑
n=1

φ∗μ(An).

�

Some care is needed when (X,Σ, μ) is σ-finite. For example, if φ : R→ R

is defined by φ(x) = sinx and if A is a Borel subset of R then (φ−1(A)) = 0

or ∞.

Proposition 29.3.2 Suppose that φ is a measurable mapping from a σ-

finite measure space (X,Σ, μ) into a measurable space (Y, T ). Suppose also

that there exists an increasing sequence (An)
∞
n=1 in T with union Y such
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that μ(φ−1(An)) < ∞ for each n ∈ N. If A ∈ T , let φ∗μ(A) = μ(φ−1(A)).

Then φ∗μ is a σ-finite measure on T .

Proof Suppose that (Bj)
∞
j=1 is an increasing sequence in T , with union B.

Then

φ∗(μ)(B) = μ(φ−1(B)) = lim
n→∞

μ(φ−1(B ∩An))

= lim
n→∞

lim
j→∞

μ(φ−1(Bj ∩An)) = lim
j→∞

lim
n→∞

μ(φ−1(Bj ∩An))

= lim
j→∞

μ(φ−1(Bj)) = lim
j→∞

φ∗μ(Bj),

so that φ∗μ is a measure on T . Since φ∗μ(An) <∞, it is σ-finite. �

The measure φ∗μ is called the image measure, or push-forward measure.

If φ is real-valued, then φ∗μ is called the distribution of φ. In the case

where μ is a probability measure, it is also called the law of φ.

For example, if (X,Σ, μ) = ((0, 2π],L, λ) and e(t) = eit, then the image

measure is Lebesgue measure on T, and if we replace L by B, then the

image measure is Borel measure on T. On the other hand, if (X,Σ, μ) =

((0, 1],L, λ) and h(t) = e2πit, then the image measure is called Haar measure

on T.

Proposition 29.3.3 Suppose that φ is a measurable mapping from a mea-

sure space (X,Σ, μ) into a measurable space (Y, T ), and that φ∗μ is finite or

σ-finite. Suppose that f is a measurable function on Y . Then f is an inte-

grable function on (Y, T, φ∗μ) if and only if f ◦ φ is an integrable function

on X; if so, then ∫
X
f ◦ φdμ =

∫
Y
f d(φ∗μ).

Proof If f = IA, where A ∈ T , then∫
Y
f d(φ∗μ) = μ(φ−1(A)) =

∫
X
Iφ−1(A) dμ =

∫
X
f ◦ φdμ.

By linearity, the result also holds for simple functions. If f ≥ 0 then there

exists an increasing sequence (fn)
∞
n=1 of simple functions increasing point-

wise to f . Then fn ◦ φ increases pointwise to f ◦ φ, and so by monotone

convergence,∫
X
f ◦ φd(μ) = lim

n→∞

∫
X
fn ◦ φd(μ) = lim

n→∞

∫
Y
fn d(φ∗μ) =

∫
Y
f d(φ∗μ).

Finally the result follows for general f by considering f+ and f−, and

subtracting. �
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Corollary 29.3.4 If g is an integrable real-valued function on (X,Σ, μ)

then ∫
X
g dμ =

∫
R
t d(g∗μ)(t).

Proof Take φ = g and f the identity mapping on R. �

We can also construct new measures by multiplying by integrable

functions.

Proposition 29.3.5 Suppose that g is a non-negative integrable function

on a measure space (X,Σ, μ). If A ∈ Σ, let (g.dμ)(A) =
∫
A g dμ. Then g.dμ

is a finite measure on (X,Σ), and if f is a measurable function for which

fg is μ integrable, then
∫
X f d(g.dμ) =

∫
X fg dμ.

Proof Suppose that (An)
∞
n=1 is a sequence of disjoint elements of Σ, with

union A. Let Bn = ∪n
j=1Aj , for n ∈ N. Since gIBn

increases pointwise to

gIA, it follows from monotone convergence that

(g · dμ)(A) = lim
n→∞

(g · dμ)(Bn) = lim
n→∞

n∑
j=1

(g · dμ)(An) =

∞∑
j=1

(g · dμ)(An),

and so g.dμ is a finite measure.

The proof that the equation holds is essentially the same as in the pre-

ceding proposition. If f = IA then
∫
X f d(g · dμ) =

∫
X fg dμ, and the result

also holds for simple functions, by linearity. If f ≥ 0 then there exists an

increasing sequence (fn)
∞
n=1 of simple functions increasing pointwise to f .

Then fng increases pointwise to fg, and so by monotone convergence,∫
X
f d(g · dμ) = lim

n→∞

∫
X
fn d(g · dμ) = lim

n→∞

∫
X
fng dμ =

∫
X
fg dμ.

Finally the result follows for integrable f by considering f+ and f−, and
subtracting. �

29.4 Convergence in measure

In order to go further, we need to introduce another mode of conver-

gence of measurable functions, namely convergence in measure. Suppose that

(X,Σ, μ) is a finite measure space, and that L0 = L0(X,Σ, μ) is the vector

space of of real-valued measurable functions on X. Suppose that (fn)
∞
n=1 is

a sequence in L0 and that f ∈ L0. We say that fn → f in measure if, for

each c > 0, μ((|fn− f | > c)→ 0 as n→∞. In the case where (X,Σ,P) is a
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probability space, probabilists call ‘convergence in measure’ convergence in

probability.

Proposition 29.4.1 Suppose that (fn)
∞
n=1 is a sequence in L0 and that

f ∈ L0 If fn → f almost everywhere, then fn → f in measure.

Proof By Egorov’s theorem, fn → f almost uniformly. Thus if c > 0 there

exists A ∈ Σ with μ(A) < c such that fn → f uniformly on X \ A; hence
fn → f in measure. �

The following example shows that the converse of this proposition is not

true. Let (X,Σ, μ) = ((0, 1],L, λ). If n = 2k + j ∈ N, with 0 ≤ j < 2k, let fn
be the indicator function of the interval (j/2k , (j +1)/2k]. If 0 < c < 1 then

λ(fn > c) = 1/2k, and if c ≥ 1 then λ(fn > c) = 0. Thus fn → 0 in measure

as n → ∞. On the other hand, if x ∈ (0, 1] then fn(x) = 0 for infinitely

many values of n, and equals 1 for infinitely many values of n, so that fn
does not converge at any point of (0, 1].

Nevertheless, convergence in measure and convergence almost everywhere

are closely related.

Theorem 29.4.2 Suppose that (X,Σ, μ) is a finite measure space, that

(fn)
∞
n=1 is a sequence in L0(X,Σ, μ) and that fn → f in measure. Then

there exists a subsequence (fnk
)∞k=1 which converges almost everywhere to f

as k →∞.

Proof We use the first Borel–Cantelli lemma. For each k ∈ N there exists

nk such that μ(|fn − f | > 1/k) < 1/2k for n ≥ nk. We can clearly suppose

that (nk)
∞
k=1 is a strictly increasing sequence. Let Bk = (|fnk

− f | > 1/k);

then
∑∞

k=1 μ(Bk) <∞, so that μ(lim supk→∞Bk) = 0. If x �∈ lim supk→∞Bk

then there exists K such that x �∈ ∪∞
k=KBk, so that |fnk

(x)−f(x)| ≤ 1/k for

k ≥ K, and fnk
(x)→ f(x) as k →∞. Thus fnk

→ f almost everywhere. �

Convergence in measure can be characterized by a pseudometric. We

define the function φ0 on [0,∞) by setting

φ0(t) = t for 0 ≤ t ≤ 1, and φ0(t) = 1 for 1 < t <∞.

Since φ0 is bounded and continuous, φ0 ◦ |f | is integrable, for each f ∈ L0.

Theorem 29.4.3 If f, g ∈ L0(X,Σ, μ), let

ρ(f, g) =

∫
X
φ0(|f − g|) dμ.
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Then ρ is a pseudometric on L0(X,σ, μ), and ρ(f, g) = 0 if and only if f = g

almost everywhere. If (fn)
∞
n=1 is a sequence in L0(X,σ, μ), then ρ(fn, f)→ 0

if and only if fn → f in measure.

Proof Clearly ρ(f, g) = ρ(g, f). Suppose that f, g, h ∈ L0(X,Σ, μ). Since

φ0 is an increasing function and φ0(x+ y) ≤ φ0(x) + φ0(y) for x, y ∈ [0,∞),

ρ(f, h) =

∫
X
φ0(|f − h|) dμ ≤

∫
X
φ0(|f − g|+ ||g − h|) dμ

≤
∫
X
φ0(|f − g|) dμ +

∫
X
φ0(|g − h|) dμ = ρ(f, g) + ρ(g, h).

Also ρ(f, g) = 0 if and only if φ(|f − g|) = 0, almost every where and this

happens if and only if μ(|f − g| > 0) = 0; that is, if and only if f = g almost

everywhere. Thus ρ is a pseudometric on L0(X,Σ, μ).

Suppose that fn → f in measure, and that ε > 0. There exists n0 such

that μ(|fn − f | > ε/2μ(X), for n ≥ n0. Then

ρ(fn, f) =

∫
|fn−f |≤ε/2μ(X)

φ0(|fn − f |) dμ+

∫
|fn−f |>ε/2μ(X)

φ0(|fn − f |) dμ

< ε/2 + ε/2 = ε

for n ≥ n0, and so ρ(fn, f)→ 0 as n→∞.

Conversely, suppose that ρ(fn, f) → 0 as n → ∞, and that 0 < c ≤ 1.

Then

μ(|fn − f | > c) ≤ 1

c

∫
|fn−f |>c

φ0(|fn − f |) dμ ≤ ρ(fn, f)/c→ 0

as n→∞, so that fn → f in measure as n→∞. �

How does convergence in measure relate to the algebraic structure of

L0(X,Σ, μ) ?

Proposition 29.4.4 Suppose that (X,Σ, μ) is a finite measure space,

that (fn)
∞
n=1 and (gn)

∞
n=1 are sequences in L0(X,Σ, μ) and that f, g ∈

L0(X,Σ, μ). If fn → f and gn → g in measure, as n → ∞, then

fn + gn → f + g and fngn → fg in measure, as n→∞.

Proof It is easy to see that fn + gn → f + g in measure, as n → ∞.

Let us establish the result for products. First we show that f2
n → f2 in

measure as n → ∞. Suppose that 0 < ε < 1. There exists k ∈ N such

that if B = (f > k) then μ(B) < ε/3, and there exists n0 such that if Cn =

(|fn−f | > ε/3(2k+1)) then μ(Cn) < ε/3, for n ≥ n0. Let An = X\(B∪Cn).



29.4 Convergence in measure 851

If x ∈ An then |fn(x) + f(x)| ≤ 2k + 1, so that φ0(|f2
n − f2|) ≤ ε/3. Thus if

n ≥ n0 then∫
X
|φ0(f

2
n − f2)| dμ

≤
∫
An

|φ0(f
2
n − f2)| dμ +

∫
B
|φ0(f

2
n − f2)| dμ +

∫
Cn

|φ0(f
2
n − f2)| dμ

≤ ε/3 + μ(B) + μ(Cn) < ε,

and so f2
n → f2 in measure.

The general case follows by polarization. (fn+ gn)
2 → (f + g)2 and (fn−

gn)
2 → (f − g)2 in measure, as n→∞, and so

fngn = 1
4((fn + gn)

2 − (fn − gn)
2)→ 1

4 ((f + g)2 − (f − g)2) = fg

in measure as n→∞. �

We now define an equivalence relation ∼ on the space L0(X,Σ, μ) of

real-valued measurable functions on X by setting f ∼ g if f = g almost

everywhere, and denote the quotient space by L0 = L0(X,Σ, μ). Since f ∼ g

if and only if ρ(f, g) = 0, it follows that if we define d0([f ], [g]) = ρ(f, g) then

this is well-defined (it does not depend upon the choice of representatives),

and d0 is a metric on L0(X,Σ, μ) (See Volume II, Section 11.1). Further,

[0] = N 0 = {f : f = 0 almost everywhere},

and L0 is the quotient vector space L0/N 0.

We shall follow the usual custom, and write f both for a measurable

function and for its equivalence class. For example, we shall write ‘fn →
f in measure if and only if d0(fn, f) → 0 as n → ∞’. This practice is

so well established that the reader needs to become accustomed to it. In

fact, since countable unions of null sets are null sets, the transition between

functions and their equivalence classes is usually quite straightforward. Very

occasionally it is necessary to argue in a more detailed way.

We now consider properties of the metric space (L0(X,Σ, μ), d0). It follows

from Proposition 29.4.4 that the mappings (f, g) → f + g and (f, g) → fg

from L0×L0 into L0 are continuous. Notice also that a translation mapping

is an isometry of L0.

Theorem 29.4.5 The space S(X,Σ, μ) of simple measurable functions is

a dense linear subspace of L0(X,Σ, μ).

Proof Suppose that f ∈ L0 and that 0 < ε ≤ 1. By Corollary 28.4.2, there

exists n ∈ N such μ(|f | > n) < ε/2. By the construction in Theorem 28.6.3,
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there exists a simple measurable function g such that |g(x)−f(x)| < ε/2μ(X)

for x ∈ (|f | ≤ n). Then

ρ0(f, g) =

∫
(|f |>n)

φ0(|f − g|) dμ +

∫
(|f |≤n)

φ0(|f − g|) dμ < ε/2 + ε/2 = ε.

�

The next theorem lies at the heart of many of the results in the theory of

measure and integration.

Theorem 29.4.6 If (X,Σ, μ) is a finite measure space then (L0(X,Σ, μ), d0)

is a complete metric space.

Proof Suppose that (fn)
∞
n=0 is a d0-Cauchy sequence in L0. We shall show

that there is a subsequence (fnk
)∞k=1 which converges almost everywhere to

an element f of L0. Then fnk
→ f in measure, and so fn → f in measure.

For each k ∈ N there exists nk such that μ(|fn − fm| > 1/2k) < 1/2k

for m,n ≥ nk. We can clearly suppose that (nk)
∞
k=1 is a strictly increasing

sequence. Let Bk = (|fnk
− fnk+1

| > 1/2k), and let C = lim supk→∞Bk.

Since
∑∞

k=1 μ(Bk) < ∞, μ(C) = 0, by the first Borel–Cantelli lemma. If

x �∈ C then there exists k0 such that x �∈ Bk for k ≥ k0. Thus

|fnk
(x)− fnk+1

(x)| ≤ 1/2k, for k ≥ k0,

and so |fnl
(x)− fnm

(x)| < 2/2k for l > m ≥ k0. Hence (fnk
(x))∞k=1 is a real

Cauchy sequence, which converges, by the general principle of convergence.

Thus (fnk
(x))∞k=1 converges, to f(x), say. If x ∈ C, set f(x) = 0. Then f is

measurable, and fn → f almost everywhere. �

We have seen that convergence in measure can be characterized very sat-

isfactorily in terms of a metric. Is the same true for convergence almost

everywhere? The next result shows that the answer is ‘no’.

Proposition 29.4.7 Suppose that τ is a topology on L0(X,Σ, μ) with the

property that if (fn)
∞
n=1 is a sequence in L0 which converges almost every-

where to f , then fn → f in the topology τ , as n → ∞. It then follows that

if fn → f in measure then fn → f in the topology τ , as n→∞.

Proof Suppose not. Then there exists a neighbourhood N of f and a

subsequence (fnk
)∞k=1 such that fnk

�∈ N for all k ∈ N. Let gk = fnk
Then

gk → f in measure as k → ∞, and so there is a subsequence (gkl
)∞l=1 such

that gkl
→ f almost everywhere, as l → ∞. But gkl

�∈ N , for all l ∈ N,

giving a contradiction. �
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We can extend these results in two ways. First, suppose that (X,Σ, μ) is

a σ-finite measure space. Suppose that (fn)
∞
n=1 is a sequence in L0(X,Σ, μ)

, and that f ∈ L0(X,Σ, μ). If A ∈ Σ and μ(A) > 0, let πA : L0(X,Σ, μ) →
L0(A,Σ, μ) be the restriction mapping. Then fn converges locally in measure

to f if πA(fn)→ πA(f) in measure, as n→∞, for each A ∈ Σ with μ(A) > 0.

Proposition 29.4.8 Suppose that (X,Σ, μ) is a σ-finite measure space,

with a sequence (Ik)
∞
k=1 of disjoint elements of Σ of finite positive mea-

sure, whose union is X. Suppose that (fn)
∞
n=1 is a sequence in L0(X,Σ, μ),

and that f ∈ L0(X,Σ, μ). Then fn → f locally in measure if and only if

πIk(fn)→ πIk(f) in measure, as n→∞, for each k ∈ N.

Proof A worthwhile exercise. �

Then L0(X,Σ, μ) is isomorphic to the product
∏∞

k=1 L
0(Ik,Σ, μ), and

local convergence in measure is characterized by a complete product metric

such as

d0(f, g) =

∞∑
k=1

d0(πIk(f), πIk(g))

2kμ(Ik)
.

Secondly, we can consider the space L0
C(X,Σ, μ) of (equivalence classes

of) complex-valued measurable functions. Results corresponding to those

established above are obtained, usually by considering real and imaginary

parts.

Exercises

29.4.1 Show that the set of step functions is dense in L0([0, 1],L, λ).
29.4.2 Show that the space C([0, 1]) of continuous functions is dense in

L0([0, 1],L, λ).
29.4.3 Suppose that (fn)

∞
n=1 is a sequence of measurable functions on a finite

measure space (X,Σ, μ). Show that fn converges in measure if and

only if whenever (gj)
∞
j=1 = (fnj

)∞j=1 is a subsequence of (fn)
∞
n=1 there

exists a subsequence (hk)
∞
k=1 = (gjk)

∞
k=1 of (gj)

∞
j=1 which converges

almost everywhere.

Use this to give another proof of Proposition 29.4.4.

The remaining exercises show how to construct a metric which

defines convergence in measure, without using integration. Suppose

that (X,Σ, μ) is a finite measure space, and that f ∈ L0(X,Σ, μ) is

non-negative. Let λf be the tail distribution of f : λf (t) = μ(f > t).

29.4.4 Show that λf is a decreasing right-continuous function on [0,∞), and

that λf (t)→ 0 as t→∞.
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29.4.5 Let φ(f) = inf{t : λf (t) ≤ t}. If f, g ∈ L0(X,Σ, μ), let ρ(f, g) =

φ(|f − g|). Show that ρ is a pseudometric on L0(X,Σ, μ), and that

ρ(f, g) = 0 if and only if f = g almost everywhere.

29.4.6 Let d be the corresponding metric on L0(X,Σ, μ). Show that d is

uniformly equivalent to the metric d0 defined above.

29.5 The spaces L1
R(X,Σ, μ) and L1

C(X,Σ, μ)

We now consider metric properties of the real vector space L1
R(X,Σ, μ) of

real-valued integrable functions, and the complex vector space L1
C(X,Σ, μ)

of complex-valued integrable functions on a finite or σ-finite measure space

(X,Σ, μ). We shall concentrate on the complex case: the corresponding

results in the real case are easier, and the details are left to the reader.

Proposition 29.5.1 The function ρ1(f) =
∫
X |f | dμ is a seminorm on

L1
C(X,Σ, μ). ρ1(f) = 0 if and only if f = 0 almost everywhere.

Proof

ρ1(f + g) =

∫
X
|f + g| dμ ≤

∫
X
(|f |+ |g|) dμ

=

∫
X
|f | dμ+

∫
X
|g| dμ = ρ1(f) + ρ1(g)

and

ρ1(αf) =

∫
X
|αf | dμ =

∫
X
|α|.|f | dμ = |α|

∫
X
|f | dμ = |α|ρ1(f).

Further, ρ1(f) = 0 if and only if
∫
|f | dμ = 0, if and only if |f | = 0 almost

everywhere, if and only if f = 0 almost everywhere. �

Thus the quotient space L1
C(X,Σ, μ) = L1

C(X,Σ, μ)/N becomes a normed

space when we set ‖[f ]‖1 = ρ1(f). Again, we write f both for an integrable

function and for its equivalence class in L1
C(X,Σ, μ).

Theorem 29.5.2 L1
C(X,Σ, μ) is a linear subspace of L0

C(X,Σ, μ). The

inclusion mapping

j : (L1
C(X,Σ, μ), ‖.‖1)→ (L0(X,Σ, μ), d0)

Uniformly continuous.

Proof We use Markov’s inequality.
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Lemma 29.5.3 (Markov’s inequality) If f ∈ L1
C(X,Σ, μ) and α > 0 then

μ(|f | ≥ α) ≤ ‖f‖1 /α.

Proof For αI(|f |≥α) ≤ |f |, so that

αμ(|f | ≥ α) =

∫
X
αI(|f |≥α) dμ ≤

∫
X
|f | dμ = ‖f‖1 .

�

Thus if ε > 0 and ‖f − g‖1 < ε2 then μ(|f − g| > ε) ≤ ε, so that

d0(f, g) ≤ ε. �

Theorem 29.5.4 The normed space (L1
C(X,Σ, μ), ‖.‖1) is complete.

Proof We use Proposition 12.1.9 of Volume II, which implies that

(L1(X,Σ, μ), ‖.‖1) is complete if j(Mε(f)) is d0-closed in (L0(X,Σ, μ), d0),

for each f ∈ L1(X,Σ, μ) and each ε > 0 (whereMε(f) = {g : ‖f − g‖1 ≤ ε}).
Suppose that gn ∈Mε(f), and that d0(gn, g)→ 0 as n→∞. There exists

a subsequence (gnk
)∞k=1 such that gnk

→ g almost everywhere, as k → ∞,

and so |gnk
−f | → |g−f | almost everywhere, as k →∞. By Fatou’s lemma,∫

X
|g − f | dμ ≤ lim inf

k→∞

∫
X
|gnk

− f | dμ ≤ ε,

so that g ∈Mε(f). �

Proposition 29.5.5 The vector space SR(X,Σ, μ) of simple real-valued

measurable functions is dense in (L1
R(X,Σ, μ), ‖.‖1).

Proof First, suppose that f is a non-negative function in L1
R(X,Σ, μ).

There exists an increasing sequence (fn)
∞
n=1 of non-negative functions in

S(X,Σ, μ) which converges pointwise to f , and so
∫
X f dμ →

∫
X f dμ, by

monotone convergence. Thus∫
X
(f − fn) dμ =

∫
X
fn dμ−

∫
X
f dμ→ 0 as n→∞.

Thus f is in the closure of S(X,Σ, μ). If f ∈ L1(X,Σ, μ) then f+ and f−

are both in the closure of S(X,Σ, μ), and so therefore is f . �

Corollary 29.5.6 The vector space SC(X,Σ, μ) of simple complex-valued

measurable functions is dense in (L1
C(X,Σ, μ), ‖.‖1).

Proof Consider real and imaginary parts. �
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Exercises

29.5.1 Suppose that (X,Σ, μ) is a finite measure space.

(i) Let Φ(A,B) = μ(AΔB) = μ(A \ B) + μ(B \ A), for A,B ∈ Σ.

Show that Φ is a pseudometric on Σ.

(ii) Let (Mμ(X,Σ), d) be the quotient space, with the quotient

metric. (Mμ(X,Σ), d) is the measure algebra of (X,Σ, μ).

Show that the mapping [A] → [IA] from (Mμ(X,Σ), d) to

(L1(X,Σ, μ), ‖.‖1) is an isometry.

(iii) Show that (Mμ(X,Σ), d) is a complete metric space.

29.5.2 Suppose that (X,Σ, μ) is a finite measure space, and that (fn)
∞
n=1 is

a sequence of unit vectors in L1
R(X,Σ, μ) which converges pointwise

almost everywhere to a unit vector f . Use Fatou’s lemma to show

that∫
X
f+
n dμ→

∫
X
f+ dμ and

∫
X
f−
n dμ→

∫
X
f− dμ as n→∞.

Deduce that fn → f in norm as n→∞.

29.5.3 Suppose that (X,Σ, μ) is a finite measure space. Let

P = {f ∈ L1
R(X,Σ, μ) : f ≥ 0,

∫
X
f dμ = 1}.

Is P a closed subset of L1
R(X,Σ, μ)?

29.5.4 Show that the vector space of step functions is dense in L1([0, 1],L, λ).
29.5.5 Show that the vector space C([0, 1]) of continuous functions on [0, 1]

is dense in L1([0, 1],L, λ), and that the vector space of continuous

functions of compact support is dense in L1(R,L, λ).
29.5.6 Suppose that f ∈ L1([−1, 1], λ). Set f(x) = 0 for |x| > 1. Show that∫ 1

−1
|f(x+ h)− f(x)| dx→ 0 as h→ 0.

29.5.7 Suppose that f ∈ L1(R, λ), Let f̂(y) =
∫∞
−∞ f(x)e−ixy dx, for y ∈ R.

By considering suitable approximations, show that f̂ is a bounded

continuous function on R and that |f̂(y)| → 0 as |y| → ∞.

29.6 The spaces Lp
R(X,Σ, μ) and Lp

C(X,Σ, μ), for 0 < p < ∞
We now introduce some further spaces of functions, and of equivalence

classes of functions. Suppose that 0 < p <∞. We define Lp
R = Lp

R(X,Σ, μ)

to be the collection of those real-valued measurable functions for which
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X |f |p dμ < ∞, and define Lp

C = Lp
C(X,Σ, μ) to be the collection of those

complex-valued measurable functions for which
∫
X |f |p dμ < ∞. We shall

establish results in the complex case, and again leave it to the reader to

verify that corresponding results hold in the real case.

If f ∈ Lp
C and α is a scalar, then αf ∈ Lp

C. Since

|a+ b|p ≤ 2pmax(|a|p, |b|p) ≤ 2p(|a|p + |b|p),

f + g ∈ Lp
C if f, g ∈ Lp

C. Thus L
p
C is a vector space.

Theorem 29.6.1 (i) If 1 ≤ p < ∞ then φp(f) = (
∫
X |f |p dμ)1/p is

a semi-norm on Lp
C, and φp(f) = 0 if and only if f = 0 almost

everywhere.

(ii) If 0 < p < 1 then ρp(f, g) =
∫
X |f − g|p dμ is a pseudometric on Lp

C,

and ρp(f, g) = 0 if and only if f = g almost everywhere.

Proof The proof depends on the facts that the function tp is convex on

[0,∞) for 1 ≤ p <∞ and is concave for 0 < p < 1.

(i) As in Proposition 29.5.1, φp(αf) = |α|φp(f), and φp(f) = 0 if and

only if f = 0 almost everywhere. If f or g is zero almost everywhere then

trivially φp(f + g) = φp(f) + φp(g). Otherwise, let F = f/φp(f) and let

G = g/φp(g), so that φp(F ) = φp(G) = 1. Let λ = φp(g)/(φp(f)+φp(g)), so

that 0 < λ < 1. Then

f = (φp(f) + φp(g))(1 − λ)F and g = (φp(f) + φp(g))λG,

so that

|f + g|p = (φp(f) + φp(g)
p |(1− λ)F + λG|p

≤ (φp(f) + φp(g))
p ((1 − λ)|F | + λ|G|)p

≤ (φp(f) + φp(g))
p ((1 − λ)|F |p + λ|G|p) ,

since the function tp is convex, for 1 ≤ p <∞. Integrating,∫
x
|f + g|p dμ ≤ (φp(f) + φp(g))

p

(
(1− λ)

∫
x
|F |p dμ + λ

∫
X
|G|p dμ

)
= (φp(f) + φp(g))

p.

Thus we have established Minkowski’s inequality(∫
X
|f + g|p dμ

)1/p

≤
(∫

X
|f |p dμ

)1/p

+

(∫
X
|g|p dμ

)1/p

,

and shown that φp is a semi-norm.
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(ii) If 0 < p < 1, the function tp−1 is decreasing on (0,∞), so that if a

and b are non-negative and a+ b > 0, then

(a+ b)p = a(a+ b)p−1 + b(a+ b)p−1 ≤ ap + bp.

Integrating,∫
X
|f + g|p dμ ≤

∫
X
(|f |+ |g|)p dμ ≤

∫
X
|f |p dμ +

∫
X
|g|p dμ;

this is enough to show that ρp is a pseudometric. �

As with L1
C, we define Lp

C(X,Σ, μ) to be the quotient space

Lp
C(X,Σ, μ)/N , and set

‖[f ]‖p = φp(f) for p ≥ 1, and dp([f ], [g]) = ρp(f, g) for 0 < p < 1;

‖.‖p is a norm, and dp is a metric. We again write f both for a function in

Lp
C(X,Σ, μ) and for its equivalence class in Lp

C(X,Σ, μ).

Theorem 29.6.2 If 0 < p <∞ then the inclusion mapping

j : (Lp
C(X,Σ, μ), ‖.‖p)→ (L0

C(X,Σ, μ), d0)

is uniformly continuous.

Proof Markov’s inequality shows that if f ∈ Lp
C(X,Σ, μ) and α > 0 then

μ(|f | ≥ α) ≤ (
∫
X |f |p dμ)/αp.

If p ≥ 1, ε > 0 and ‖f − g‖p < ε1+1/p then μ(|f − g| > ε) ≤ ε, so that

d0(f, g) ≤ ε.

If 0 < p < 1, ε > 0 and dp(f, g) < εp+1 then μ(|f − g| > ε) ≤ ε, so that

d0(f, g) ≤ ε. �

Theorem 29.6.3 (Lp
C, ‖.‖p) is a Banach space for 1 ≤ p < ∞ and

(Lp
C, dp) is a complete metric space for 0 < p < 1.

Proof The proof is essentially the same as the proof of Theorem 29.5.4,

inserting an exponent p when this is required. �

Proposition 29.6.4 If 0 < p < 1 then the vector space SR(X,Σ, μ) of

simple real-valued measurable functions is dense in (Lp
R(X,Σ, μ), dp) and

the vector space SC(X,Σ, μ) of simple complex-valued measurable functions

is dense in (Lp
C(X,Σ, μ), dp).

If 1 ≤ p < ∞ then the vector space SR(X,Σ, μ) of simple real-valued

measurable functions is dense in (Lp
R(X,Σ, μ), ‖.‖p) and the vector space
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SC(X,Σ, μ) of simple complex-valued measurable functions is dense in

(Lp
C(X,Σ, μ), ‖.‖p).

Proof Once again, by considering real and imaginary parts, and positive

and negative parts, it is enough to approximate a non-negative function f by

simple measurable functions. There exists an increasing sequence (fn)
∞
n=1 of

non-negative functions in S(X,Σ, μ) which converges pointwise to f . Then

(f − fn)
p → 0 pointwise as n→∞, and (f − fn)

p ≤ fp, and so by dominate

convergence
∫
X(f − fn)

p dμ→ 0 as n→∞; this gives the result. �

In metric space terms, these results are the most important results of

integration theory. When (X,Σ, μ) = (R,L, λ), the vector space of step func-

tions, and the vector space of continuous functions of compact support, are

dense in Lp(X,Σ, μ) (Exercise 29.6.2). The results show that Lp
C(X,Σ, μ)

can be thought of as the completion of SC(X,Σ, μ), when SC(X,Σ, μ) is

given an appropriate norm, or metric, and that Lp
C(R,L, λ) can be thought

of as the completion of step functions, or the vector space of continuous func-

tions of compact support, when it is given an appropriate norm, or metric.

The Banach space L2
C(X,Σ, μ) is particularly important.

Theorem 29.6.5 If f, g ∈ L2
C(X,Σ, μ) then f ḡ ∈ L1

C(X,Σ, μ). The func-

tion 〈f, g〉 =
∫
X f ḡ dμ is an inner product on L2

C(X,Σ, μ), which defines the

norm, so that L2
C(X,Σ, μ) is a Hilbert space.

Proof Since f ḡ = 1
2((f + ḡ)2− f2− ḡ2), f ḡ ∈ L1

C(X,Σ, μ). It then follows

that 〈f, g〉 =
∫
X f ḡ dμ is an inner product on L2

C(X,Σ, μ) which defines the

norm on L2
C(X,Σ, μ). �

We can also establish Hölder’s inequality. Recall that if 1 < p < ∞ and

1/p + 1/p′ = 1, and if a, b are non-negative, then

ab ≤ ap

p
+

bp
′

p′
,

with equality if and only if ap = bp
′
.

If z = reiθ is a non-zero complex number in polar form, we define the

signum sgn (z) to be eiθ. We define sgn (0) = 0.

Theorem 29.6.6 (Hölder’s inequality) Suppose that 1 < p < ∞, that

1/p + 1/p′ = 1 and that f ∈ Lp
C(X,Σ, μ) and g ∈ Lp′

C(X,Σ, μ). Then fg ∈
L1(X,Σ, μ), and ∣∣∣∣∫

X
fg dμ

∣∣∣∣ ≤ ∫
X
|fg| dμ ≤ ‖f‖p ‖g‖

′
p .



860 Integration

Equality holds throughout if and only if either ‖f‖p ‖g‖p′ = 0, or g =

λsgn (f).|f |p−1 almost everywhere, where λ �= 0.

Proof The result is trivial if either f or g is zero. Otherwise, by scaling,

it is enough to consider the case where ‖f‖p = ‖g‖p′ = 1. Then, by the

inequality above, |fg| ≤ |f |p/p + |g|p′/p′; integrating,∫
X
|fg| dμ ≤

∫
X

|f |p
p

dμ+

∫
X

|g|p′
q

dμ = 1/p + 1/p′ = 1 = ‖f‖p ‖g‖
′
p .

Thus fg ∈ L1
C(X,Σ, μ) and so |

∫
X fg dμ| ≤

∫
|fg| dμ ≤ ‖f‖p ‖g‖

′
p.

If g = sgn (f).|f |.p−1 almost everywhere, then fg = |fg| = |f |p = |g|p′
almost everywhere, so that∣∣∣∣∫ fg dμ

∣∣∣∣ = ∫
X
|fg| dμ = ‖f‖pp = ‖g‖

p′
q = ‖f‖p ‖g‖

′
p .

By scaling, the result holds if g = sgn(f).|f |p−1.

Conversely, suppose that∣∣∣∣∫
X
fg dμ

∣∣∣∣ = ∫
X
|fg| dμ = ‖f‖p ‖g‖p′ .

Then, again by scaling, we need only consider the case where ‖f‖p = ‖g‖p′ =
1. Since |

∫
X fg dμ | =

∫
X |fg| dμ, fg = |fg| almost everywhere, so that

either f(x)g(x) = 0 or sgn (f(x)) = sgn (g(x)), for almost all x. Since∫
X
|fg| dμ = 1 =

∫
X
|f |p/p dμ +

∫
|g|p′/p′ dμ and |f |p/p + |g|p′/p′ ≥ |fg|,

|fg| = |f |p/p+ |g|p′/p′ almost everywhere, and so |f |p = |g|p′ almost every-

where. Thus |g| = |f |p/p′ = |f |p−1 almost everywhere, and g = sgn (g)|g| =
sgn (f)|f |p−1 almost everywhere. �

Hölder’s inequality shows that there is a natural scale of inclusions for

the Lp spaces, when the underlying space has finite measure.

Corollary 29.6.7 Suppose that (X,Σ, μ) is a measure space, that μ(X) <

∞ and that 0 < p < q <∞. Then Lq
C(X,Σ, μ) ⊆ Lp

C(X,Σ, μ).

If 1 ≤ p < q <∞ and f ∈ Lq
C(X,Σ, μ) then ‖f‖p ≤ μ(X)1/p−1/q ‖f‖q.

Proof Suppose that f ∈ Lq
C(X,Σ, μ), where q <∞. Let r = q/(q − p), so

that p/q + 1/r = 1 and 1/rp = 1/p − 1/q. We apply Hölder’s inequality to
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the functions IX and |f |p, using exponents r and q/p:

∫
X
|f |p dμ ≤ (μ(X))1/r

(∫
X
|f |q dμ

)p/q

,

so that if p ≥ 1 then

‖f‖p ≤ (μ(X))1/rp
(∫

X
|f |q dμ

)1/q

= μ(X)1/p−1/q ‖f‖q .

�

We leave as an exercise for the reader to establish the corresponding

inequalities when 0 < p < 1 ≤ q <∞ and when 0 < p < q < 1.

Suppose that (Ω,Σ,P) is a probability space. It follows from this corollary

that L2
C(Ω,Σ,P) ⊆ L1

C(Ω,Σ,P) and that if f ∈ L2
C(Ω,Σ,P) then∣∣∣∣∫

Ω
f dP

∣∣∣∣ ≤ ∫
Ω
|f | dP ≤ ‖f‖2 .

If f ∈ L1
C(Ω,Σ,P), the quantity

∫
Ω f dP is called the expectation or mean

of f , and is denoted by E(f). If f ∈ L2
C(Ω,Σ,P), the quantity σ2

f =
∫
Ω |f −

E(f)|2 dP is called the variance of f . Note that

σ2
f =

∫
Ω
(f −E(f))(f̄ −E(f̄)) dP

=

∫
Ω
f f̄ dP− 2E(f)E(f̄) +E(f)E(f̄) = ‖f‖22 − |E(f)|2.

Proposition 29.6.8 (Chebyshev’s inequality) If f ∈ L2
C(Ω,Σ,P) and

t > 0 then

P(|f −E(f)| > t) ≤ σ2
f/t

2.

Proof By Markov’s inequality,

P(|f −E(f)| > t) = P(|f −E(f)|2 > t2) ≤ σ2
f/t

2.

�

Here is an application.
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Proposition 29.6.9 (The second Borel–Cantelli lemma) Suppose that

(An)
∞
n=1 is a sequence of events in a probability space (Ω,Σ,P) for which

∞∑
n=1

P(An) =∞ and P(Ai ∩Aj) ≤ P(Ai).P(Aj) for i �= j.

Then

P(lim inf
n→∞

An) = P({x : x ∈ An infinitely often}) = 1.

Proof Let pj = P(Aj), let sn =
∑n

j=1 pj and let Nn =
∑n

j=1 IAj
. (Nn)

∞
n=1

is an increasing sequence of functions. We apply Chebyshev’s inequality to

Nn. E(Nn) = sn, and

σ2
Nn

=

∫
Ω

⎛⎝ n∑
j=1

(IAj
− pj)

⎞⎠2

dP

=

n∑
j=1

∫
Ω
(IAj

− pj)
2 dP+ 2

∑
1≤i<j≤n

∫
Ω
(IAi

− pi)(IAj
− pj) dP

=

n∑
j=1

pj(1− pj) + 2
∑

1≤i<j≤n

(P(Ai ∩Aj)− pipj) ≤ sn.

If k ∈ N and sn ≥ k then

P(Nn ≤ k) ≤ P(|Nn − sn| ≥ sn − k) ≤ sn
(sn − k)2

,

by Chebyshev’s inequality. Thus

P( lim
n→∞

Nn ≤ k) = lim
n→∞

P(Nn ≤ k) = 0.

Hence P(limn→∞Nn > k) = 1, and so Nn → ∞ almost everywhere. This

clearly implies the result. �

The second Borel–Cantelli lemma is frequently used when the events

An are pairwise independent (P(Ai ∩ Aj) = P(Ai).P(Aj) for i �= j) or

independent (P(∩k
j=1Aij ) =

∏k
j=1P(Aij ) for i1 < · · · < ik).

Exercises

29.6.1 Show that the set of step functions is dense in Lp([0, 1],L, λ), for

0 < p <∞.
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29.6.2 Show that C([0, 1]) of continuous functions is dense in Lp([0, 1],L, λ),
and that the vector space of continuous functions of compact support

is dense in Lp(R,L, λ), for 0 < p <∞.

29.6.3 Suppose in Corollary 29.6.7 that 0 < p < 1 ≤ q < ∞. What is the

corresponding inequality relating dp(f, 0) and ‖g‖q? Suppose that

0 < p < q < 1. What is the corresponding inequality relating dp(f, 0)

and dg(f, 0)?

29.6.4 Suppose that (X,Σ, μ) is a finite measure space. Show that if f is a

non-negative measurable function and p > 0 than.∫
X
fp dμ = p

∫ ∞

0
tp−1λf (t) dt.

Deduce that if p < q and λf (t) = O(t−q) then f ∈ Lp(X,Σ, μ).

29.6.5 Suppose that 0 < p < q <∞. Show that

t−1/qI[0,1](t) ∈ 
Lp
R(R,L, λ) \ 
Lq

R(R,L, λ),

and t−1/pI[1,∞)(t) ∈ 
Lq
R(R,L, λ) \ 
Lp

R(R,L, λ).

In this case, there are no natural inclusions.

29.6.6 Suppose that (Ω,Σ,P) is a probability space. Suppose that 0 < h < p

and that f ∈ Lp+h(Ω,Σ,P). Show that(∫
Ω
|f |p dP

)2

≤
(∫

Ω
|f |p+h dP

)(∫
Ω
|f |p−h dP

)
.

29.7 The spaces L∞
R (X,Σ, μ) and L∞

C (X,Σ, μ)

Suppose that (X,Σ, μ) is a finite or σ-finite measure space. A function f in

L0
R(X,Σ, μ) is essentially bounded above if there exists M such that f < M

almost everywhere; that is, there exists M such that μ(f > M) = 0. The

essential supremum ess sup(f) is then defined to be inf{t : μ(f > t) = 0}.
If (tn)

∞
n=1 is a decreasing sequence for which tn → ess sup(f), then μ(f >

ess sup(f)) = limn→∞ μ(f > tn) = 0, while if t < ess sup(f) then μ(f >

t) > 0. f is essentially bounded below if −f is essentially bounded above,

and f is essentially bounded if it is essentially bounded above and below.

We define L∞
R = L∞

R (X,Σ, μ) to be {f ∈ L0
R : f is essentially bounded}.

L∞
R is a linear subspace of L0

R.

Theorem 29.7.1 The function p(f) = ess sup(f) is a seminorm on

L∞(X,Σ, μ), and

{f : p(f) = 0} = N∞
R (X,Σ, μ) = {f ∈ L∞

R : f = 0 almost everywhere}.
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Let ‖.‖∞ be the corresponding norm on the quotient space L∞(X,Σ, μ). Then

(L∞(X,Σ, μ), ‖.‖∞) is a Banach space.

Proof The first statement follows easily from the definitions. If f ∈ L∞, let

B = (|f | > ess sup(|f |), and let f ′ = fIX\B . Then ess sup(|f ′|) = sup(|f ′|),
and f ′ − f ∈ N∞

R (X,Σ, μ), so that [f ] = [f ′]; this idea is always useful

in considering convergence in the norm ‖.‖∞. In order to prove com-

pleteness, we use Proposition 14.2.5 of Volume II; it is enough to show

that if
∑∞

n=1 ‖[fn]‖∞ < ∞, then
∑∞

n=1[fn] converges in norm. We can

pick representatives f ′
n in L∞

R for which ess sup(|f ′
n|) = sup(|f ′

n|). Then∑∞
n=1(sup |f ′

n|) <∞, and so the sum
∑∞

n=1 fn(x) converges uniformly on X

to a bounded measurable function f onX. Consequently
∑∞

n=1[fn] converges

in norm to [f ]. �

Norm convergence in L∞(X,Σ, μ) is called uniform convergence almost

everywhere.

We can also consider the space L∞
C (X,Σ, μ) of essentially bounded

complex-valued functions (measurable functions f for which |f | is essentially
bounded), and the corresponding Banach space (L∞

C (X,Σ, μ), ‖.‖∞).

Exercises

29.7.1 If (X,Σ, μ) is a finite measure space, show that the set of simple

measurable is dense in (L∞
R (X,Σ, μ), ‖.‖∞).

29.7.2 Show that CR([0, 1]) is not dense in L∞
R ([0, 1],L, λ).

29.7.3 Give an example of an element of L∞
R ([0, 1],L, λ) which cannot be

approximated by step functions in the ‖.‖∞ norm.
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Constructing measures

30.1 Outer measures

We used outer measure to define Lebesgue measure. Can we do the same in

a more general situation?

An outer measure on a non-empty set X is a mapping μ∗ from the set

P (X) of subsets of X into R+ which satisfies

(a) μ∗(∅) = 0,

(b) if E ⊆ F then μ∗(E) ≤ μ∗(F ), and

(c) if (En))
∞
n=1 is a sequence in P (X), then μ∗(∪∞

n=1En) ≤
∑∞

n=1 μ
∗(En).

The function μ∗ defined by μ∗(E) = μ∗(X) − μ∗(X \ E) is the cor-

responding inner measure. By (c), μ∗(X) ≤ μ∗(E) + μ∗(X \ E), and so

μ∗(E) ≤ μ∗(E), for all E ∈ P (X).

Thus Lebesgue outer measure λ∗ on a finite interval is an example of an

outer measure.

First we show that if (X,Σ, μ) is a complete finite measure, then it defines

an outer measure, and the resulting outer measure determines the measure

space (X,Σ, μ).

Theorem 30.1.1 Suppose that (X,Σ, μ) is a complete finite measure

space. If E ∈ P (X), let μ∗(E) = inf{μ(A) : A ∈ Σ, E ⊆ A}.

(i) If E ⊆ X, there exist sets A and B in Σ such that A ⊆ E ⊆ B,

μ(A) = μ∗(E) and μ(B) = μ∗(E).

(ii) μ∗ is an outer measure on X.

(iii) if E ⊆ X then E ∈ Σ if and only if μ∗(F ) = μ∗(F ∩ E) + μ∗(F \ E)

for all F ⊆ X.

865
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Proof (i) For each n ∈ N there exists Bn ∈ Σ with E ⊆ Bn and μ(Bn) <

μ∗(E) + 1/n. Let B = ∩{Bn : n ∈ N}. Then B ∈ Σ and E ⊆ B, so that

μ∗(E) ≤ μ(B) ≤ μ(Bn) < μ∗(E) + 1/n, for all n ∈ N.

Thus μ∗(E) = μ(B). Applying this result to X \ E, it follows that there

exists C ∈ Σ with X \ E ⊆ C and μ∗(X \ E) = μ(C). Let A = X \ C, so

that A ⊆ E. Since μ∗(X) = μ(X), it follows that

μ∗(E) = μ∗(X)− μ∗(X \ E) = μ(X)− μ(C) = μ(A).

(ii) Conditions (a) and (b) are clearly satisfied. Suppose that (En)
∞
n=1 is a

sequence of subsets of X. For each n ∈N there exists Bn ∈ Σ with En ⊆ Bn

and μ∗(En) = μ(Bn). Then B = ∪∞
n=1Bn ∈ Σ and

μ∗(∪∞
n=1En) ≤ μ(B) ≤

∞∑
n=1

μ(Bn) =

∞∑
n=1

μ∗(En).

(iii) Suppose that the condition is satisfied. There exist sets B and C in

Σ such that E ⊆ B, X \E ⊆ C, μ∗(E) = μ(B) and μ∗(X \E) = μ(C). Then

B ∪ C = X and

μ(B) + μ(C) = μ∗(E) + μ∗(X \ E) = μ∗(X) = μ(X),

so that μ(B ∩ C) = μ(B ∪ C) − μ(B) − μ(C) = 0. Since the measure μ is

complete, E ∩ (B ∩ C) ∈ Σ. Since E = (X \ C) ∪ (E ∩ (B ∩ C)), E ∈ Σ.

Conversely, suppose that E ∈ Σ and that F is a subset of X. By condition

(c), μ∗(F ∩E)+μ∗(F \E) ≥ μ∗(F ); we need to prove the converse inequality.

There exists A ∈ Σ such that F ⊆ A and μ∗(F ) = μ(A). Let B = E∩A and

let C = A \E, so that A is the disjoint union of B and C. Since E ∩F ⊆ B

and F \E ⊆ C,

μ∗(F ) = μ(A) = μ(B) + μ(C) ≥ μ∗(F ∩ E) + μ∗(F \ E). �

This result helps explain the definition of Σ in the next theorem.

Theorem 30.1.2 Suppose that μ∗ is an outer measure on X. Let

Σ = {A ⊆ X : μ∗(E ∩A) + μ∗(E \A) = μ∗(E) for all E ⊆ X}.

Then Σ is a σ-field, and if μ is the restriction of μ∗ to Σ, then μ is a finite

measure, and (X,Σ, μ) is a complete measure space.
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Proof By condition (c), μ∗(E ∩A) + μ∗(E \ A) ≥ μ∗(E) for all A and E,

and so

Σ = {A ⊆ X : μ∗(E ∩A) + μ∗(E \ A) ≤ μ∗(E) for all E ⊆ X}.

The proof comprises six separate steps.

First, we show that Σ is a field. Certainly X ∈ Σ. Since A∩E = E\(X\A)
and E \ A = E ∩ (X \ A), it follows that A ∈ Σ if and only if X \ A ∈ Σ.

Thus it is sufficient to show that if A and B are in Σ, then so is A ∩ B. If

E ⊆ X, then

μ∗(E) = μ∗(E ∩A) + μ∗(E \A)
= [μ∗(E ∩A ∩B) + μ∗((E ∩A) \B)]

+[μ∗((E \ A) ∩B) + μ∗((E \ A) \B)]

≥ μ∗(E ∩A ∩B)

+μ∗(((E ∩A) \B) ∪ ((E \A) ∩B) ∪ ((E \ A) \B))

= μ∗(E ∩ (A ∩B)) + μ∗(E \ (A ∩B)).

Secondly, we show that μ∗ is additive on Σ. If A and B are disjoint

elements of Σ, then

μ∗(A ∪B) = μ∗((A ∪B) ∩A) + μ∗((A ∪B) \A) = μ∗(A) + μ∗(B),

so that μ∗ is additive on Σ.

Thirdly, suppose that (An)
∞
n=1 is a sequence of disjoint elements in Σ,

that Bn = ∪n
j=1Aj and that A = ∪∞

n=1An. We show that if E ⊆ X then

μ∗(E ∩ Bn) =
∑n

j=1 μ
∗(E ∩ Aj). We prove this by induction on n. It is

trivially true when n = 1. Suppose that it is true for n. Since Bn ∈ Σ,

μ∗(E ∩Bn+1) = μ∗((E ∩Bn+1) ∩Bn) + μ∗((E ∩Bn+1) \Bn)

= μ∗(E ∩Bn) + μ∗(E ∩An+1) =

n+1∑
j=1

μ∗(E ∩Aj),

which establishes the induction.

Fourthly, we show that μ∗(A) =
∑∞

n=1 μ
∗(An). By the previous step,∑n

j=1 μ
∗(Aj) = μ∗(Bn) ≤ μ∗(A). Since this holds for all n ∈ N, μ∗(A) ≥∑∞

n=1 μ
∗(An): the converse inequality follows from the definition of outer

measure.
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Fifthly, we show that A ∈ Σ. If E ⊆ X and n ∈ N, then

μ∗(E) = μ∗(E ∩Bn) + μ∗(E \Bn)

=

n∑
j=1

μ∗(E ∩Aj) + μ∗(E \Bn) ≥
n∑

j=1

μ∗(E ∩Aj) + μ∗(E \ A),

so that

μ∗(E) ≥
∞∑
j=1

μ∗(E ∩Aj) + μ∗(E \A) ≥ μ∗(E ∩A) + μ∗(E \A),

and A ∈ Σ.

Consequently, Σ is a σ-field, and the restriction μ of μ∗ to Σ is a finite

measure.

Sixthly, we show that Σ is a complete measure. Suppose that A ∈ Σ, that

μ(A) = 0 and that F ⊆ A. Then μ∗(F ) = 0, so that if E ⊆ X then

μ∗(E ∩ F ) + μ∗(E \ F ) = μ∗(E \ F ) ≤ μ∗(E).

Hence F ∈ Σ. �

If we start with an outer measure μ∗, consider the measure μ of this

theorem, and use μ to construct an outer measure μ∨, as in Theorem 30.1.1,

then it does not necessarily follow that μ∗ = μ∨. Nor does it necessarily

follow that if μ∗(A) = μ∗(A) then A ∈ Σ, as Exercise 30.1.2 shows.

Exercises

30.1.1 Let μ∗ be an outer measure on a set X, let μ be the measure which

it defines, and let μ∨ be the outer measure defined by μ. Show that

μ∨(E) ≥ μ∗(E), for E ⊆ X.

30.1.2 Let X be a set with four elements. Let μ∗(∅) = 0, μ(E) = 1/3

if E is a singleton set, let μ∗(E) = 1/2 if E has two points, let

μ∗(E) = 2/3 if E has three points and let μ∗(X) = 1. Show that μ∗

is an outer measure. What is the corresponding σ-field Σ? What is

the corresponding measure μ? What is the outer measure μ∨ defined

by μ? Which subsets E of X satisfy μ∗(E) = μ∗(E)?

30.2 Caratheodory’s extension theorem

We are now in a position to prove a fundamental extension theorem, which

allows us to construct many interesting measure spaces. We need another

definition. A collection S of subsets of a set X is a semi-ring if
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(a) ∅ ∈ S,

(b) if A,B ∈ S then A ∩B ∈ S, and

(c) if A,B ∈ S and A ⊂ B then there exists a finite sequence (C1, . . . , Ck)

of disjoint elements of S such that B \ A = ∪k
j=1Cj .

Here are some examples.

• The collection S of all subsets of R of the form (a, b], (−∞, b], (a,∞) or

R is a semi-ring.

• If R1 is a ring of subsets of a set X1 and R2 is a ring of subsets of a set X2

then the collection of sets of the form A1×A2, with A1 ∈ R1 and A2 ∈ R2

is a semi-ring of subsets of X1 ×X2.

• Recall that the Bernoulli sequence space Ω(N) is the infinite product∏∞
j=1{0, 1}j , and that a j-cylinder set is a set of the form

{x ∈ Ω : xi = ai for 1 ≤ i ≤ j}, where (a1, . . . , aj) ∈ {0, 1}j .

Ω(N) was introduced in Volume II, Section 13.2, and cylinder sets in

Volume II, Section 15.4.) The collection of cylinder sets in Ω is a semi-ring.

A non-negative real-valued function m on a semi-ring S is a pre-measure if

m(∅) = 0 and if it is σ-additive: if (An)
∞
n=1 is a sequence of disjoint elements

of S whose union is in S, then m(∪∞
n=1An) =

∑∞
n=1m(An).

Theorem 30.2.1 (The Caratheodory extension theorem) Suppose that m

is a pre-measure on a semi-ring S of subsets of a set X, and that X ∈ S.

Then there exists a complete finite measure μ on a σ-field Σ containing S,

for which μ(A) = m(A) for A ∈ S.

Proof If E ⊆ X, let

μ∗(E) = inf

{ ∞∑
n=1

m(An) : An ∈ S,E ⊆ ∪∞
n=1An

}
.

We show that μ∗ is an outer measure, and that if Σ is the σ-field and μ the

measure given by Theorem 30.1.2, then Σ and μ have the required properties.

Note that, if A ∈ S, then μ∗(A) = m(A), since m is a pre-measure.

Clearly conditions (a) and (b) of the preceding section are satisfied. Sup-

pose that (En)
∞
n=1 is a sequence of subsets of X, and that ε > 0. For

each n, there exists a sequence (Ank)
∞
k=1 in S such that En ⊆ ∪∞

k=1Ank
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k=1m(Ank) < μ∗(En) + ε/2n. Then ∪∞

n=1En ⊆ ∪∞
n=1 ∪∞

k=1 Ank, and

μ∗(∪∞
n=1En) ≤

∞∑
n=1

∞∑
k=1

m(Ank) <

∞∑
n=1

μ∗(En) + ε.

Since ε is arbitrary, condition (c) is satisfied; μ∗ is an outer measure.

Next, we show that S ⊆ Σ. Suppose that B ∈ S, that E ⊆ X and that

ε > 0. There exists a sequence (An)
∞
n=1 in S such that En ⊆ ∪∞

k=1Ank and

E ⊆ ∪∞
n=1An and

∑∞
n=1 m(An) ≤ μ∗(E) + ε. Then E ∩ B ⊂ ∪∞

n=1(An ∩B);

since An ∩ B ∈ S for all n ∈ N, μ∗(E ∩ B) ≤
∑∞

n=1m(An ∩ B). Similarly,

μ∗(E \B) ≤
∑∞

n=1m(An \B). Since m(An) = m(An ∩ B) +m(An \ B), it

follows that

μ∗(E ∩B) + μ∗(E \B) ≤
∞∑
n=1

m(An ∩B) +

∞∑
n=1

m(An \B)

=

∞∑
n=1

m(An) < μ∗(E) + ε.

Since ε is arbitrary, μ∗(E ∩B) + μ∗(E \B) ≤ μ∗(E), so that B ∈ Σ.

Finally, if A ∈ Σ then μ(A) = μ∗(A) = m(A). �

Corollary 30.2.2 If E ⊆ X, there exists B ∈ Σ such that E ⊆ B and

μ∗(E) = μ(B). E ∈ Σ if and only if μ∗(E) = μ∗(E).

Proof If k ∈ N there exists a sequence (Ank)
∞
n=1 in S such that E ⊆

∪∞
n=1Ank and

∑∞
n=1m(Ank) < μ∗(E)+ 1/k. Let Bk = ∪∞

n=1Ank. Then Bk ∈
Σ, and μ(Bk) ≤

∑∞
n=1m(Ank) < μ∗(E) + 1/k. Let B = ∩∞

k=1Bk. Then

B ∈ Σ, E ⊆ B and μ(B) ≤ μ(Bk) < μ∗(E) + 1/k for all k ∈ N, so that

μ(B) = μ∗(E).

If E ∈ Σ, then certainly μ(E) = μ∗(E) = μ∗(E). Suppose conversely that

μ∗(E) = μ∗(E). Then there exist sets A and B in Σ such that A ⊆ E ⊆ B

and μ(A) = μ∗(E) = μ∗(E) = μ(B). Thus μ∗(E \ A) ≤ μ(B \ A) = 0,

so that, since the measure space is complete, E \ A ∈ Σ. Consequently,

E = A ∪ (E \ A) ∈ Σ. �

Example 30.2.3 Finite Borel measures on the Bernoulli sequence space

Ω(N).

Ω(N) is a compact metrizable space, when it is given the product topology,

and the cylinder sets are open and closed. If C is a j-cylinder set, C is the

union of the two (j + 1)-cylinder sets

C(0) = {x ∈ C : xj+1 = 0} and C(1) = {x ∈ C : xj+1 = 1}.
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If μ is a finite Borel measure on Ω(N), then μ(C) = μ(C(0)) + μ(C(1)), for

every cylinder set C. Conversely, suppose that m is a non-negative real-

valued function on the semi-ring of cylinder sets, which satisfies m(C) =

m(C(0)) + m(C(1)), for every cylinder set C. Then it is an easy exercise

to show that m is additive. But it is then trivially a pre-measure, since if

(Cn)
∞
n=1 is a disjoint sequence of cylinder sets whose union C is a cylinder

set, then all but finitely many sets Cn must be empty, since C is compact

and the sets Cn are open. It therefore follows from Caratheodory’s extension

theorem that there is a measure μ on a σ-field containing the cylinder sets,

which extends m. But the cylinder sets generate the Borel σ-field, so that

the restriction of μ to the Borel σ-field is a finite Borel measure on Ω(N).

30.3 Uniqueness

Is the extension provided by Caratheodory’s extension theorem uniquely

determined? There are two closely related results which show that the answer

to this question, and other similar questions, is ‘yes’. We need a definition. A

collection M of subsets of a set X is a monotone class if whenever (An)
∞
n=1

is an increasing sequence in M then ∪∞
n=1An ∈M and whenever (An)

∞
n=1 is

a decreasing sequence in M then ∩∞
n=1An ∈M .

Theorem 30.3.1 (The monotone class theorem) If R is a field of subsets

of a set X and if M is a monotone class containing R, then M contains the

σ-field σ(R) generated by R.

Proof Since the intersection of monotone classes is clearly a monotone

class, there is a smallest monotone class M0 such that R ⊆M0 ⊆M . Since

σ(R) is a monotone class, M0 ⊆ σ(R). Let M1 = {A ∈ M0 : E \ A ∈
M0 for all E ∈ R}. Then M1 is a monotone class containing R, and so

M1 = M0. If A ∈M0, let

MA = {E ⊆ X : E ∩A ∈M0}.

MA is a monotone class. If B ∈ R, then R ⊆ MB , and so M0 ⊆ MB.

This means that if A ∈ M0 then A ∩ B ∈ M0. This in turn means that

B ∈ MA. But this holds for all B ∈ R, and so R ⊆ MA. Thus M0 ⊆ MA.

Consequently if A′ ∈ M0 then A′ ∩ A ∈ M0. Thus M0 is a ring: since it is

also a monotone class, and since X ∈M0, it is a σ-field containing R. Thus

σ(R) ⊆M0 ⊆M . �

In the next result, we weaken one condition, and strengthen the other.

We need some more definitions. Suppose that X is a set. A π-system in
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X is a collection Π of subsets of X with the property that if E,F ∈ Π,

then E ∩ F ∈ Π. A λ-system in X is a collection Λ of subsets of X which

satisfies

(i) X ∈ Λ,

(ii) if (An)
∞
n=1 is an increasing sequence in Λ, then ∪∞

n=1An ∈ Λ, and

(iii) If A,B ∈ Λ and A ⊆ B then B \A ∈ Λ.

If (An) is a decreasing sequence in a λ-system Λ, then

∩∞
n=1An = A1 \ ∪∞

n=1(A1 \ An),

so that a λ-system is a monotone class. Verify that a λ-system which is also

a π-system is a σ-field.

Theorem 30.3.2 (Dynkin’s π-λ theorem) If Π is a π-system of subsets of

a set X and Λ is a λ-system containing Π, then Λ contains the σ-field σ(Π)

generated by Π.

Proof Let l(II) be the intersection of the λ-systems which contain Π. Then

l(Π) is a λ-system. We show that l(Π) is a π-system, which establishes the

result. Suppose that A ∈ l(Π). Let lA = {E ∈ l(Π) : E ∩ A ∈ l(Π)}.
Then l(A) is a λ-system (verify this). Suppose first that B ∈ Π. If C ∈ Π,

then C ∈ lB, so that Π ⊂ lB . Consequently l(Π) ⊆ lB . Now suppose that

A ∈ l(Π). If B ∈ Π then A ∈ lB , and so B ∈ lA. Thus Π ⊆ lA. Consequently

l(Π) ⊂ lA. Thus if A
′ ∈ l(Π) then A ∩A′ ∈ l(Π) : l(Π) is a π-system.

Note the similarities in the proofs of the two theorems. For many prob-

lems, either can be used, but often Dynkin’s π − λ theorem is more

convenient. �

Theorem 30.3.3 Suppose that μ1 and μ2 are finite measures on a σ-field

Σ, and that Π is a π-system contained in Σ. If μ1(A) = μ2(A) for all A ∈ Π,

then μ1(A) = μ2(A) for all A ∈ σ(Π).

Proof Let Σ0 = {A ∈ Σ : μ1(A) = μ2(A)}. Then Σ0 is a λ-system

containing Π, and so it contains σ(Π). �

Corollary 30.3.4 The extension in Caratheodory’s extension theorem is

unique.

Proof For a semi-ring is a π-system. �

Exercise

30.3.1 Use the monotone class theorem to prove Theorem 30.3.3.
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30.4 Product measures

Suppose that (X,Σ) and (Y, T ) are two measurable spaces. A set of the form

A×B, where A ∈ Σ and B ∈ T , is called a measurable rectangle. The σ-field

generated by the measurable rectangles is called the product σ-field, and is

denoted by Σ⊗ T .

Here is an important example.

Example 30.4.1 Suppose that (X, d) and (Y, ρ) are two separable metric

spaces, and that Σ is the Borel σ-field of X, T the Borel σ-field of Y . Then

Σ⊗ T is the Borel σ-field of the product metric space X × Y .

Proof Let B be the Borel σ-field of X × Y ; let X0 be a countable dense

subset of X and let Y0 be a countable dense subset of Y . Let

A = {{(x, y) : d(x, x0) < 1/n, ρ(y, y0) < 1/n} : x0 ∈ X0, y0 ∈ Y0, n ∈ N}.

Then any open set is a countable union of sets in A, and so B = σ(A). But
every element of A is a measurable rectangle, and so B = σ(A) ⊆ Σ ⊗ T .

On the other hand, if A× B is a measurable rectangle, and if U is open in

Y , then

A× U ∈ {C × U : C ∈ Σ} ⊆ B,
and

A×B ∈ {A×D : D ∈ T} ⊆ B.
hence A×B ∈ B, and so Σ⊗ T ⊆ B. �

Suppose now that μ is a measure on Σ and ν is a measure on T . Can we

define a measure μ⊗ν on Σ⊗T in such a way that if A×B is a measurable

rectangle then (μ⊗ ν)(A×B) = μ(A).ν(B)?

We begin by considering the case where μ and ν are finite measures. If

C ⊆ X × Y and x ∈ X, we define C(x) to be {y : (x, y) ∈ C}.

Theorem 30.4.2 Suppose that C ∈ Σ⊗T . Then C(x) ∈ T for each x ∈ X,

and the function ν(C(x)) is μ-measurable.

Proof We use Dynkin’s π-λ theorem. Let C be the collection of subsets of

X × Y for which C(x) ∈ T for each x ∈ X, and the function ν(C(x)) is μ-

measurable. If C,D ∈ C and C ⊆ D then (D\C)(x) = D(x)\C(x) and ν((D\
C)(x)) = ν(D(x)) − ν(C(x)), so that D \ C ∈ C. If (Cn)

∞
n=1 is an increasing

sequence in C, with union C, and x ∈ X, then C(x) = ∪∞
n=1(C

(x)
n ) ∈ T , and

ν(C(x)) = limn→∞ ν(C
(x)
n ), so that the function ν(C(x)) is μ-measurable.

Thus C ∈ C, and so C is a λ-system. The set of measurable rectangles is a

π-system contained in C. It therefore follows that Σ⊗ T ⊆ C. �
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We use this to define μ⊗ ν. If C ∈ Σ⊗ T we set

(μ⊗ ν)(C) =

∫
X
ν(C(x)) dμ(x).

Theorem 30.4.3 μ⊗ ν is a finite measure on Σ⊗ T , and

(μ⊗ ν)(A×B) = μ(A).ν(B)

for every measurable rectangle A×B.

Proof Certainly (μ⊗ν)(∅) = 0, and if A×B is a measurable rectangle, then

(μ⊗ν)(A×B) = μ(A).ν(B). In particular, (μ⊗ν)(X×Y ) = μ(X).ν(Y ) <∞.

If (Cn)
∞
n=1 is an increasing sequence in Σ ⊗ T , with union C, then ν(C

(x)
n )

increases to ν(C(x)) as n → ∞, for each x ∈ X, and so, by the monotone

convergence theorem,

(μ⊗ ν)(C) =

∫
X
ν(C(x)) dμ(x) = lim

n→∞

∫
X
ν(C(x)

n ) dμ(x) = lim
n→∞

(μ⊗ ν)(Cn).

It therefore follows from Exercise 28.4.1 that μ⊗ ν is a finite measure on

Σ⊗ T . �

We can also define a measure μ⊗̃ν on Σ ⊗ T by reversing the roles of X

and Y . If y ∈ Y , let C(y) = {x ∈ X : (x, y) ∈ C}. Then C(y) ∈ Σ for each

y ∈ Y , and the function μ(C(y)) is ν-measurable, and we set.

(μ⊗̃ν)(C) =

∫
Y
μ(C(y)) dν(y).

Theorem 30.4.4 The measures μ⊗ ν and μ⊗̃ν are the same.

Proof The collection {C ∈ Σ⊗T : (μ⊗ ν)(C) = (μ⊗̃ν)(C)} is a λ-system

containing the measurable rectangles, and is therefore equal to Σ⊗ T . �

We can extend these results to three or more products. For example,

if ((Xi,Σi, μi))
3
i=1 are three finite measure spaces, then we can construct

the measures (μ1 ⊗ μ2) ⊗ μ3 on (Σ1 ⊗ Σ2) ⊗ Σ3 and μ1 ⊗ (μ2 ⊗ μ3) on

Σ1 ⊗ (Σ2 ⊗ Σ3). Further applications of Dynkin’s π -λ theorem show that

(Σ1 ⊗ Σ2)⊗ Σ3 = Σ1 ⊗ (Σ2 ⊗ Σ3) and (μ1 ⊗ μ2)⊗ μ3 = μ1 ⊗ (μ2 ⊗ μ3).

We can also consider products of σ-finite measures. Suppose that (X,Σ, μ)

and (Y, T, ν) are σ-finite measure spaces, and that (Ik)
∞
k=1 is a disjoint

sequence of elements of Σ of finite measure whose union isX, and that (Jl)
∞
l=1

is a corresponding sequence in T . We construct the product measure μ⊗ν on
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each set Ik×Jl. If A ∈ Σ×T , we then define (μ⊗ν)(A) =
∑

k,l μ(A∩(Ik×Jl)).
Again,

(μ ⊗ ν)(A) =

∫
X
ν(A(x)) dμ(x);

but in this case the integrand and the integral can take infinite values.

We can use product measures to illustrate the notion that the integral

is the ‘area under the curve’. Suppose that f is a non-negative measurable

function on a measure space (X,Σ, μ). We consider Borel measure λ on

[0,∞). Let Af = {(x, t) ∈ X × [0,∞) : 0 ≤ t < f(x)}; Af is the set of

points in X × [0,∞) which are ‘under the curve’. If x ∈ X, then A
(x)
f = ∅ if

f(x) = 0; otherwise

A
(x)
f = {t ∈ [0,∞) : 0 ≤ t < f(x)} = [0, f(x)).

Thus μ(A
(x)
f ) = f(x), and (μ⊗ν)(Af ) =

∫
X f(x) dμ(x). On the other hand, if

t ∈ [0,∞) then Af,(t) = {x ∈ X; f(x) > t}, so that μ(Af,(t)) = μ(f > t) and

(μ⊗̃ν)(Af ) =
∫∞
0 μ(f > t) dt. This reveals a certain circularity of argument,

but also throws some light on the definition of the integral.

We now consider functions of two variables. (The results extend easily to

functions of three or more variables.)

Theorem 30.4.5 (Tonelli’s theorem, I) Suppose that (X,Σ, μ) and

(Y, T, ν) are measure spaces, and that f is a non-negative Σ⊗T measurable

function on X × Y .

(i) The function y → f(x, y) is T -measurable, for each x ∈ X, the

extended-real-valued function x→
∫
Y f(x, y) dν(y) is Σ-measurable, and∫

X×Y
f d(μ⊗ ν) =

∫
X

(∫
Y
f(x, y) dν(y)

)
dμ(x).

(ii) The function x → f(x, y) is Σ-measurable, for each y ∈ Y , the

extended-real-valued function y →
∫
X f(x, y) dμ(x) is T -measurable, and∫

X×Y
f d(μ⊗ ν) =

∫
Y

(∫
X
f(x, y) dμ(x)

)
dν(y).

Proof (i) Let

Af = {(x, y, t) ∈ X × Y × [0,∞) : 0 ≤ t < f(x, y)}.

For fixed x and t,

{y ∈ Y : f(x, y) > t} = {y ∈ Y : (x, y, t) ∈ Af},
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so that {y ∈ Y : f(x, y) > t} is T -measurable; hence the function y → f(x, y)

is T -measurable. Similarly,∫
Y
f(x, y) dν(y) = μ⊗ λ({(x, t) : (x, y, t) ∈ Af}),

so that the extended-real-valued function x→
∫
Y f(x, y) dν(y) is Σ-meas-

urable. Finally,∫
X×Y

f d(μ ⊗ ν) = ((μ⊗ ν)⊗ λ)(Af )

= (μ⊗ (ν ⊗ λ))(Af )

=

∫
X
(ν ⊗ λ)(0 ≤ f(x, y) < t) dμ(x)

=

∫
X

(∫
Y
f(x, y) dν(y)

)
dμ(x).

The proof of (ii) is exactly similar. �

The importance of this result is that the integral can be evaluated by

repeated integration, and also, and equally important, that we can change

the order of integration.

What about functions which may take positive and negative values, but

are μ⊗ ν integrable?

Theorem 30.4.6 (Fubini’s theorem, I) Suppose that (X,Σ, μ) and

(Y, T, ν) are measure spaces, and that f is a Σ ⊗ T measurable function

on X × Y . If f is μ ⊗ ν-integrable, then the function y → f(x, y) is T -

measurable, for every x ∈ X, and is ν-integrable except on a μ-null set

N . The function x →
∫
Y f(x, y) dν(y) is Σ-measurable and μ-integrable on

X \N , and ∫
X×Y

f d(μ ⊗ ν) =

∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).

Conversely, if the function y → |f(x, y)| is T -measurable except on a

μ-null set N and
∫
X\N

(∫
Y |f(x, y)| dν(y)

)
dμ(x) < ∞, then f is μ ⊗ ν-

integrable, and∫
X×Y

f d(μ ⊗ ν) =

∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).



30.4 Product measures 877

Further, there exists a ν-null subset M of Y such that∫
X×Y

f d(μ⊗ ν) =

∫
Y \M

(∫
X
f(x, y) dμ(x)

)
dν(y).

Proof If f is μ⊗ ν-integrable, then∫
X⊗Y

f+ d(μ ⊗ ν) <∞ and

∫
X⊗Y

f− d(μ ⊗ ν) <∞.

It therefore follows that if

N+ = {x ∈ X :

∫
Y
f+(x, y) dν(y) =∞}

and N− = {x ∈ X :

∫
Y
f−(x, y) dν(y) =∞},

then N+ and N− are μ-null sets. Setting N = N+ ∪ N−, the functions∫
Y f+(x, y) dν(y) and

∫
Y f−(x, y) dν(y) are μ-integrable on X \ N , and so

therefore is
∫
Y f(x, y) dν(y). Further,∫

X×Y
f d(μ ⊗ ν) =

∫
X×Y

f+ d(μ ⊗ ν)−
∫
X×Y

f− d(μ ⊗ ν)

=

∫
X\N

(∫
Y
f+(x, y) dν(y)

)
dμ(x)

−
∫
X\N

(∫
Y
f−(x, y) dν(y)

)
dμ(x)

=

∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).

Conversely, suppose that (ii) holds. It then follows from Tonelli’s theorem

that
∫
X×Y |f | d(μ ⊗ ν) <∞, so that f is μ⊗ ν-integrable. �

Fubini’s theorem holds because the Lebesgue integral is an absolute

integral. The next example illustrates this.

Example 30.4.7 Fubini’s theorem for counting measure.

Suppose that (X,Σ, μ) = (Y, T, ν) = (N, P (N), μ), where μ is counting

measure. The P (N) ⊗ P (N) = P (N ×N), so that all functions are mea-

surable. Fubini’s theorem then states that if f is a function on N × N,

then
∑

i,j |f(i, j)| < ∞ if and only if
∑∞

i=1(
∑∞

j=1 |f(i, j)|) < ∞ If so, then
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i=1 f(i, j) converges for each j and

∑∞
j=1 f(i, j) converges for each i, and

∑
i.j

f(i, j) =

∞∑
i=1

⎛⎝ ∞∑
j=1

f(i, j)

⎞⎠ =

∞∑
i=1

⎛⎝ ∞∑
j=1

f(i, j)

⎞⎠ .

This is Exercise 4.4.3 of Volume I.

If (X,Σ, μ) and (Y, T, ν) are complete measure spaces, it is natural to

consider the completion

(X × Y,Σ⊗̂T, μ⊗̂ν) of (X × Y,Σ⊗ T, μ⊗ ν).

(Note that, unlike Σ ⊗ T , the σ-field Σ⊗̂T depends upon μ and ν.) There

are corresponding Tonelli and Fubini theorems.

Theorem 30.4.8 (Tonelli’s theorem, II) Suppose that (X,Σ, μ) and

(Y, T, ν) are complete measure spaces, and that f is a non-negative Σ⊗̂T
measurable function on X × Y .

(i) The function y → f(x, y) is T -measurable, except on a null subset N of

X, the extended-real-valued function x →
∫
Y f(x, y) dν(y) is Σ-measurable

on X \N , and∫
X×Y

f d(μ⊗̂ν) =
∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).

(ii) The function x→ f(x, y) is Σ-measurable, except on a null subset M

of Y , the extended-real-valued function y →
∫
X f(x, y) dμ(x) is T -measurable

on Y \M , and∫
X×Y

f d(μ ⊗ ν) =

∫
Y \M

(∫
X
f(x, y) dμ(x)

)
dν(y).

Proof There exist Σ ⊗ T - measurable functions g and h on X × Y such

that 0 ≤ g ≤ f ≤ h and such that g = f = h (μ ⊗ ν)-almost everywhere.

Thus

0 =

∫
X×Y

(h− g) d(μ ⊗ ν) =

∫
X

(∫
Y
(h(x, y) − g(x, y)) dν(y)

)
dμ(x),

so that, except on a μ-null subset N of X,
∫
Y (h(x, y) − g(x, y)) dν(y) = 0.

Thus if x ∈ X \N then h(x, y) = g(x, y) for ν almost all y. Since (Y, T, ν)

is complete, if x ∈ X \ N then h(x, y) = f(x, y) = g(x, y) for ν almost all

y; hence the function y → f(x, y) is T measurable, and
∫
Y f(x, y) dν(y) =
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Y g(x, y) dν(y). Thus∫

X×Y
f d(μ⊗̂ν) =

∫
X×Y

g d(μ⊗ ν)

=

∫
X

(∫
Y
g(x, y) dν(y)

)
dμ(x)

=

∫
X\N

(∫
Y
g(x, y) dν(y)

)
dμ(x)

=

∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).

Again, the proof of (ii) is exactly similar. �

Theorem 30.4.9 (Fubini’s theorem, II) Suppose that (X,Σ, μ) and

(Y, T, ν) are complete measure spaces, and that f is a Σ⊗̂T measurable

function on X × Y . If f is μ⊗̂ν-integrable, then the function y → f(x, y)

is T -measurable and ν-integrable except on a μ-null set N , the function

x→
∫
Y f(x, y) dν(y) is Σ-measurable and μ-integrable on X \N , and∫

X×Y
f d(μ⊗̂ν) =

∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).

Conversely, if the function y → |f(x, y)| is T -measurable except on a

μ-null set N and
∫
X\N

(∫
Y |f(x, y)| dν(y)

)
dμ(x) < ∞, then f is μ⊗̂ν-

integrable, and∫
X×Y

f d(μ⊗̂ν) =
∫
X\N

(∫
Y
f(x, y) dν(y)

)
dμ(x).

Further, there exists a ν-null subset M of Y such that∫
X×Y

f d(μ⊗̂ν) =
∫
Y \M

(∫
X
f(x, y) dμ(x)

)
dν(y).

Proof The proof again follows by sandwiching f between two Σ ⊗ T -

measurable functions. The details are left to the reader. �

In particular, these last two theorems apply to Lebesgue measurable

functions in Rd.

A word of caution about the naming of these results. Many authors simply

use ‘Fubini’s theorem’ to refer to any of the theorems that we have called

Fubini’s theorem or Tonelli’s theorem, while some authors also attribute

some of the results to E.W. Hobson.
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Exercises

30.4.1 Suppose that X is an uncountable set with the discrete metric. Show

that the diagonal Δ = {(x, x) : x ∈ X} is not in P (X)⊗ P (X).

30.4.2 Give the details of the proof of Theorem 30.4.9.

30.4.3 Suppose that 0 < a < b. Show that the function f(x, y) = e−xy is

integrable on [0,∞)× [a, b]. Use Fubini’s theorem to calculate∫ ∞

0

e−ax − e−bx

x
dx.

30.4.4 Let f(0, 0) = 0 and let f(x, y) = xy/(x2 + y2)2 if (x, y) �= (0, 0).

Show that the integrals
∫ 1
−1 f(x, y) dλ(x) and

∫ 1
−1 f(x, y) dλ(y) exist

and are equal for all x, y ∈ [−1, 1]. Is f integrable on [−1, 1]× [−1, 1]?
30.4.5 Give an example of a Lebesgue measurable function f on the unit

square [0, 1]× [0, 1] for which
∫ 1
0 f(x, y) dλ(x) exists and equals 1 for

all y and
∫ 1
0 f(x, y) dλ(y) exists and equals 0 for all x. Why does this

not contradict Fubini’s theorem?

30.4.6 Let f(x, y) = (x2−y2)/(x2+y2)2, for (x, y) ∈ (0, 1)×(0, 1). Calculate∫ 1

0

(∫ 1

0
f(x, y) dx

)
dy and

∫ 1

0

(∫ 1

0
f(x, y) dy

)
dx.

What does this tell you about the integrability of f?

30.5 Borel measures on R, I

There are many other measures defined on the Borel sets B of R than

Lebesgue measure. We begin by considering finite measures. LetM+(R) be

the set of finite Borel measures defined on the Borel sets B of R.

Proposition 30.5.1 Suppose that μ ∈ M+(R). Let Fμ(t) = μ((−∞, t]).

Then Fμ is a non-negative right-continuous increasing function on R,

Fμ(t)→ 0 as t→ −∞ and Fμ(t)→ μ(R) as t→ +∞.

Proof Certainly Fμ is non-negative and increasing. If tn ↘ t as n → ∞
then (−∞, tn]↘ (−∞, t], so that Fμ(tn)↘ Fμ(t), by downwards continuity;

thus Fμ is right continuous. Similarly, (−∞,−n] ↘ ∅ as n → ∞, so that

Fμ(t)→ 0 as t→ −∞, and (−∞, n]↗ R as t→ +∞, so that Fμ(t)→ μ(R)

as t→∞, by upwards continuity. �

The function Fμ is called the cumulative distribution function of μ.
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Theorem 30.5.2 Let F(R) denote the set of non-negative bounded

increasing right-continuous functions f on R for which f(t) → 0 as t →
−∞. Then the mapping μ→ Fμ is a bijection of M+(R) onto F(R).

Proof First we show that the mapping is injective. Suppose that Fμ = Fν .

The collection of sets Π of the form ∪n
j=1(aj , bj ] is a π-system, and μ(A) =

ν(A) for each A ∈ Π. Let Λ be the collection of Borel sets B for which

μ(B) = ν(B). Then Λ is a λ-system containing Π, and so, by Dynkin’s π-λ

theorem, Λ contains σ(Π), which is the Borel σ-field. Thus μ = ν.

In order to show that the mapping is surjective, we use the Caratheodory

extension theorem. Suppose that F ∈ F(R). Let S be the semi-ring of

sets of the form (a, b], together with the empty set. Let m(∅) = 0 and let

m((a, b]) = F (b) − F (a). We show that m is a pre-measure on S. Suppose

that (a, b] is the disjoint union of the sequence ((aj , bj ])
∞
j=1. Then

n∑
j=1

m((aj , bj ]) =

n∑
j=1

(F (bj)− F (aj)) ≤ F (b)− F (a) = m((a, b]),

and so
∑∞

j=1m((aj , bj ]) ≤ m((a, b]).

We must prove the reverse inequality. Suppose that ε > 0. Since F is

right continuous, there exists a < a′ < b such that F (a′) − F (a) < ε/2

and for each j ∈ N there exists b′j > bj such that F (b′j) < F (bj) + ε/2j+1.

The open intervals (aj , b
′
j) cover the compact set [a′, b], and so there exists J

such that [a′, b] ⊆ ∪J
j=1(aj , b

′
j). But this implies that

∑J
j=1(F (b′j)−F (aj)) ≥

F (b)− F (a′). Hence

∞∑
j=1

m((aj , bj ]) =

∞∑
j=1

(F (bj)− F (aj)) ≥
∞∑
j=1

(F (b′j)− F (aj))− ε/2

≥
J∑

j=1

(F (b′j)− F (aj))− ε/2 ≥ (F (b)− F (a′))− ε/2

> (Fb)− F (a)) − ε = m((a, b])− ε.

Since ε is arbitrary, the result follows. By the the Caratheodory extension

theorem, there exists a measure μ on a σ-field containing σ(S) which extends

m. But σ(S) is the Borel σ-field, and so F is the image of the restriction of

μ to σ(S). �

Suppose that F ∈ F(R) and μF is the corresponding Borel measure. If

f ∈ L1(μF ), the integral
∫
R f dμF is frequently written as

∫
X f dF ; it is

called the Stieltjes integral of f with respect to F .
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We can also consider the set R(R) of σ-finite measures on R; here μ(R)

may be infinite, and it may be the case that μ(−∞, t] = ∞ for all t ∈ R.

The cumulative distribution function is therefore unsuitable. Instead, we

consider functions for which f(0) = 0. If μ is a σ-finite measure on R, let

Jμ(t) =

⎧⎨⎩
μ(0, t] if t > 0,

0 if t = 0,

−μ(t, 0] if t < 0,

so that μ((a, b]) = Jμ(b)− Jμ(a).

Theorem 30.5.3 Let J (R) denote the set of non-negative increasing

right-continuous functions f on R for which f(0) = 0. The mapping μ→ Jμ
is a bijection of R(R) onto J (R).

Proof This follows from the previous theorem, for example, by first con-

sidering the measure μk defined by setting μk(A) = μ(A∩ (−k, k]), and then

letting k tend to infinity. The details are left to the reader. �

Another important case concerns σ-finite measures defined on the semi-

infinite open interval (0,∞). If μ is such a measure and 0 < t < ∞, let

λμ(t) = μ(t,∞): λμ is the tail distribution function on (0,∞). This relates

to the tail distribution of a non-negative measurable function f on a measure

space (X,Σ, μ):

λf (t) = μ(f > t) = (f∗μ)(t,∞) = λf∗μ(t).

We are usually only concerned with measures for which λμ(t) <∞ for t > 0

(although, if μ is not a finite measure, then λμ(t)→∞ as t↘ 0). We denote

the set of such measures by R�(0,∞).

Proposition 30.5.4 If μ ∈ R∗(0,∞) then λμ is a decreasing right-

continuous function on (0,∞) for which λμ(t)→ 0 as t→∞.

Proof Just like the proof of Proposition 30.5.1. �

Theorem 30.5.5 Let Λ(R) denote the set of decreasing right-continuous

functions λ on (0,∞) for which f(t) → 0 as t →∞. The mapping μ→ λμ

is a bijection of R�(0,∞) onto Λ(R).

Proof Once again, this is left as an exercise for the reader. �

We shall study Borel measures on R and their cumulative distribution

functions further, in Section 32.4.
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Exercises

We can also construct the Borel measure λF corresponding to a func-

tion F in F(R), by following the proof of the existence of Lebesgue

measure.

30.5.1 If I = (a, b) is an open interval, set lF (I) = F (b−) − F (a), with

similar definitions for semi-infinite and infinite open intervals.

30.5.2 Use this to define lF (O), for open sets O.

30.5.3 If K is a compact subset of R, set sF (K) = l(R)− l(R \K).

30.5.4 If A is a subset of R, define the outer measure (λF )
∗(A) and inner

measure (λF )∗(A) as

(λF )
∗(A) = inf{lF (U) : U open, A ⊆ U},

(λF )∗(A) = sup{sF (K) : K compact ,K ⊆ A}.

Show that (λF )∗(A) ≤ (λF )
∗(A).

30.5.5 Say that A is λF -measurable if equality holds, and then define λF (A)

to be the common value. Show that the set of λF -measurable sets is

a σ-field ΣF containing the Borel σ-field.

30.5.6 Show that λF is a finite measure on ΣF .

30.5.7 Show that F is the cumulative distribution function of λF .



31

Signed measures and complex measures

31.1 Signed measures

So far we have been concerned with measures which take non-negative val-

ues. We now drop this requirement. A signed measure σ on a measurable

space (X,Σ) is a real-valued function on Σ which is σ-additive: if (An)
∞
n=1

is a sequence of disjoint elements of Σ, then

σ(∪∞
n=1An) =

∞∑
n=1

σ(An).

An important feature of this definition is that infinite values are not allowed.

A finite measure is a signed measure; in this setting, we call such a measure

a positive measure.

Proposition 31.1.1 Suppose that σ is a signed measure on a measurable

space (X,Σ).

(i) σ(∅) = 0.

(ii) If (An)
∞
n=1 is a sequence of disjoint elements of Σ, then

∑∞
n=1 σ(An)

converges absolutely.

(iii) If (An)
∞
n=1 is an increasing sequence in Σ with union A then σ(A) =

limn→∞ σ(An).

(iv) If (Bn)
∞
n=1 is a decreasing sequence in Σ with intersection B then

σ(B) = limn→∞ σ(Bn).

(v) σ(Σ) = {σ(A) : A ∈ Σ} is a bounded subset of R.

Proof

(i) Take An = ∅ for n ∈N. Then
∑∞

n=1 σ(An) converges, so that σ(∅) = 0.

(ii) If τ is any permutation of N then
∑∞

n=1 σ(Aτ(n)) converges, so that the

result follows from Theorem 4.5.2 of Volume I.

884
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(iii) Let C1 = A1 and let Cn = An \An−1 for n > 1. Then A is the disjoint

union of the sequence (Cn)
∞
n=1, so that

σ(A) =

∞∑
n=1

σ(Cn) = lim
n→∞

n∑
j=1

σ(Cj) = lim
n→∞

σ(An).

(iv) Since (X \Bn)
∞
n=1 increases to X \B,

σ(B) = σ(X) − σ(X \B) = σ(X) − lim
n→∞

σ(X \Bn)

= lim
n→∞

(σ(X) − σ(X \Bn)) = lim
n→∞

σ(Bn).

(v) We need a lemma.

Lemma 31.1.2 Let

H = {H ∈ Σ : {σ(C) : C ∈ Σ, C ⊆ H} is unbounded}.

If H ∈ H, then there exists H ′ ∈ H and C ∈ Σ such that H is the disjoint

union H ′ ∪ C and |σ(C)| ≥ 1.

Proof There exists D ∈ Σ such that D ⊆ H and |σ(D)| ≥ |σ(H)| + 1.

Then |σ(H \ D) ≥ 1. If D ∈ H, take H ′ = D and C = H \D. Otherwise,

H \D must be in H; take H ′ = H \D and C = D. �

Suppose that X ∈ H. Let A0 = X. Applying the lemma repeatedly, there

exists a decreasing sequence (An)
∞
n=1 in H, such that if Cn = An−1 \ An

then |σ(Cn)| ≥ 1. But (Cn)
∞
n=1 is a sequence of disjoint elements of Σ, and

so
∑∞

n=1 σ(Cn) converges. This gives a contradiction. Thus X �∈ H, and so

σ(Σ) is bounded. �

The set caR(X,Σ) of signed measures on a measure space (X,Σ) contains

the finite measures, and is a linear subspace of the vector space space of all

real-valued functions on Σ. Thus if π and ν are positive measures then π−ν

is a signed measure. We can decompose a signed measure σ as the difference

of two positive measures, in a canonical way.

Theorem 31.1.3 If σ is a signed measure on a measurable space (X,Σ),

then there exist disjoint P and N in Σ, with X = P ∪N , such that σ(A) ≥ 0

for A ⊆ P and σ(A) ≤ 0 for A ⊆ N . Let σ+(A) = σ(A ∩ P ) and let

σ−(A) = −σ(A ∩ N). Then σ+ and σ− are positive measures on Σ, and

σ = σ+ − σ−.
Further, the decomposition is essentially unique; if X = P ′ ∪ N ′, where

P ′ and N ′ are disjoint elements of Σ for which π(A) = σ(A ∩ P ′) ≥ 0 and

ν(A) = −σ(A ∩N ′) ≥ 0 for A ∈ Σ, then π = σ+ and ν = σ−.
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Proof Say that A is strictly non-negative if σ(B) ≥ 0 for all B ⊆ A. First

we show that if A ∈ Σ then there exists strictly non-negative C ⊆ A with

σ(C) ≥ σ(A). Suppose not. If σ(A) ≤ 0 then we can take C = ∅. Suppose
that σ(A) > 0. Let l0 = inf{σ(B) : B ⊆ A}: −∞ < l0 < 0. Choose B1 ⊆ A

such that σ(B1) < l0/2, and let A1 = A \ B1. Then σ(A1) > σ(A), and

if l1 = inf{σ(B) : B ⊆ A1} then l0/2 < l1 < 0. Repeating the process,

we obtain a decreasing sequence (An) such that σ(An) is increasing, and

ln = inf{σ(B) : B ⊆ An} → 0. Then σ(∩n(An)) ≥ σ(A) and ∩n(An) is

strictly non-negative.

It follows that

M = sup{σ(A) : A ∈ Σ} = sup{σ(A) : A strictly non-negative}.

There exist strictly non-negative Pn such that σ(Pn) > M − 1/n. Then P =

∪nPn is strictly non-negative, and σ(P ) = M . It follows that if A ∩ P = ∅
then σ(A) ≤ 0, so that we can take N = X \ P .

It is then immediate that σ+ and σ− are positive measures on (X,Σ),

and that σ = σ+ − σ−.
Finally, suppose that P ′,N ′, π and ν satisfy the conditions of the theorem,

and that A ∈ Σ. If B ⊆ A ∩ P ′ then σ(B) ≥ 0, so that σ+(A ∩ P ′) = σ(A ∩
P ′) = π(A). Similarly, if B ⊆ A∩N ′ then σ(B) ≤ 0, so that σ+(A∩N ′) = 0.

Consequently,

σ+(A) = σ(A ∩ P ′) = π(A ∩ P ′) = π(A),

so that π = σ+. Similarly, ν = σ−. �

The decomposition σ = σ+ − σ− of this theorem is called the Jordan

decomposition of σ. We set |σ| = σ+ + σ−. |σ| is a positive measure.

Proposition 31.1.4 If σ∈ caR(X,Σ) and A∈Σ then |σ(A)| ≤ |σ|(A) and

|σ|(A) = sup{|σ(B)| + |σ(C)| : B,C ∈ Σ, B ∩ C = ∅, B ∪ C = A}.

Proof First,

|σ(A)| = |σ(A ∩ P ) + σ(A ∩N)| ≤ |σ(A ∩ P )|+ |σ(A ∩N)|
= |σ|(A ∩ P ) + |σ|(A ∩N) = |σ|(A).

Secondly,

|σ|(A) = σ(A ∩ P ) + σ(A ∩N)

≤ sup{|σ(B)| + |σ(C)| : B,C ∈ Σ, B ∩ C = ∅, B ∪ C = A},



31.1 Signed measures 887

while if B,C ∈ Σ, B ∩ C = ∅ and B ∪ C = A, then

|σ(B)|+ |σ(C)| ≤ |σ|(B) + |σ|(C) = |σ|(A). �

Corollary 31.1.5 If (An)
∞
n=1 is a sequence of disjoint elements of Σ with

union A then
∑∞

n=1 |σ(An)| ≤ |σ|(A).

Proof For
∞∑
n=1

|σ(An)| ≤
∞∑
n=1

|σ|(An) = |σ|(A).
�

Theorem 31.1.6 If σ ∈ caR(X,Σ), let ‖σ‖ca = |σ|(X). Then ‖.‖ca is

a norm on the vector space caR(X,Σ) of signed measures on (X,Σ) under

which caR(X,Σ) is complete.

Proof Let σ = π − ν be the Jordan decomposition of σ. If λ ≥ 0 then

λσ = λπ − λν is the Jordan decomposition of λσ, so that ‖λσ‖ = λ ‖σ‖.
If λ < 0 then λσ = |λ|ν − |λ|π is the Jordan decomposition of λσ, so that

‖λσ‖ = |λ|ν(X) + |λ|π(X) = |λ| ‖σ‖.
If σ1, σ2 are signed measures then

‖σ1 + σ2‖ca = |σ1 + σ2|(X)

= sup{|(σ1 + σ2)(A)| + |(σ1 + σ2)(X \ A)| : A ∈ Σ}
≤ sup{|(σ1(A)| + |σ2(A)| + |(σ1(X \A)|+ |σ2(X \A)| : A ∈ Σ}
≤ sup{|(σ1(A)| + |(σ1(X \A)| : A ∈ Σ}

+sup{|σ2(A)|+ |σ2(X \ A)| : A ∈ Σ}
= ‖σ1‖ca + ‖σ2‖ca .

Thus ‖.‖ca is a norm on caR(X,Σ).

Suppose that (σk)
∞
k=1 is a Cauchy sequence in caR(X,Σ). If A ∈ Σ then

|σj(A)− σk(A)| ≤ |σj − σk|(A) ≤ ‖σj − σk‖ca ,

so that (σk(A))
∞
k=1 is a Cauchy sequence in R, which converges to σ(A),

say. We shall show that σ is a signed measure and that σk → σ in norm as

k →∞.

Suppose that (An)
∞
n=1 is a sequence of disjoint elements of Σ with union

A, and that ε > 0. There exists K ∈ N such that ‖σj − σk‖ca < ε/2 for

j, k ≥ K. By Corollary 31.1.5,

∞∑
n=1

|σj(An)− σK(An)| ≤ |σj − σK |(A) ≤ ‖σj − σK‖ca < ε/2,
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for j ≥ K.

Letting j → ∞, it follows that
∑∞

n=1 |σ(An) − σK(An)| ≤ ε/2, and

similarly |σ(A) − σK(A)| ≤ ε/2. Thus∣∣∣∣∣
( ∞∑

n=1

σ(An)

)
− σ(A)

∣∣∣∣∣ =
∣∣∣∣∣
( ∞∑

n=1

(σ(An)− σK(An))

)
− (σ(A) − σK(A))

∣∣∣∣∣
≤
( ∞∑

n=1

(|σ(An)− σK(An)|)
)

+ |σ(A) − σK(A)| ≤ ε.

Since ε is arbitrary, it follows that σ is σ-additive.

Finally, if A ∈ Σ then

|σ(A)− σk(A)|+ |σ(X \A)− σk(X \ A)| < ε

for k ≥ K, so that ‖σ − σk‖ca ≤ ε for k ≥ K; σk → σ as k →∞. �

We can use integrable functions to define signed measures.

Theorem 31.1.7 Suppose that f ∈ L1(X,Σ, μ). If A ∈ Σ, let f.dμ(A) =∫
A f dμ. Then f.dμ is a signed measure, and the mapping f → f.dμ is an

isometric linear mapping of L1(X,Σ, μ) onto a closed subspace of the space

caR(X,Σ) of signed measures on (X,Σ).

Proof Suppose that (Bn)
∞
n=1 is an increasing sequence in Σ, with union

B. Then |fIBn
| ≤ |f | for each n ∈ N, and fIBn

→ fIB pointwise as n→∞.

By the theorem of dominated convergence,

f.dμ(Bn) =

∫
Bn

f dμ→
∫

Bf dμ = f.dμ(B),

so that f.dμ is a signed measure.

Clearly f.dμ = f+.dμ − f−.dμ, so that

‖f.dμ‖ca =
∥∥f+.dμ

∥∥
ca

+
∥∥f−.dμ

∥∥
ca

=

∫
X
f+ dμ +

∫
X
f− dμ =

∫
X
|f | dμ = ‖f‖1 .

Thus the mapping is an isometry. Since L1(X,Σ, μ) is complete, the image

is closed. �

We return to this topic in Section 32.1.
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31.2 Complex measures

We can also consider measures which take complex values. Suppose that

(X,Σ) is a measurable space. A complex measure σ is a complex-valued func-

tion on Σ which is σ-additive: if (An)
∞
n=1 is a sequence of disjoint elements

of Σ, then

σ(∪∞
n=1An) =

∞∑
n=1

σ(An).

If σ is a complex-valued measure, then the real and imaginary parts of σ

are signed measures. Thus the vector space caC(X,Σ) of signed measures is

the direct sum caR(X,Σ)⊕ i.caR(X,Σ), and we can deduce properties of σ

from this.

We can give caC(X,Σ) a complex norm ‖.‖ca(C), under which it is a

Banach space.

Theorem 31.2.1 If σ ∈ caC(X,Σ) and A ∈ Σ, let

|σ|(A) = sup{
k∑

j=1

|σ(Aj)| : Aj ∈ Σ, {A1, . . . , Ak} a partition of A}.

Then |σ| is a positive measure on (X,Σ). Let ‖σ‖ca(C) = |σ|(X). Then

‖.‖ca(C) is a norm on caC(X,Σ), under which caC(X,Σ) is complete. The

restriction of ‖.‖ca(C) to caR(X,Σ) is the norm ‖.‖ca of Theorem 31.1.6.

Proof Suppose that (Bn)
∞
n=1 is a sequence of disjoint elements of Σ with

union B, and that {A1, . . . , Ak} is a partition of B by sets in Σ. Then

k∑
j=1

|σ(Aj)| ≤
k∑

j=1

( ∞∑
m=1

|σ(Aj ∩Bm)|
)

=

∞∑
m=1

⎛⎝ k∑
j=1

|σ(Aj ∩Bm)|

⎞⎠ ≤ ∞∑
m=1

|σ|(Bm);

taking the supremum over partitions of B, it follows that |σ|(B)≤
∑∞

m=1

|σ|(Bm).

Conversely, suppose that ε > 0. For each m ∈ N there exists a partition

(A1,m, . . . , Akm,m} of Bm by sets in Σ such that

km∑
j=1

|σ(Aj,m)| > |σ(|Bm)− ε/2m.
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If n ∈ N then {Aj,m : 1 ≤ j ≤ km, 1 ≤ m ≤ n} ∪ {X − ∪n
m=1Bm} is a

partition of B, so that

|σ|(B) ≥
∑
{|σ(Aj,m)| : 1 ≤ j ≤ km, 1 ≤ m ≤ n}+ |σ(X −∪n

m=1Bm)|

≥
n∑

m=1

|σ|(Bm)− ε.

Since this holds for all n ∈ N, |σ|(B) ≥
∑∞

m=1 |σ|(Bm)− ε. Since this holds

for all ε > 0, |σ|(B) ≥
∑∞

m=1 |σ|(Bm), and so |σ| is a measure.

We leave it as an exercise for the reader to show that that‖.‖ca(C) is a

norm on caC(X,Σ).

Suppose that σ ∈ caR(X,Σ). It follows from the definitions that ‖σ‖ca ≤
‖σ‖ca(C). Let σ = π−ν be the Jordan decomposition of σ, with correspond-

ing dissection X = P ∪ N . If {A1, . . . , Ak} is a partition of X by sets in

Σ,

k∑
j=1

|σ(Aj)| ≤
k∑

j=1

(σ(Aj ∩ P )− σ(Aj ∩N)) = ≤||σ||ca

Taking the supremum, ‖σ‖ca(C) ≤ ‖σ‖ca. Thus ‖σ‖ca(C) = ‖σ‖ca.
If σ = σ1 + iσ2, with σ1, σ2 signed measures, then

‖σ‖ca(C) ≤ ‖σ1‖ca(C) + ‖σ2‖ca(C) = ‖σ1‖ca + ‖σ2‖ca ≤ 2 ‖σ‖ca(C) ,

so that, considered as a real normed space, (caC(X,Σ), ‖.‖ca(C)) is isomor-

phic to (caR(X,Σ), ‖.‖ca)⊕(caR(X,Σ), ‖.‖ca), and is therefore complete. �

The quantity ‖σ‖ca(C) are called the total variation of σ. From now on,

we shall denote it by ‖.‖ca. Theorem 31.2.1 shows that this should cause no

confusion.

We also have a complex version of Theorem 31.1.7.

Theorem 31.2.2 Suppose that f ∈ L1
C(X,Σ, μ). If A ∈ Σ, let f.dμ(A) =∫

A f dμ. Then f.dμ is a complex measure, and the mapping f → f.dμ is an

isometric linear mapping of L1
C(X,Σ, μ) onto a closed subspace of the space

caC(X,Σ) of complex measures on (X,Σ).

Proof It follows by considering real and imaginary parts that f.dμ is a

complex measure. If A1, . . . , An are disjoint elements of Σ then
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n∑
j=1

|f.dμ(Aj)| =
n∑

j=1

|
∫
Aj

f dμ| ≤
n∑

j=1

∫
Aj

|f | dμ ≤
∫
X
|f | dμ = ‖f‖1 ,

and so ‖f.dμ‖ca ≤ ‖f‖1.
Suppose that ε > 0. By Corollary 29.5.6, there exists a simple function

g =
∑n

j=1 cjIAj
such that ‖f − g‖1 ≤ ε/2. Then

n∑
j=1

|f.dμ(Aj)| =
n∑

j=1

|
∫
Aj

f dμ|

≥
n∑

j=1

|
∫
Aj

g dμ| −
n∑

j=1

|
∫
Aj

(f − g) dμ|

≥
n∑

j=1

∫
Aj

|g| dμ −
n∑

j=1

∫
Aj

|f − g| dμ

≥ ‖g‖1 − ‖f − g‖1 ≥ ‖f‖1 − 2 ‖f − g‖1 ≥ ‖f‖1 − ε,

so that ‖f.dμ‖ca ≥ ‖f‖1. Thus the mapping is an isometry, and again the

image is closed. �

Exercise

31.2.1 Show that ‖.‖ca(C) is a norm on caC(X,Σ).

31.3 Functions of bounded variation

We now consider a signed measure σ on the Borel subsets of R, with Jordan

decomposition σ = π− ν. We define the cumulative distribution function of

σ in exactly the same way as for positive measures: if t ∈ R then Fσ(t) =

σ((−∞, t]). Since Fσ = Fπ − Fν , Fσ is a bounded right-continuous function

on R, Fσ(t)→ 0 as t→ −∞ and Fσ(t)→ σ(R) as t→ +∞.

How do we recognize the cumulative distribution function of a signed

Borel measure on R? If I is a closed interval in R, we denote the set of all

finite strictly increasing sequences T = (t0 < t1 < · · · < tk) in I by T (I).
Suppose that f is a real-valued function on R. If T = (t0 < t1 < · · · < tk) ∈
T (I), we set

v+T (f) =

k∑
j=1

(f(tj)− f(tj−1))+,
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v−T (f) =
k∑

j=1

(f(tj)− f(tj−1))−

and vT (f) =

k∑
j=1

|f(tj)− f(tj−1)|.

Clearly vT (f) = v+T (f) + v−T (f) and f(tk)− f(t0) = v+T (f)− v−T (f). We set

v+(f, I) = sup
T∈T (I)

v+T (f),

v−(f, I) = sup
T∈T (I)

v−T (f)

and v(f, I) = sup
T∈T (I)

vT (f).

The quantity v+(f, I) is the positive variation of f on I, v−(f, I) is the

negative variation of f on I, and v(f, I) is the total variation of f on I.

We write v+f (t) for v+(f, (−∞, t); v−f (t) and vf (t) are defined similarly. A

real-valued function f is of bounded variation if v(f,R) is finite.

Here are some basic properties of the variations of a function.

Theorem 31.3.1 Suppose that f, g are real-valued functions on R, and

that I is a closed interval in R.

(i) v(f, I) = v+(f, I) + v−(f, I).
(ii) If a < b < c then v+(f, [a, c]) = v+(f, [a, b]) + v+(f, [b, c]), and similar

equalities hold for v−(f, [a, c]) and v−(f, [a, c]).
(iii) v+(f + g, I) ≤ v+(f, I) + v+(g, I), v−(f + g, I) ≤ v−(f, I) + v−(g, I)

and v(f + g, I) ≤ v(f, I) + v(g, I).

(iv) v+(−f, I) = v−(f, I), v−(−f, I) = v+(f, I) and v(−f, I) = v(f, I).

(v) If λ > 0 then v+(λf, I) = λv+(f, I), v−(λf, I) = λv−(f, I) and

v(λf, I) = λv(f, I).

(vi) If I = [a, b] and v(f, I) <∞ then f(b)− f(a) = v+(f, I)− v−(f, I).

Proof These results follow from the fact that adding extra points to T ∈
T (I) does not decrease any of v+(f, I), v−(f, I) or v(f, I).

For (i),

v+(f, I) + v−(f, I) = sup
T∈T (I)

(v+T (f) + v−T (f)) = sup
T∈T (I)

vT (f) = v(f, I).

(ii) and (iii) are proved similarly, and (iv) and (v) follow from the definitions.
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(vi) Given ε > 0, there exists T ∈ T (I) such that

v+(f, I)− v+T (f)| < ε/2 and v(f, I)− vT (f)| < ε/2,

so that

|v+(f, I)− v−(f, I)− (f(b)− f(a))|
= |v+(f, I)− v−(f, I)− (v+T (f)− v−T (f))| < ε.

Since ε is arbitrary, (vi) holds. �

Corollary 31.3.2 Suppose that f is a function of bounded variation. Then

v+f , v
−
f and vf are increasing functions on R which tend to 0 as t → −∞.

Further f(t) tends to a limit f(−∞) as t→ −∞, and to a limit f(+∞) as

t→ +∞, and

f(t) = f(−∞) + v+f (t)f − v−f (t) for t ∈ R.

The set of points of discontinuity of f is countable, and each discontinuity

is a jump discontinuity.

Proof The functions v+f , v
−
f and vf are increasing, by (ii). Given ε > 0

there exists T = (t0 < · · · < tk) ∈ T (R) such that vT (f) > v(f,R) − ε. If

t < t0 then

vf (t) + v(f, [t, t0]) + vT (f) ≤ vf (t) + v(f, [t, t0]) + v(f, [t0, tk]) = vf (tk)

≤ v(f,R) < vT (f) + ε,

so that vf (t) → 0 as t → −∞. Consequently v+f (t) → 0 and v−f (t) → 0 as

t→ −∞.

If s < t then

f(t)− f(s) = (v+f (t)− v−f (t))− (v+f (s)− v−f (s))→ 0 as s, t→ −∞,

so that f(t) tends to a limit f(−∞) as t → −∞. Similarly, f(t) tends to a

limit f(+∞) as t→ +∞. Further

f(t) = f(s) + (v−f (t)− v−f(t))− (v+f (s)− v−f (s))

→ f(−∞) + (v+f (t)− v+f(t)) as s→ −∞,

so that f(t) = (f(−∞+ v+f (t))− v−f (t).

The final result follows from the fact that v+f and v−f are increasing, and

so their sets of points of discontinuity are countable, and each discontinuity

is a jump discontinuity. �
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We denote by bv0(R) the vector space of right-continuous functions f on

R of bounded variation for which f(t)→ 0 as t→ −∞.

Proposition 31.3.3 If f ∈ bv0(R) then v+f , v
−
f and vf are in bv0(R).

Proof We need to show that each of the functions is right-continuous.

Since v+f = 1
2(vf + f) and v−f = 1

2(vf − f), it is enough to show that vf is

right-continuous. Suppose that t ∈ R and that ε > 0. There exists δ > 0

such that |f(s) − f(t)| < ε/2 for t < s < t + δ. Choose t < r < t + δ.

There exists T = (t = t0 < t1 < · · · < tk = r) ∈ T ([t, r]) for which

vT (f) > v(f, [t, r])− ε/2. Then

vf (t1)− vf (t) = v(f, [t, r])− v(f, [t1, r])

≤ (vT (f) + ε/2)−
k∑

j=2

|f(tj)− f(tj−1)|

= |f(t1)− f(t)|+ ε/2 < ε.

Since vf is an increasing function, this shows that f is right-continuous. �

Theorem 31.3.4 (i) The function v(.,R) is a norm on bv0(R); we

denote v(f,R) by ‖f‖bv.
(ii) If f is an increasing function in bv0(R), then ‖f‖bv = f(+∞) = ‖f‖∞.

(iii) If f ∈ bv0(R) then ‖f‖bv =
∥∥∥v+f ∥∥∥

bv
+
∥∥∥v−f ∥∥∥

bv
.

Proof Since v(f,R) ≥ ‖f‖∞, so that v(f,R) = 0 if and only if f = 0, this

follows immediately from Theorem 31.3.1. �

Theorem 31.3.5 The mapping F : σ → Fσ is a linear isometry of

(caR(R,B), ‖.‖ca) onto (bv0(R), ‖.‖bv), with inverse mapping μ : f → μf ,

where μf = μv+
f
− μv−f

. If σ = π − ν is the Jordan decomposition of σ then

Fπ = v+f and Fν = v−f .

Proof If σ ∈ caR(R), with Jordan decomposition σ = π − ν, then

Fσ = Fπ − Fν so that Fσ ∈ bv0(R), by Proposition 30.5.1. If Fσ = 0 then

Fπ = Fν . It therefore follows from Theorem 30.5.2 that π = ν, so that F

is injective. If f ∈ bv0(R), then f = v+f − v−f . Then μf = μv+
f
− μv−f

∈
caR(R). If σ ∈ caR(R) then σ = μFσ

, so that F is bijective; the mapping

f → μf is the inverse of the mapping F . If μ is a positive measure, then

‖Fμ‖bv = μ(R) = ‖μ‖ca. Thus if σ ∈ caR(R), with Jordan decomposition

σ = π − ν, then

‖Fσ‖bv = ‖Fπ − Fν‖bv ≤ ‖Fπ‖bv + ‖Fν‖bv = ‖π‖ca + ‖ν‖ca = ‖σ‖ca ,
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so that F is norm-decreasing. Similarly, if f ∈ bv0(R), then

‖μf‖ca =
∥∥∥μv+

f
− μv−f

∥∥∥
ca
≤
∥∥∥μv+

f

∥∥∥
ca

+
∥∥∥μv−f

∥∥∥
ca

=
∥∥∥v+f ∥∥∥

bv
+
∥∥∥v−f ∥∥∥

bv
= ‖f‖bv ,

so that F−1 is also norm decreasing. Thus F is an isometry. Further,

‖Fσ‖bv = ‖σ‖ca = ‖π‖ca + ‖ν‖ca = ‖Fπ‖bv + ‖Fν‖bv ,

so that Fπ = v+f and Fν = v−f , by Theorem 31.3.1 (iv). �

It is a straightforward matter to establish corresponding results for

complex Borel measures on R (Exercise 2).

Exercises

31.3.1 A partially ordered vector space (E,≤) is a real vector space E

together with a partial order ≤ on E which satisfies

• if x ≤ y then x+ z ≤ y + z, and

• if x < y and λ ≥ 0 then λx ≤ λy.

Show that ca(X,Σ) is a partially ordered vector space when we set

σ ≤ τ if τ − σ is a positive measure. Show that if σ = π − ν is the

Jordan decomposition of σ then

π = inf{μ : μ positive, μ ≥ σ.}.

Show that bv0(R) is a partially ordered vector space when we set

f ≤ g if g − f is an increasing function. Show that

v+f = inf{g ∈ bv0 : g increasing, g ≥ f}.

Show that the mapping σ → Fσ is an order-preserving mapping of

ca(R,B) onto bv0(R).

31.3.2 Suppose that f ∈ bv0(R) and that f = g − h, where g and h are

increasing functions in bv0(R). Show that g ≥ v+f and h ≥ v−f . Show
that equality holds if and only if ‖f‖bv = ‖g‖bv + ‖h‖bv.

31.3.3 Define the cumulative distribution function Fσ of a complex Borel

measure σ on R, and the total variation v(f,R) of a complex-valued

function on R. Define the vector space bv0(C). If f ∈ bv0(C), let

‖f‖bv = v(f,R). Show that ‖.‖bv is a norm on bv0(C). Show that the

mapping σ → Fσ is a linear isometry of (caC(R,B), ‖.‖ca(C)) onto

(bv0(C), ‖.‖bv).
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Measures on metric spaces

Lebesgue measure λ was defined on the real line R, and properties of λ

are closely connected to the topology of R. In fact, almost all the measures

spaces that are met in analysis are defined on a Hausdorff topological space,

and, more particularly, on a metric space. In this chapter we consider a

metric space (X, d). The Borel σ-field B is the σ-field generated by the open

subsets of X (or by the closed subsets of X). We call a measure defined on B
a Borel measure on X. Such measures necessarily have good approximation

properties.

32.1 Borel measures on metric spaces

Theorem 32.1.1 A finite Borel measure on a metric space (X, d) is

closed-regular: if B is a Borel set then

μ(B) = inf{μ(O) : O open, B ⊆ O}
= sup{μ(C) : C closed, C ⊆ B}. (∗)

There exist an increasing sequence (An)
∞
n=1 of closed sets and a decreasing

sequence (Un)
∞
n=1 of open sets such that μ(An)→ μ(B) and μ(Un)→ μ(B)

as n→∞.

Proof The proof uses Dynkin’s π-λ theorem in a rather standard way. Let

G be the set of those elements of B for which (∗) holds. We show that the

collection C of closed subsets of X, which is a π-system, is contained in G.
We then show that G is a λ-system; consequently G = B.

First suppose that C is a closed subset of X. Let

Cn = {x ∈ X : d(x,C) < 1/n} = ∪c∈CN1/n(c).

896
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Then (Cn)
∞
n=1 is a decreasing sequence of open sets, whose intersection is C.

Thus μ(Cn)→ μ(C) as n→∞, by downwards continuity, so that

μ(C) = inf{μ(O) : O open, C ⊆ O}.

Since, trivially, μ(C) = sup{μ(A) : A closed, A ⊆ C}, it follows that C ∈ G.
Certainly X ∈ G.
Suppose that (Hn)

∞
n=1 is an increasing sequence in G, with union H. For

each n ∈ N there exist a closed set Cn and an open set On with Cn ⊆ Hn ⊆
On, for which

μ(Cn) > μ(Hn)− 1/2n and μ(On) < μ(Hn) + 1/2n.

Let An = ∪n
j=1Cj and Un = ∪∞

m=nOm. Then (An)
∞
n=1 is an increasing

sequence of closed subsets of H, and (Un)
∞
n=1 is a decreasing sequence of

open sets containing H. Then

lim
n→∞

μ(An) ≤ μ(H) = lim
n→∞

μ(Hn) ≤ lim
n→∞

(μ(An) + 1/2n) = lim
n→∞

μ(An),

so that μ(H) = limn→∞ μ(An).

Similarly, since Un \H ⊆ ∪∞
m=n(Om \Hm),

0 ≤ μ(Un)− μ(H) ≤ μ(Un \H) ≤
∞∑

m=n

μ(Om \Hm) ≤ 2/2n.

Thus μ(Un)→ μ(H) as n→∞. Thus H ∈ G.
Finally, suppose that G,H ∈ G and that G ⊆ H. Suppose that ε > 0.

There exist open sets U and V such that G ⊆ U , H ⊆ V , μ(U) < μ(G)+ε/2

and μ(V ) < μ(H)+ ε/2. Similarly, there exist closed sets A and B such that

A ⊆ G, B ⊆ H, μ(A) > μ(G) − ε/2 and μ(B) > μ(H) − ε/2. Then V \ A
is open, H \ G ⊆ V \ A and μ(V \ A) < μ(H \ G) + ε. Similarly, B \ U is

closed, B \ U ⊆ H \ G and μ(B \ U) > μ(H \ G) − ε. Thus H \ G ∈ G, so
that G is a λ-system. �

Corollary 32.1.2 If σ is a signed Borel measure or complex Borel measure

on a metric space (X, d) and B ∈ B then there exist an increasing sequence

(An)
∞
n=1 of closed subsets of B and a decreasing sequence (Un)

∞
n=1 of open

sets containing B such that if (Cn)
∞
n=1 is a sequence in B with An ⊆ Cn ⊆ B

then σ(Cn) → σ(B) as n → ∞, and if (Dn)
∞
n=1 is a sequence in B with

B ⊆ Dn ⊆ Un then σ(Dn)→ σ(B) as n→∞.

Proof There exist an increasing sequence (An)
∞
n=1 of closed subsets of

B and a decreasing sequence (Un)
∞
n=1 of open sets containing B such that
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|σ|(An)→ |σ|(B) and |σ|(Un)→ |σ|(B) as n→∞. If (Cn)
∞
n=1 is a sequence

in Σ with An ⊆ Cn ⊆ B then

|σ(B)− σ(Cn)| = |σ(B \ Cn)| ≤ |σ|(B \ Cn) ≤ |σ|(B \An)→ 0

as n → ∞. A similar argument establishes the result for the sequence

(Dn)
∞
n=1. �

Exercises

32.1.1 Give a proof of Theorem 32.1.1 using the monotone class theorem.

32.1.2 Suppose that μ and ν are finite Borel measures on a metric space

(X, d). Show that μ = ν if and only if μ(U) = ν(U) for each open set

U .

32.1.3 Suppose that μ and ν are finite Borel measures on a metric space

(X, d). Show that μ = ν if and only if
∫
X f dμ =

∫
X f dν for each

bounded continuous real-valued function f on X.

32.2 Tight measures

In general, compact sets are better behaved than closed sets, and it is impor-

tant to be able to approximate sets from the inside by compact sets. A finite

Borel measure μ on a metric space (X, d) is said to be tight, or regular, if

whenever B is a Borel subset of X then

μ(B) = inf{μ(O) : O open, B ⊆ O}
= sup{μ(K) : K compact, K ⊆ B}.

Proposition 32.2.1 A finite Borel measure μ on a metric space (X, d) is

tight if and only if there exists an increasing sequence (Kn)
∞
n=1 of compact

subsets of X such that μ(Kn)→ μ(X) as n→∞.

Proof The condition is necessary. Suppose that μ is tight. For each n ∈N

there exists a compact subset Ln of X such that μ(Ln) > μ(X) − 1/n. Let

Kn = ∪n
j=1Lj . Then the sequence (Kn)

∞
n=1 satisfies the condition.

Conversely, suppose that the condition is satisfied, and that B is a Borel

subset of X. Suppose that ε > 0. Since μ is closed-regular, there exists

a closed set A such that A ⊆ B and ⊆ O, μ(O) < μ(B) + ε and μ(A) >

μ(B)−ε/2. There exists n ∈ N such that μ(Kn) > μ(X)−ε/2. Then A∩Kn

is a compact subset of B and

μ(A ∩Kn) = μ(A)− μ(A \Kn) ≥ μ(A)− μ(X \Kn) > μ(B)− ε. �
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Recall that a topological space is σ-compact if it is the union of a sequence

of compact subsets.

Corollary 32.2.2 A finite Borel measure μ on a σ-compact metric space

(X, d) is tight.

Here is a more remarkable result.

Theorem 32.2.3 (Ulam’s theorem) A finite Borel measure μ on a

complete separable metric space (X, d) is tight.

Proof Let (xj)
∞
j=1 be an enumeration of a countable dense subset of (X, d).

For each n ∈ N and k ∈ N, let An,k = ∪k
j=1M1/n(xj), (whereM1/n(xj) is the

closed 1/n-neighbourhood of xj). For fixed n ∈ N, the sequence (An,k)
∞
k=1

is an increasing sequence of closed subsets of X whose union is X, and so

μ(An,k) → μ(X) as k →∞. Thus there exists kn such that μ(X \ An,kn
) =

μ(X)− μ(An,kn
) < 1/2n.

Let Kn = ∩∞
m=nAm,km

. Then Kn is a closed subset of X. It is also totally

bounded, since, for each m ≥ n, Kn ⊆ Am,km
, and is therefore contained

in finitely many open balls of radius 2/m. Since (X, d) is complete, Kn is

compact. Further,

μ(X \Kn) = μ(∪∞
m=n(X \ Am,km

)) ≤
∞∑

m=n

2−m = 21−n,

and so (Kn)
∞
n=1 is an increasing sequence of compact subsets of X for which

μ(Kn)→ μ(X). The result therefore follows from Proposition 32.2.1. �

A Polish space is a separable topological space (X, τ) for which there is a

complete metric on X which defines the topology.

Corollary 32.2.4 A finite Borel measure μ on a Polish space is tight.

Proof For tightness is a topological property. �

Thus a finite Borel measure on the space I of irrational numbers is tight.

Exercises

32.2.1 Show that a finite Borel measure on a countable metric space (X, d)

is tight.

32.2.2 Give an example of a σ-compact metric space (X, d) which is not a

Polish space.

32.2.3 Give an example of a Polish space which is not σ-compact.
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32.3 Radon measures

We now consider a σ-finite Borel measure μ on a metric space (X, d).

Proposition 32.3.1 Suppose that μ is a σ-finite Borel measure on a

metric space (X, d).

(i) If x ∈ X then μ({x}) <∞.

(ii) There exists an increasing sequence (Cn)
∞
n=1 of closed subsets of X of

finite measure for which μ(X \ C) = 0, where C = ∪∞
n=1Cn.

Proof There exists an increasing sequence (An)
∞
n=1 of Borel sets of finite

measure for which ∪∞
n=1An = X.

(i) x ∈ An for some n ∈ N, and μ({x}) ≤ μ(An) <∞.

(ii) If B is a Borel subset of X and n ∈ N, let μn(B) = μ(B ∩An).

Then μn is a finite Borel measure on X, and so is closed-regular. Thus there

exists a closed set Dn contained in An with

μn(Dn) > μn(An)− 1/2n = μ(An)− 1/2n.

Let Cn = ∪n
j=1Dj , and let C = ∪∞

n=1Cn. Then (Cn)
∞
n=1 is an increasing

sequence of closed subsets of X of finite measure. Further, if p > m then

μ((X \ C) ∩Am) = μ(Am \ C) ≤ μ(Am \Dp) ≤ μ(Ap \Dp) < 1/2p.

Since this holds for all p > m, μ((X \ C) ∩Am) = 0, and so

μ(X \ C) = lim
m→∞

μ((X \ C) ∩Am) = 0.
�

Corollary 32.3.2 If B is a Borel subset of X then

μ(B) = sup{μ(D) : D closed,D ⊆ B,μ(D) <∞}.

Proof

μ(B) = μ(B ∩ C) = lim
n→∞

μ(B ∩ Cn).

Arguing as above, μ(B ∩ Cn) = sup{μ(D) : D closed,D ⊆ B ∩ Cn}, and so

the result follows. �

Let us consider an example. Let R be the extended real line {−∞}∪R∪
{∞} with its usual compact metrizable topology. If B is a Borel subset of

R, let λ(B) = λ(B ∩R), where λ is Lebesgue measure on R. Then λ is a

σ-finite measure on R. λ({−∞}) = 0, but if N is any open neighbourhood

of −∞, then λ(N) =∞, and the compact set R has infinite measure. This
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is clearly not very satisfactory. A σ-finite Borel measure on a metric space

(X, d) is locally finite if each element of X has an open neighbourhood of

finite measure.

Proposition 32.3.3 If μ is a locally finite Borel measure on a metric

space (X, d) and K is a compact set of X, then μ(K) <∞.

Proof For each x ∈ K there exists an open neighbourhood Nx of x with

μ(Nx) < ∞. These neighbourhoods cover K, and so there exists a finite

subset F of K such that K ⊆ ∪x∈FNx. Thus

μ(K) ≤
∑
x∈F

μ(Nx) <∞.
�

A σ-finite measure on a metric space (X, d) is called a Radon measure if

it is locally finite, and if μ(B) = sup{μ(K) : K compact,K ⊆ B} for each

Borel subset B of X.

Proposition 32.3.4 A locally finite σ-finite measure μ on a σ-compact

metric space (X, d) is a Radon measure.

Proof There exists an increasing sequence (Kn)
∞
n=1 of compact subsets of

X whose union is X. If B is a Borel subset of X, then, by Corollary 32.3.2,

μ(B) = sup{μ(D) : D closed,D ⊆ B}. But if D is closed, then μ(D) =

limn→∞ μ(D ∩ Kn), so that μ(D) = sup{μ(K) : K compact,K ⊆ B}, and
the result follows from this. �

Theorem 32.3.5 A locally finite σ-finite measure μ on a metric space

(X, d) is a Radon measure if and only there exists a σ-compact subset Y of

X such that μ(X \ Y ) = 0.

Proof If the condition is satisfied, and B is a Borel subset of X, then

B ∩ Y is a Borel subset of Y , and

μ(B) = μ(B ∩ Y ) = sup{μ(K) : K compact,K ⊆ B ∩ Y }
≤ sup{μ(K) : K compact,K ⊆ D} ≤ μ(B);

thus all the terms are equal, and μ is a Radon measure.

Conversely, suppose that μ is a Radon measure. By Proposition 32.3.1.

there exists an increasing sequence (Cn) of closed subsets of X of finite

measure for which μ(X \ C) = 0, where C = ∪∞
n=1Cn. Since μ is a Radon

measure, for each n ∈ N there exists a compact subset Kn of Cn for which

μ(Kn) > μ(Cn)−1/2n. Let Y = ∪∞
n=1Kn. Then Y is σ-compact, and arguing

as in Proposition 32.3.1, μ(X \ Y ) = 0. �
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Corollary 32.3.6 A locally finite σ-finite Borel measure on a Polish space

is a Radon measure.

Proof For each n ∈ N, the closed set Cn is a Polish subspace of (X, d),

and the restriction of μ to the Borel subsets of Cn is a finite measure, which

is tight, by Ulam’s theorem. There therefore exists a compact subset Kn of

Cn with μ(Kn) > μ(Cn) − 1/2n. Let Y = ∪∞
n=1Kn. Then Y is σ-compact,

and once again, μ(X \ Y ) = 0. �



33

Differentiation

In this chapter, we compare two measures defined on the same measur-

able space, and in particular, compare a finite Borel measure on R with

Lebesgue measure. This involves further properties of integrable functions

and of monotonic functions on R.

33.1 The Lebesgue decomposition theorem

We consider a σ-finite measure space (X,Σ, μ), and a finite measure ν on Σ.

We use the Fréchet–Riesz representation theorem to prove a fundamental

theorem of measure theory.

Theorem 33.1.1 (The Lebesgue decomposition theorem) Suppose that

(X,Σ, μ) is a σ-finite measure space, and that ν is a finite measure on Σ.

Then there exists a non-negative f ∈ L1(μ) and a set B ∈ Σ with μ(B) = 0

such that ν(A) =
∫
A f dμ+ ν(A ∩B) for each A ∈ Σ.

Two measures μ and ν on the same σ-field Σ are said to be mutually

singular if there exists A ∈ Σ such that μ(A) = 0 and ν(X \ A) = 0. (If

so, this is frequently written as μ⊥ν.) If we define νB(A) = ν(A ∩ B) for

A ∈ Σ, then νB is a measure, and ν = f.dμ + νB . The measures μ and νB
are mutually singular.

Proof Let π(A) = μ(A)+ν(A); π is a σ-finite measure on Σ. Suppose that

g ∈ L2
R(π). Let L(g) =

∫
g dν. Then, by the Cauchy–Schwarz inequality,

|L(g)| ≤ (ν(X))1/2
(∫

|g|2 dν
)1/2

≤ (ν(X))1/2 ‖g‖L2(π) ,

so that L is a continuous linear functional on L2(π). By the Fréchet–Riesz

theorem (Volume II, Theorem 14.3.7), there exists an element h ∈ L2(π)

903



904 Differentiation

such that L(g) = 〈g, h〉, for each g ∈ L2(π) ; that is,
∫
X g dν =

∫
X gh dμ +∫

X ghdν, so that ∫
X
g(1 − h) dν =

∫
X
gh dμ. (∗)

Taking g as an indicator function IA, we see that

ν(A) = L(IA) =

∫
A
hdπ =

∫
A
hdμ +

∫
A
hdν

for each A ∈ Σ.

Now let N = (h < 0), Gn = (0 ≤ h ≤ 1 − 1/n), G = (0 ≤ h < 1) and

B = (h ≥ 1). Then

ν(N) =

∫
N
hdμ+

∫
N
hdν ≤ 0,

so that ν(N) = 0. But then
∫
N hdμ = 0, and so μ(N) = 0. Similarly,

ν(B) =

∫
B
hdμ +

∫
B
hdν ≥ ν(B) + μ(B),

so that μ(B) = 0.

Let f(x) = h(x)/(1 − h(x)) for x ∈ G, and let h(x) = 0 otherwise. Note

that if x ∈ Gn then 0 ≤ f(x) ≤ 1/(1− h(x)) ≤ n. If A ∈ Σ, then, using (∗),

ν(A ∩Gn) =

∫
X

1− h

1− h
IA∩Gn

dν =

∫
X
fIA∩Gn

dμ =

∫
A∩Gn

f dμ.

Applying the monotone convergence theorem, we see that ν(A ∩ G) =∫
A∩G f dμ =

∫
A f dμ. Thus

ν(A) = ν(A ∩G) + ν(A ∩B) + ν(A ∩N) =

∫
A
f dμ+ ν(A ∩B).

Taking A = X, we see that
∫
X f dμ <∞, so that f ∈ L1(μ). �

This beautiful proof is due to von Neumann.

Suppose that (X,Σ, μ) is a measure space. Our aim now is to recognize

when a complex measure ν on X is of the form f.dμ, where f ∈ L1(X,Σ, μ).

Suppose that φ is a real- or complex-valued function on Σ. We say that φ is

absolutely continuous with respect to μ if whenever ε > 0 then there exists

δ > 0 such that if A ∈ Σ and μ(A) < δ then |φ(A)| < ε; if so, we write

φ << μ.
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Proposition 33.1.2 If (X,Σ, μ) is a finite or σ-finite measure space, and

ν is a complex measure on Σ, then ν is absolutely continuous with respect

to μ if and only if whenever μ(A) = 0 then ν(A) = 0.

Proof Suppose that ν is absolutely continuous with respect to μ, and that

μ(A) = 0. Then μ(A) < δ for all δ > 0, so that |ν(A)| < ε for all ε > 0, and so

ν(A) = 0. For the converse, suppose first that ν is a finite positive measure

and that ν is not absolutely continuous with respect to μ. Then there exists

ε > 0 such that for each n ∈ N there exists An ∈ Σ with μ(An) < 1/2n and

ν(An) ≥ ε. Then μ(lim supn→∞An) = 0, by the first Borel–Cantelli lemma,

while ν(lim supn→∞An) ≥ ε. Thus the condition does not hold.

Suppose next that ν is a signed measure, and that ν(A) = 0 whenever

μ(A) = 0. Let X = P∪N be the partition of X in the the Jordan decomposi-

tion of ν. If μ(A) = 0 then μ(A∩P ) = 0, so that ν+(A) = ν(A∩P ) = 0. Thus

ν+ is absolutely continuous with respect to μ; similarly, ν− is absolutely

continuous with respect to μ, and so therefore is ν.

Finally the result follows for complex measures by considering real and

imaginary parts. �

Theorem 33.1.3 (The Radon–Nikodým theorem) Suppose that (X,Σ, μ)

is a σ-finite measure space, and that ν is a finite measure on Σ. Then ν

is absolutely continuous with respect to μ if and only if there exists a non-

negative f ∈ L1(μ) such that ν(A) =
∫
A f dμ for each A ∈ Σ.

Proof If f ∈ L1(μ), then f.dμ is absolutely continuous with respect to μ

by Proposition 33.1.2. Conversely, suppose that ν is absolutely continuous

with respect to μ, and that ν = f.dμ+ νB is the Lebesgue decomposition of

ν. Since μ(B) = 0 ν(B) = 0, and so νB = 0. Thus ν = f.dμ. �

The Radon–Nikodým theorem clearly extends to signed measures ν, by

considering the Jordan decomposition of ν, and to complex measures ν, by

considering the real and imaginary parts of ν. The Radon–Nikodým theo-

rem throws light on the relationship between a complex measure σ and the

positive measure |σ|.

Theorem 33.1.4 Suppose that σ is a complex measure on a measurable

space (X,Σ). There exists a complex measurable function φ on X, with |φ| =
1, such that σ(A) =

∫
A φd|σ| for all A ∈ Σ.

In other words, σ = φ.d|σ|. The function φ is the phase function of σ.

Proof The complex measure σ is clearly absolutely continuous with

respect to |σ|, and so by the Radon–Nykodým theorem there exists φ ∈
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L1
C(X,Σ, |σ|) such that σ(A) =

∫
A φd|σ| for all A ∈ Σ. We show that

|φ| = 1 almost everywhere.

First, let An = (�φ > 1 + 1/n). Then

|σ|(An) ≥ �(σ(An)) =

∫
An

�φd|σ| ≥ (1 + 1/n)|σ|(An),

so that |σ|(An) = 0. Thus if A = (�φ > 1), then

|σ|(A) = lim
n→∞

|σ|(An) = 0.

Next, let (θn)
∞
n=1 be a dense sequence in [0, 2π). Let

Bn = (�(eiθnφ) > 1).

Then, as above, |σ|(Bn) = 0. If B = (|φ| > 1), B = ∪∞
n=1Bn, and so

|σ|(B) = |σ|(∪∞
n=1Bn) = 0. Thus |φ| ≤ 1 almost everywhere.

Finally, let Cn = (|φ| ≤ 1− 1/n). Suppose that D1, . . . ,Dk is a partition

of Cn by sets in Σ. Then

k∑
j=1

|σ(Dj)| =
k∑

j=1

|
∫
Dj

φd|σ|| ≤
k∑

j=1

∫
Dj

|φ| d|σ| ≤ (1− 1/n)|σ|(Cn).

Taking the supremum over all partitions, |σ|(Cn) ≤ (1 − 1/n)|σ|(Cn), so

that |σ|(Cn) = 0. Thus |σ|(|φ| < 1) = |σ|(∪∞
n=1Cn) = 0; |φ| ≥ 1 almost

everywhere. We can change φ on a null set so that |φ| = 1. �

Exercises

33.1.1 Use the fact that if f ∈ L1(X,Σ, μ) then f.dμ is absolutely continuous

with respect to μ, and Egorov’s theorem, to give another proof of the

theorem of dominated convergence.

33.2 Sublinear mappings

We now establish a result which enables us to use approximation argu-

ments to establish results about convergence everywhere. First we need some

definitions.

Suppose that (X,Σ, μ) is the measure space. A mapping T from a normed

space (E, || · ||E) into a space L0(X,Σ, μ) is subadditive if T (f + g) ≤ T (f)+

T (g) for f, g ∈ E, is positive homogeneous if T (λf) = λT (f) for f ∈ E and

λ real and positive, and is sublinear if it is both subadditive and positive
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homogeneous. We say that T is of weak type (E, q) if there exists L < ∞
such that μ(|T (f)| > α)} ≤ Lq‖f‖qE/αq for all f ∈ E, α > 0. The least

constant L for which the inequality holds for all f ∈ E is called the weak

type (E, q) constant. When E = Lp(X ′,Σ′, μ′), we say that T is of weak type

(p, q).

Weak type is important, when we consider convergence almost every-

where.

Theorem 33.2.1 Suppose that (Tr)r≥0 is a family of linear mappings from

a normed space E into L0(X,Σ, μ), and that M is a non-negative sublinear

mapping of E into L0(X,Σ, μ), of weak type (E, q) for some 0 < q < ∞,

such that

(i) |Tr(g)| ≤M(g) for all g ∈ E, r ≥ 0, and

(ii) there is a dense subspace F of E such that Tr(f) → T0(f) almost

everywhere, for f ∈ F , as r → 0.

Then Tr(g)→ T0(g) almost everywhere, as r → 0, for each g ∈ E.

Proof We use the first Borel–Cantelli lemma. For each n there exists fn ∈
F with ‖g − fn‖E ≤ 1/2n. Let

Bn = (M(g − fn) > 1/n) ∪ (Tr(fn) �→ T0(fn)).

Then

μ(Bn) = μ(M(g − fn) > 1/n) ≤ Lnq

2nq
.

Let B = lim sup(Bn). Then μ(B) = 0, by the first Borel–Cantelli lemma.

If x /∈ B, there exists n0 such that x �∈ Bn for n ≥ n0, so that

|Tr(g)(x) − Tr(fn)(x)| ≤M(g − fn)(x) ≤ 1/n, for r ≥ 0.

Thus if n ≥ n0, then

|Tr(g)(x) − T0(g)(x)| ≤
|Tr(g)(x) − Tr(f))(x)|+ |Tr(fn)(x)− T0(fn)(x)|+ |T0(fn)(x)− T0(g)(x)|

≤ 2/n + |Tr(fn)(x)− T0(fn)(x)| ≤ 3/n

for small enough r, and so Tr(g)(x)→ T0(x) as r → 0. �

We can consider other directed sets than [0,∞); for example N, or the set

{(h, t) : h ∈ Rd, t ≥ 0 and ‖h‖ < t},

ordered by (h, t) ≤ (k, s) if Nt(h) ⊆ Ns(k).
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33.3 The Lebesgue differentiation theorem

We now consider finite Borel measures on Rd and functions in

L1(Rd,Ld, λd). As usual, let Nr(x) denote the open Euclidean ball {y :

|y − x| < r} of radius r with centre x. Then λd(Nr(x)) = rdΩd, where Ωd is

the Lebesgue measure of the unit ball in Rd.

If μ is a finite Borel measure on Rd, we set

Ar(μ)(x) =
μ(Nr(x))

λd(Nr(x))
=

μ(Nr(x))

rdΩd
.

Proposition 33.3.1 The function Ar(μ) is lower semi-continuous.

Proof Suppose that x ∈ Rd, and that ε > 0. Let rn increase to r as

n → ∞. By upwards continuity, there exists n ∈ N such that μ(Nrn(x)) >

μ(Nr(x))− εrdΩd. If ‖y − x‖ < r−rn then Nrn(x) ⊆ Nr(y), so that Ar(y) >

Ar(x)− ε. �

We say that μ has a spherical derivative Dμ(x) at x if, given ε > 0, there

exists r0 > 0 such that if 0 < r < r0 and x ∈ Nr(y) then |Ar(μ)(y) −
Dμ(x)| < ε. It is important that in this definition we consider spheres to

which x belongs, and not just spheres centred at x.

Similarly, if f ∈ L1(Rd,Ld, λd), we set

Ar(f)(x) =

∫
Nr(x)

f dλd

λ(Nr(x))
=

1

rdΩd

∫
Nr(x)

f dλd.

Ar(f)(x) is the average value of f over the ball Nr(x). Again, we say that f

has a spherical derivative Df(x) at x if, given ε > 0, there exists r0 > 0 such

that if 0 < r < r0 and x ∈ Nr(y) then |Ar(f)(y) − Df(x)| < ε. Thus the

spherical derivative of the function f is the same as the spherical derivative

of the measure f.dλd.

First we consider a function f in L1(Rd,Ld, λd). We set

mu(f)(x) = sup
r>0

(sup{Ar(|f |)(y) : y ∈ Nr(x)}) .

Theorem 33.3.2 The function mu is a lower semi-continuous sublinear

operator of weak type (1, 1).

Proof Suppose that mu(f)(x) <∞. If ε > 0, there exist r > 0 and y ∈ Rd

such that x ∈ Nr(y) and Ar(|f |)(y) > mu(f)(x) − ε. Since Nr(y) is open,

there exists δ > 0 such that Nδ(x) ⊆ Nr(y). If w ∈ Nδ(x), then mu(f)(w) ≥
Ar(|f |)(y) > mu(f)(x)− ε. A similar argument applies if mu(f) =∞, Thus
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mu(f) is lower-semicontinuous.

The key result is the following covering lemma.

Lemma 33.3.3 (Wiener’s lemma) Suppose that G is a finite set of open

balls in Rd. Then there is a finite subcollection F of disjoint balls such that

∑
U∈F

λd(U) = λd(
⋃
U∈F

U) ≥ 1

3d
λd(

⋃
U∈G

U).

Proof We use a greedy algorithm. If U = Nr(x) is an open ball, let U∗ =
N3r(x) be the ball with the same centre as U , but with three times the

radius.

Let U1 be a ball of maximal radius in G. Let U2 be a ball of maximal

radius in G, disjoint from U1. Continue, choosing Uj of maximal radius,

disjoint from U1, . . . , Uj−1, until the process stops, with the choice of Uk.

Let F = {U1, . . . , Uk}.
Suppose that U ∈ G. There is a least j such that U∩Uj �= ∅. Then the

radius of U is no greater than the radius of Uj (otherwise we would have

chosen U to be Uj) and so U ⊆ U∗
j . Thus

⋃
U∈G U ⊆

⋃
U∈F U∗ and

λd

( ⋃
U∈G

U

)
≤ λd

( ⋃
U∈F

U∗

)
≤
∑
U∈F

λd(U
∗) = 3d

∑
U∈F

λd(U).

�

Proof of Theorem 33.3.2. Let f ∈ L1(Rd). Let Eα = (mu(f) > α), for

α > 0. Let K be a compact subset of Eα. For each x ∈ K, there exists

yx ∈ Rd and rx > 0 such that x ∈ Nrx(yx) and Arx(|f |)(yx) > α. It follows

from the definition of mu that Nrx(yx) ⊆ Eα. The sets Nrx(yx) cover K, and

so there is a finite subcover G. By the lemma, there is a subcollection F of

disjoint balls such that

∑
U∈F

λd(U) ≥ 1

3d
λd

( ⋃
U∈G

U

)
≥ λd(K)

3d
.

But if U ∈ F , αλd(U) ≤
∫
U |f | dλd, so that since

⋃
U∈F U ⊆ Eα,

∑
U∈F

λd(U) ≤ 1

α

∑
U∈F

∫
U
|f | dλd ≤

1

α

∫
Eα

|f | dλd.
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Thus λd(K) ≤ 3d(
∫
Eα
|f | dλd)/α, and

λd(Eα) = sup{λd(K) : K compact,K ⊆ Eα} ≤
3d

α

∫
Eα

|f | dλd.

Thus mu is sublinear and of weak type (1; 1). �

Corollary 33.3.4 Let m(f) = max(mu(f), |f |). Then m is a sublinear

mapping of weak type (1, 1).

Proof For (m(f) > α) ⊆ (mu(f) > α) ∪ (|f | > α), so that

αλd(m(f) > α) ≤ (3d + 1)

∫
Rd

|f | dλd.
�

Theorem 33.3.5 (The Lebesgue differentiation theorem) Suppose that

f ∈ L1(Rd,Ld, λd). Then f(x) is the spherical derivative of f at x, for

almost every x ∈ Rd.

Proof We use Theorem 33.2.1. For each r > 0 and f ∈ L1(Rd,Ld, λd),

|Ar(f)| ≤ m(f), so that Ar is a linear mapping of L1(Rd,Ld, λd) into

L0(Rd,Ld, λd), dominated by m. Let A0(f) = f ; then A0 is also domi-

nated by m. Let F be the linear subspace of L1(Rd,Ld, λd) consisting of

continuous functions of compact support. F is dense in L1(Rd,Ld, λd), and

Ar(f)(x) → f(x) as r → 0, for each x ∈ Rd, and so the result follows from

Theorem 33.2.1. �

Corollary 33.3.6 (The Lebesgue density theorem) If E is a measurable

subset of Rd then

1

rdΩd
λd(Nr(x) ∩ E) =

λd(Nr(x) ∩ E)

λd(Nr(x))
→ 1 as r → 0 for almost all x ∈ E

and

1

rdΩd
λd(Nr(x) ∩ E) =

λd(Nr(x) ∩ E)

λd(Nr(x))
→ 0 as r → 0 for almost all x /∈ E.

Proof Apply the theorem to the indicator functions IE∩Nk(0), for k ∈ N.

�

Next we consider a finite measure μ for which μ and λd are mutually

singular.

Theorem 33.3.7 Suppose that μ is a finite Borel measure on Rd for which

μ and λd are mutually singular. Then μ has spherical derivative 0 at λd-

almost every point of Rd.
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Proof There exists a Borel λd-null set A for which μ(Rd \ A) = 0. Since

μ is tight, there exists an increasing sequence (Kn)
∞
n=1 of compact subsets

of A with μ(Kn) > μ(A)− 1/4n for n ∈ N. Let Un be the open set Rd \Kn:

then μ(Un) < 1/4n.

Let

Hn = {(x, r) : x ∈ Un, 0 < r < min(1/2n, d(x,Kn)) and Ar(μ)(x) > 1/2n}

and let Vn = ∪(x,r)∈Hn
Nr(x). Suppose that L is a compact subset of

Vn. There exists a finite subset G of Hn such that L ⊆ ∪(x,r)∈GNr(x).

By Wiener’s lemma, there exists a subset F of G such that the sets

{Nr(x) : (x, r) ∈ F} are disjoint and

λd(∪(x,r)∈FNr(x)) ≥ (1/3d)λd(∪(x,r)∈GNr(x)).

Then

λd(L) ≤ λd(∪(x,r)∈GNr(x)) ≤ 3dλd(∪(x,r)∈FNr(x))

= 3d
∑

(x,r)∈F
λd(Nr(x)) ≤ 3d.2n

∑
(x,r)∈F

μ(Nr(x))

= 3d.2nμ(∪(x,r)∈GNr(x)) ≤ 3d.2nμ(Vn) ≤ 3d.2−n.

Since λd is tight, λd(Vn) ≤ 3d.2−n.

Let B = lim supn→∞ Vn. It follows from the first Borel–Cantelli lemma

that λd(B) = 0. Consequently λd(A∪B) = 0. If x �∈ A∪B then there exists

N such that x �∈ Vn, for n ≥ N . If n ≥ N , and 0 < r < 1
2 min(1/2n, d(x,Kn))

then A2r(μ)(x) < 1/2n. If d(x, y) < r then Nr(y) ⊆ N2r(x), so that

Ar(μ)(y) ≤ 2d/2n. Thus μ has spherical derivative 0 at x. �

Combining these two theorems, we have the following.

Theorem 33.3.8 Suppose that μ is a finite Borel measure on Rd. Then μ

has a spherical derivative Dμ at λd-almost every point of Rd. The function

Dμ is λd-integrable. Set ν(A) = μ(A)−
∫
ADμdλd. Then ν is a Borel measure

on Rd, ν and λd are mutually singular, and μ = Dμ.dλd+ ν is the Lebesgue

decomposition of μ.

Proof Let μ = f.dλd+ν be the Lebesgue decomposition of μ. Then μ has

spherical derivative f λd-almost everywhere. �
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Exercises

33.3.1 This exercise establishes a version of Vitali’s covering theorem.

Suppose that V is a bounded open subset of Rd. A Vitali covering

of V is a set V of open balls contained in V with the property that if

F is a finite subset of V then

V \ (∪U∈FU) = ∪{W ∈ V : W ∩ (∪U∈FU) = ∅.}

Use Wiener’s lemma to show that there is a disjoint sequence (Un)
∞
n=1

in V such that λd(V \ (∪∞
n=1Un)) = 0.

33.3.2 Does the result hold for any open subset of Rd?

33.4 Borel measures on R, II

We now apply the Radon–Nikodým theorem to Borel measures on R. A

real- or complex-valued function f on R is absolutely continuous if whenever

ε > 0 there exists δ > 0 such that if (Ij)
k
j=1 = ((aj , bj))

k
j=1 is a sequence

of disjoint intervals of total length
∑k

j=1 l(Ij) =
∑k

j=1(bj − aj) less than δ

then
∑k

j=1 |f(bj) − f(aj)| < ε. An absolutely continuous function is clearly

uniformly continuous.

Theorem 33.4.1 A positive, signed or complex Borel measure ν on R

is absolutely continuous with respect to Lebesgue measure λ if and only if

its cumulative distribution function Fν is an absolutely continuous function

on R.

Proof It is clearly enough to consider the case where ν is a positive mea-

sure. Suppose first that ν is absolutely continuous with respect to λ. Given

ε > 0, there exists δ > 0 such that if A ∈ B and λ(A) < δ then ν(A) < ε.

If (Ij)
k
j=1 = ((aj , bj))

k
j=1 is a sequence of disjoint intervals of total length∑k

j=1 l(Ij) =
∑k

j=1(bj − aj) less than δ then λ(∪k
j=1(aj , bj ]) < δ, so that

ν(∪k
j=1(aj , bj ]) =

k∑
j=1

|Fν(bj)− Fν(aj)| < ε,

and Fν is an absolutely continuous function.

Suppose conversely that Fν is an absolutely continuous function. We use

Proposition 33.1.2. Suppose that A is a Borel set for which λ(A) = 0, and

that ε > 0. There exists δ > 0 for which the absolute continuity condition

is satisfied. There then exists an open set U containing A, with λ(U) < δ.
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Suppose that U = ∪∞
j=1Ij = ∪∞

j=1(aj , bj) is a disjoint union of an infinite

sequence of open intervals. Then

ν(A) ≤ ν(U) = lim
k→∞

ν(∪k
j=1(aj , bj))

≤ lim
k→∞

ν(∪k
j=1(aj , bj]) = lim

k→∞

k∑
j=1

(Fν(bj)− Fν(aj)) ≤ ε.

(The case where U is a finite union is even easier.) Since ε is arbitrary,

ν(A) = 0, and so ν is absolutely continuous with respect to λ. �

We now apply the results of the previous section to monotonic real-valued

functions on R. The results generalize in a straightforward way to functions

of bounded variation.

Theorem 33.4.2 Suppose that F is a bounded increasing function on R

and that F (t)→ 0 as t→ −∞. Then F is differentiable almost everywhere.

If f is the derivative of F , then f is integrable, and
∫
(−∞,t] fdλ ≤ F (t) for

almost all t ∈ R. Equality holds for all t ∈ R if and only if
∫
R f dλ =

limt→+∞ F (t), and if and only if F is an absolutely continuous function

on R.

Proof Since F is monotonic, it is continuous except on a countable set

J , and the discontinuities are all jump discontinuities. Let G(t) = F (t+),

for t ∈ R. Then G is right-continuous, and is equal to F , except on a

subset of J ; G is continuous except on J , and the discontinuities are all

jump discontinuities. G is therefore the cumulative distribution function of

a finite Borel measure μ. The measure μ has a spherical derivative Dμ except

on a null-set N , which clearly includes J . Thus if x �∈ N then

lim
h,k↘0

F (x+ h)− F (x− k)

h+ k
= lim

h,k↘0

μ([x− k, x+ h])

h+ k
= Dμ(x).

Since f is continuous at x,

F (x+ h)− F (x− k)

h+ k
→ F (x+ h)− F (x)

h
as k ↘ 0,

and
F (x+ h)− F (x− k)

h+ k
→ F (x)− F (x− k)

k
as h↘ 0.

Thus F is differentiable at x, with derivative f = Dμ.
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By Theorem 33.3.8, f is integrable, and μ = f.dλ+ ν, where ν and λ are

mutually singular. If t �∈ J , then

F (t) = μ((−∞, t]) =

∫
(−∞,t]

f dλ+ ν((−∞, t]) ≥
∫
(−∞,t]

f dλ.

Equality holds for all t if and only if ν = 0. This happens if and only if F is

absolutely continuous, and if and only if

μ(R) = lim
t→+∞

F (t) =

∫
R
f dλ.

�

Finally, let us consider the structure of a finite Borel measure μ on R. By

the Lebesgue decomposition theorem, μ = f.dλ+ ν, where f ∈ L1(R,B, λ),
and ν and λ are mutually singular. The cumulative distribution function∫
(−∞,t] f dλ of f.dλ is absolutely continuous, so that Fν has the same set J

of discontinuities as Fμ.

If x ∈ J , let j(x) be the size of the jump at x. If A is a Borel set,

let α(A) =
∑
{j(x) : x ∈ A ∩ J}. Then α is an atomic Borel measure:

α({x}) = j(x) > 0 if x ∈ J , and α(R \ J) = 0. Further, α and λ are

mutually singular.

Now let π = ν−α. Then π is a finite measure, π and λ are mutually singu-

lar, as are π and α. The cumulative distribution function Fπ has no jumps,

and is therefore a continuous function. Since π and λ are mutually singular,

Fπ is differentiable almost everywhere, and its derivative is 0 almost every-

where. A Borel measure on R such as π, which has a continuous cumulative

distribution function, but for which π and λ are mutually singular, is called

a continuous singular measure.

Summing up, if μ is a finite Borel measure on R, then μ can be written as

the sum of an absolutely continuous measure f.dλ, an atomic measure α, and

a continuous singular measure π. It is easy to see that this decomposition is

uniquely determined.



34

Applications

In this chapter, we give examples to show how the theory of measure that

we have developed is used.

34.1 Bernstein polynomials

We now use Chebyshev’s inequality to show that the polynomial functions

are dense in C[0, 1]. Suppose that f is a continuous real- or complex-valued

function on [0, 1]. The nth Bernstein polynomial Bn(f) is defined as

Bn(f)(t) =

n∑
j=0

f

(
j

n

)(
n

j

)
tj(1− t)n−j.

Note that Bn(f) is a polynomial of degree n, that Bn(f)(0) = f(0) and that

Bn(f)(1) = f(1).

Theorem 34.1.1 If f is a continuous real- or complex-valued function on

[0, 1] then Bn(f) converges uniformly to f as n→∞.

Proof The proof is usually given in the language of probability the-

ory, but we shall give a purely analytic account. We consider the unit

cube Jn = [0, 1]n with Lebesgue measure λn. Suppose that t ∈ [0, 1]. For

1 ≤ j ≤ n let

Cj = {x = (x1, . . . , xn) ∈ Jn : 0 ≤ xj ≤ t},

and let fj be the indicator function of Cj . Then∫
Jn

fj dλn =

∫
Jn

f2
j dλn = t for 1 ≤ j ≤ n,

and

∫
Jn

fifj dλn = t2 for 1 ≤ i < j ≤ n.

915
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Let an = (f1 + · · · + fn)/n be the average of f1, . . . , fn. an takes values

0, 1/n, 2/n, . . . , 1, and an(x) = j/n if and only if x ∈ Ci for exactly j values

of i. Thus

λn(an =
j

n
) =

(
n

j

)
tj(1− t)n−j.

Further,∫
Jn

an dλn =
1

n

n∑
j=1

(

∫
Jn

fj dλn) = t, and

∫
Jn

a2n dλn =
1

n2

n∑
j=1

(

∫
Jn

f2
j dλn) +

2

n2

∑
1≤i<j≤n

(

∫
Jn

fifj dλn)

=
t

n
+

n− 1

n
t2,

so that

σ2(an) =

∫
Jn

a2ndλn −
(∫

Jn

an dλn

)2

=
t(1− t)

n
≤ 1

4n
.

We now consider f ◦an. Suppose that ε > 0. Since f is uniformly continuous

on [0, 1], there exists δ > 0 such that |f(s)− f(t)| < ε/2 for |s− t| < δ. Let

L = (|an − t| > δ) and let S = (|an − t| ≤ δ). By Chebyshev’s inequality

(Proposition 29.6.8),

λn(B) ≤ σ2(an)

δ2
≤ 1

4nδ2
.

Now ∫
Jn

f ◦ an dλn =

n∑
j=0

f

(
j

n

)(
n

j

)
tj(1− t)n−j = Bn(f)(t),

so that if 0 ≤ t ≤ 1 then

|f(t)−Bn(f)(t)| = |
∫
Jn

(f(t)− f(an(s))) dλn(s)|

≤
∫
Jn

|f(t)− f(an(s))| dλn(s)

=

∫
S
|f(t)− f(an(s))| dλn(s) +

∫
L
|f(t)− f(an(s))| dλn(s)

≤ ε

2
+

2 ‖f‖∞
4nδ2
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since |f(t) − f ◦ an| < ε/2 on S and |f(t) − f ◦ an| ≤ 2 ‖f‖∞ on T . Thus

|f(t) − Bn(f)(t)| < ε if n > ‖f‖∞ /εδ2, and so Bn(f) converges uniformly

to f as n→∞. �

Corollary 34.1.2 Suppose that μ and ν are finite, or signed, or complex

Borel measures on [0, 1] for which∫
[0,1]

tn dμ(t) =

∫
[0,1]

tn dν(t) for n ∈ Z+.

Then μ = ν.

Proof For if f ∈ C[0, 1] then∫
[0,1]

f dμ = lim
n→∞

∫
[0,1]

Bn(f) dμ = lim
n→∞

∫
[0,1]

Bn(f) dν =

∫
[0,1]

f dν,

and so the result follows from Exercise 32.1.3. �

Exercises

There are many ways of showing that continuous functions on [0, 1] can

be approximated uniformly by polynomials. The following exercises provide

another proof.

34.1.1 Define a sequence of polynomials (pn)
∞
n=0 by setting p0 = 0 and

pn+1(t) = pn(t) +
1
2(t

2 − (pn(t))
2) for n ∈ N.

Show that if −1 ≤ t ≤ 1 then 0 ≤ pn(t) ≤ pn+1(t) ≤ t2.

34.1.2 Use Dini’s theorem to show that pn(t)→ |t| uniformly on [−1, 1].
34.1.3 Show that if g is a piecewise linear function on [0, 1] then there exists

x1. . . . , xk ∈ [0, 1] and constants c0, . . . , ck such that

g(x] = c0 +

k∑
j=1

cj |x− xj|,

and deduce that g can be approximated by polynomials uniformly on

[0, 1].

34.1.4 Show that a continuous function on [0, 1] can be approximated

uniformly by polynomials.
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34.2 The dual space of L
p
C(X,Σ, μ), for 1 ≤ p < ∞

We now use the Radon–Nikodým theorem to determine the dual space of

Lp
C(X,Σ, μ), where μ is a finite or σ-finite measure, and 1 ≤ p <∞. Recall

that if (E, ‖.‖E) is a normed space then the dual space E′ is the space

of continuous linear functionals on E. The quantity ‖φ‖′ = sup{|φ(x)| :
‖x‖E ≤ 1} is then a complete norm on E′. Recall also that if 1 < p < ∞
then p′ = p/(p− 1) is the conjugate index of p; we also set 1′ =∞.

Theorem 34.2.1 Suppose that (X,Σ, μ) is a finite or σ-finite measure

space and that 1 ≤ p < ∞. If g ∈ Lp′

C(X,Σ, μ) and f ∈ Lp
C(X,Σ, μ), let

φg(f) =
∫
X fg dμ. Then the mapping φ : g → φg is a linear isometry of

Lp′

C(X,Σ, μ) onto (Lp
C(X,Σ, μ)′, ‖.‖′).

A corresponding result holds in the real case, and the proof is essentially

the same.

Proof Theorem 29.6.6 shows that fg ∈ L1
C(X,Σ, μ), so that φg is defined,

and that φ is a linear isometry of Lp′

C(X,Σ, μ) into Lp
C(X,Σ, μ)′, ‖.‖′). We

must show that φ is surjective.

First we consider the case where μ is a finite measure. Suppose that

ψ ∈ (Lp
C(X,Σ, μ)′. If A ∈ Σ, let νψ(A) = ψ(IA). Then

|νψ(A)| ≤ ‖ψ‖′ . ‖IA‖p = ‖ψ‖
′ μ(A)1/p.

We show that νψ is a signed measure on Σ. Suppose that (An)
∞
n=1 is a

sequence of disjoint elements of Σ, with union A. If n ∈ N then

|νψ(A)−
n∑

j=1

νψ(Aj)| = |νψ(∪∞
m=n+1Am)| ≤ ‖ψ‖′ .μ(∪∞

m=n+1Am)1/p.

Since μ(∪∞
m=n+1Am)1/p → 0 as n → ∞, νψ(A) =

∑∞
j=1 νψ(Aj), and so

νψ is a complex measure. If μ(A) = 0 and B ∈ Σ is a subset of A, then

νψ(B) = 0, and so |νψ|(A) = 0. Thus |νψ| is absolutely continuous with

respect to μ, by Proposition 33.1.2. By the Radon–Nikodým theorem, there

exists g ∈ L1
C(X,Σ, μ) such that νψ = g.dμ. Thus ψ(IA) =

∫
A g dμ for A ∈ Σ,

and so ψ(f) =
∫
X fg dμ when f is a simple function.

Next we show that g ∈ Lp′(X,Σ, μ). First we consider the case p = 1.

Let B = (�(g) > ‖ψ‖′). If μ(B) > 0 then �(ψ(IB)) > ‖ψ‖′ . ‖IB‖1, giving
a contradiction. Thus μ(B) = 0. Similarly, if θ ∈ (0, 2π] then μ(�(eiθg) >

‖ψ‖′) = 0. Considering a dense sequence (θn)
∞
n=1 in (0, 2π], it follows that

g ∈ L∞
C (X,Σ, μ), and ‖g‖∞ ≤ ‖ψ‖′.
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Next, suppose that 1 < p < ∞. For n ∈ N, let Gn = (|g| ≤ n), let

gn = gIGn
and let fn = sgn gn|gn|p

′−1. Then∫
X
|fn|p dμ =

∫
X
|gn|p

′
dμ, so that ‖fn‖p = ‖gn‖

p′/p
p′ ,

and

|ψ(fn)| = |
∫
X
fng dμ| = |

∫
X
fngn dμ| =

∫
X
|gn|p

′
dμ,

so that

‖gn‖p
′

p′ ≤ ‖ψ‖
′ . ‖fn‖p = ‖ψ‖

′ . ‖gn‖p
′/p

p′ .

Thus ‖gn‖p′ ≤ ‖ψ‖
′. It then follows from the monotone convergence theorem

that
∫
X |g|p

′
dμ ≤ (‖ψ‖′)p′ , so that g ∈ Lp′

C (X,Σ, μ) and ‖g‖p′ ≤ ‖ψ‖′. If
f ∈ Lp

C(X,Σ, μ), it follows, by approximating f by simple functions, that

ψ(f) =
∫
X fg dμ.

If μ is σ-finite, there exists an increasing sequence (Cn)
∞
n=1 of sets in Σ of

finite measure, with ∪∞
n=1Cn = X. The result follows easily by considering

the restriction of ψ to the spaces Lp
C(Cn,Σ, μ), and letting n tend to infinity.

�

A similar result does not hold for L∞
C (X,Σ, μ). In general, the mapping

g → φg is a linear isometry of L1
c(X,Σ, μ) onto a proper subspace of the

dual of L∞(X,Σ, μ).

Exercises

34.2.1 Suppose that (X,Σ, μ) is a finite measure space and that 1 ≤ p ≤ 2.

Use the fact that L2(X,Σ, μ) ⊆ Lp(X,Σ, μ) and that the inclu-

sion is continuous, to show that any continuous linear functional on

Lp(X,Σ, μ) can be represented by an element of Lp′(X,Σ, μ), without

using the Radon–Nikodým theorem.

34.3 Convolution

We have seen in Theorem 31.2.1 that if (X,Σ) is a measurable space, then

(caC(X,Σ), ‖.‖ca) is a complex Banach space. We now consider the case

where (X,Σ) = (T,B). We write (M(T), ‖.‖) for (caC(T,B), ‖.‖ca(C)), and

Lp(T) for LP (T,B,m), for 1 ≤ p ≤ ∞. First, we show that we can define an

associative multiplication � onM(T) which makes it into a Banach algebra:

that is to say,M(T) is an algebra, and ‖μ�ν‖ ≤ ‖μ‖.‖ν‖, for μ, ν ∈ M(T).

The essential fact that we use is that T is a compact topological group:
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the mappings ψ : (eiθ, eiφ) → ei(θ+φ) from T × T to T and j : eiφ → e−iφ

from T to itself are continuous. In fact, similar results hold for any locally

compact group, and in particular for the additive group of Euclidean space

(see Exercise 34.3.3).

If θ ∈ (−π, π] and A is a Borel set in T, let Tθ(A) = e−iθA, and if

μ ∈ M(T), let Tθ(μ) be defined by setting Tθ(μ)(A) = μ(Tθ(A)). Then Tθ

is a norm-preserving linear isomorphism of M(T) onto itself.

Suppose that μ and ν are complex Borel measures on T. Then the product

measure μ⊗ν is a Borel meaure on T×T. We define the convolution product

μ � ν to be the push forward measure ψ∗(μ⊗ ν):

(μ � ν)(A) = (μ⊗ ν)(ψ−1(A)) = (μ⊗ ν)({(eiθ , eiφ) : ei(θ+φ) ∈ A}).

Using the definition of the product measure, it follows that

(μ � ν)(A) =

∫
T
ν(Tθ(A)) dμ(θ) =

∫
T
μ(Tφ(A)) dν(φ),

and that ∫
T
f d(μ � ν) =

∫
T

(∫
T
f(ei(θ+φ)) dμ(θ)

)
dν(φ)

=

∫
T

(∫
T
f(ei(θ+φ)) dν(φ)

)
dμ(θ).

Proposition 34.3.1 Suppose that μ, ν, π ∈M(T), and that α, β ∈C.
(i) μ � ν = ν � μ.

(ii) (μ � ν) � π = μ � (ν � π).

(iii) (αμ + βν) � π = α(μ � π) + β(ν � π).

(iv) ‖μ � ν‖ ≤ ‖μ‖ . ‖ν‖, with equality if both are positive measures.

Proof (i)–(iii) follow from the definitions. If B1, . . . , Bk are disjoint Borel

sets in T×T, then

k∑
j=1

|(μ ⊗ ν)(Bj)| ≤
k∑

j=1

(|μ| ⊗ |ν|)(Bj) ≤ (μ| ⊗ |ν|)(T ×T) = ‖μ‖ca . ‖ν‖ca .

Hence, if A1, . . . , Ak are disjoint Borel sets in T then
∑k

j=1 |(μ � ν)(Aj)| ≤
‖μ‖ . ‖ν‖, and so ‖μ � ν‖ ≤ ‖μ‖ . ‖ν‖. If μ and ν are positive measures, then

the inequalities become equalities. �

Thus (M(T), ‖.‖) is indeed a Banach algebra, the measure algebra of T.
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Example 34.3.2 Let δθ be the atomic measure which gives mass 1 to

{eiθ}. Then δθ � μ = Tθ(μ).

In particular, δ0 � μ = μ; δ0 is the multiplicative identity of the algebra.

Example 34.3.3 Let m = λ/2π be Haar measure on T. Thus m is an

invariant probability measure on T. Then m ∗ μ = μ(T).m.

For if A is a Borel set in T and θ ∈ (−π, π] then m(Tθ(A)) = m(A), so

that

m � μ =

∫
T
m(Tθ(A)) dμ(θ) = μ(T)m(A).

Thus spanm is an ideal in M(T), and the mapping μ → m � μ is a

norm-decreasing projection of M(T) onto spanm.

The measure algebra (M(T), ‖.‖) is very large and complicated, and its

properties are still not well understood. It does however provide a good

framework for considering the convolution of functions.

We have seen that the space L1(T) can be identified with the closed sub-

space of (M(T), ‖.‖) consisting of measure which are absolutely continuous

with respect to m. We can say more.

Theorem 34.3.4 If f ∈ L1(T) and μ ∈ M(T) then

f.dm � μ ∈ L1(T,B,m).

Proof We use the Radon–Nikodỳm theorem. If m(A) = 0 then

m(Tθ(A)) = 0, so that

(f.dm � μ)(A) =

∫
T

(∫
Tθ(A)

f dm

)
dμ(θ) = 0.

Consequently f.dm � μ is absolutely continuous with respect to m, and so

belongs to L1(T,B,m). �

We write f � μ for the measure f.dm � μ.

Thus L1(T) is a closed ideal in the measure algebra (M(T), ‖.‖), and is

therefore a Banach algebra (without identity element).
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Let us consider the convolution product of two absolutely continuous

measures. Suppose that f, g ∈ L1(T,B,m). If A ∈ B, then, using Fubini’s

theorem,

(f.dm � g.dm)(A) =

∫
T

(∫
Tθ(A)

f dm

)
g(eiθ) dm(θ)

=

∫
T

(∫
A
f(ei(φ−θ)) dm(φ)

)
g(eiθ) dm(θ)

=

∫
A

(∫
T
f(ei(φ−θ))g(eiθ) dm(θ)

)
dm(φ).

Thus f.dm � g.dm = h.dm, where

h(eiφ) =

∫
T
f(ei(φ−θ))g(eiθ) dm(θ).

We therefore define the convolution product of two elements f and g of

L1(T) by setting

(f � g)(eiφ) =

∫
T
f(ei(φ−θ))g(eiθ) dm(θ) =

1

2π

∫ 2π

0
f(ei(φ−θ))g(eiθ) dθ.

By Fubini’s theorem, the integral exists for almost all φ, and, as we have

seen, the product is in L1(T); convolution is a bilinear operator on L1(T).

Since m(T) = 1, it follows that Lq(T) ⊆ Lp(T) for 1 ≤ p < q ≤ ∞,

and that the inclusion mapping is norm-decreasing. How does this relate to

convolution?

Theorem 34.3.5 Suppose that f ∈ L1(T) and g ∈ Lp(T), where 1 ≤ p <

∞. Then f � g ∈ Lp(T), and ‖f � g‖p ≤ ‖f‖1 . ‖g‖p.

Proof Suppose that h ∈ Lp′(T), where p′ = p/(p − 1) is the conjugate

index. Then∫
T
|(f � g)h| dm ≤

∫
T
(|f | � |g|)|h| dm

=
1

2π

∫ 2π

0

(
1

2π

∫ 2π

0
|g(ei(φ−θ))|.|f(eiθ)| dθ

)
|h(φ)| dφ

=
1

2π

∫ 2π

0

(
1

2π

∫ 2π

0
|g(ei(φ−θ))||h(φ)| dφ

)
.|f(eiθ)| dθ
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≤ 1

2π

∫ 2π

0
‖g‖p . ‖h‖p′ |f(eiθ)| dθ

= ‖f‖1 . ‖g‖p . ‖h‖p′ <∞.

Thus (f � g)h ∈ L1(T), and ‖(f � g)h‖1 ≤ ‖f‖1 . ‖g‖p . ‖h‖p′ . Hence the

mapping h →
∫
T |(f � g)h| dm is a continuous linear functional on Lp′(T),

with norm at most ‖f‖1 . ‖g‖p. It now follows from Theorem ?? that f � g ∈
Lp(T), and ‖f � g‖p ≤ ‖f‖1 . ‖g‖p. �

We can say more.

Theorem 34.3.6 Suppose that f ∈ Lp(T) and g ∈ Lp′(T), where 1 ≤
p < ∞, and p′ = p/(p − 1) is the conjugate index. Then f � g ∈ C(T), and

‖f � g‖∞ ≤ ‖f‖p . ‖g‖p′.

Proof Suppose first that f is continuous and that g ∈ L1(T). Suppose

that ε > 0. Since f is uniformly continuous, there exists δ > 0 such that if

|eiφ − eiφ
′ | < δ then |f(eiφ)− f(eiφ

′
)| < ε/(‖g‖1 + 1). It then follows that if

|eiφ − eiφ
′ | < δ then

|(f �g)(eiφ)− (f �g)(eiφ
′
)| ≤ 1

2π

∫ 2π

0
|f(ei(φ−θ))− f(ei(φ

′−θ))|.|g(eiθ)| dθ < ε,

so that f � g is continuous.

Now consider the general case. It follows from Hölder’s inequality that

|(f � g)(eiφ)| ≤ 1

2π

∫ 2π

0
|f(ei(φ−θ))|.|g(eiθ)| dθ ≤ ‖f‖p . ‖g‖p′ ,

so that f � g ∈ L∞(T), and ‖f � g‖∞ ≤ ‖f‖p . ‖g‖p′ . If ε > 0, there exists

f ′ ∈ C(T) for which ‖f − f ′‖p < ε/(‖g‖p′ + 1). Then

|(f � g)(eiφ)− (f ′ � g)(eiφ)| ≤ ε for all eiφ ∈ T,

so that ‖f � g − f ′ � g‖ < ε. Thus the function f � g can be approximated

uniformly by continuous functions, and so it is continuous. �

Exercises

34.3.1 Suppose that 1 < p < ∞ and that p′ is the conjugate index. Let

f(eiθ) = | cot θ|1/p and let g(eiθ) = | cot θ|1/p′ , for eiθ ∈ T. Show that

f ∈ Lq(T) for 1 ≤ q < p and that g ∈ Lq(T) for 1 ≤ q < p′ . Show
that f � g is unbounded.
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34.3.2 Construct a non-negative element f of L1(T), for which f � f is

unbounded.

34.3.3 Define the convolution product of two complex Borel measures on

Rd. Use this to define the convolution of a function in L1(Rd) =

L1(Rd,B, λd) with a measure. Define the convolution of two func-

tions in L1(Rd), and show that it is a bounded continuous function.

Problems occur when we consider functions in Lp(Rd), for p > 1,

since Lp(Rd) is not contained in L1(Rd). Extend other definitions

and results of this section by considering approximations fIR, where

IR is the indicator function of {x : ‖x‖ ≤ R}, and letting R→∞.

34.4 Fourier series revisited

In Volume I, we established some fundamental properties of Fourier series,

using the Riemann integral. We now have the Lebesgue integral available,

and can take the theory further. We shall only prove a few results from

an enormous subject; these are intended as an introduction, and also as

an illustration of how results from measure theory are used in practice. In

particular, we restrict attention to Fourier series, and do not consider the

Fourier transform on Euclidean space, or Fourier analysis on more general

groups.

We continue with the notation of the previous section. If μ is a complex

Borel measure on T, we define its Fourier coefficients, by setting

μ̂n =

∫
T
e−inθ dμ(θ) = (γn � μ)(0),

where n ∈ Z and γn(e
iθ) = einθ. Since ‖γn‖∞ = 1, |μ̂n| ≤ ‖μ‖ca, and so

(μ̂n)
∞
n=−∞ is a bounded sequence.

Example 34.4.1

(i) μ̂0 = μ(T).

(ii) (δ̂θ)n = e−inθ for n ∈ Z. In particular, (δ̂0)n = 1 for all n.

(iii) (m̂)0 = 1 and (m̂)k = 0 if k �= 0. (Recall that m is Haar measure on T.)

These results all follow immediately from the definition.

Proposition 34.4.2 If μ and ν are complex Borel measures on T, then

(μ̂ � ν)n = μ̂nν̂n.
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Proof For

(μ̂ � ν)n =

∫
T×T

e−in(θ+φ) d(μ ⊗ ν)(θ, φ)

=

(∫
T
e−inθ dμ(θ)

)
.

(∫
T
e−inφ dν(φ)

)
= μ̂nν̂n.

�

Theorem 34.4.3 If μ is a complex Borel measure on T for which μ̂n = 0

for all n ∈ Z, then μ = 0.

Proof If p is a trigonometric polynomial, then
∫
T p dμ = 0. Since the

trigonometric polynomials are dense in C(T), it follows that if f ∈ C(T),

then
∫
T f dμ = 0. If U is an open subset of T, there exists an increasing

sequence (fn)
∞
n=1 of non-negative functions in C(T) which converges point-

wise to the indicator function of U . It follows from the theorem of bounded

convergence that μ(U) = 0. If μ = μ+ − μ− is the Jordan decomposition of

μ, then μ+(U) = μ−(U). Since Borel measures on T are regular, it follows

that μ+ = μ−, and so μ = 0. �

We now consider the Fourier coefficients of integrable functions. If f ∈
L1(T), we set

f̂n = (̂f.dm)n =
1

2π

∫ π

−π
f(eiθ)e−inθ dθ,

so that f̂n = (f � γn)(0).

In fact, we begin by considering functions in L2(T). The proofs of Bessel’s

inequality (Volume I, Theorem 9.3.1), and of Parseval’s equation (Volume

I, Corollary 9.4.7), given in Volume I, can be applied to functions in L2(T).

Parseval’s equation has the following important consequence.

Theorem 34.4.4 The mapping F : f → (f̂n)
∞
n=−∞ is an isometric linear

isomorphism of L2(T) onto l2(Z).

Proof Parseval’s equation implies that F is an isometric linear isomor-

phism of L2(T) into l2(Z). On the other hand, (γn)
∞
n=−∞ is an orthonormal

sequence in L2(T). Thus if a = (an)
∞
n=−∞ ∈ l2(Z) then

(∑n
j=−n ajγj

)∞
n=1

is

a Cauchy sequence in L2(T), which, since L2(T) is complete, converges to

an element f ∈ L2(T). Further, f̂n = 〈f, γn〉 = an, so that F(f) = a: F is

surjective. �

This result illustrates the importance of measure theory in constructing

complete normed spaces.



926 Applications

Theorem 34.4.5 (Riemann–Lebesgue theorem) If f ∈ L1(T), then f̂n →
0 as |n| → ∞.

Proof If k ∈N, let f (k)= f.I(|f |≤k). Suppose that ε> 0. Since∥∥f − f (k)
∥∥
1
→ 0, by the theorem of dominated convergence, there exists k

such that
∥∥f − f (k)

∥∥
1
< ε/2. Since f (k) is bounded, it is in L2(T), so that

F(f (k)) ∈ l2(Z). Hence there exists n0 such that |(f̂ (k))n| < ε/2 for n ≥ n0.

Thus if |n| ≥ n0 then

|f̂n| ≤ |( ̂f − f (k))n|+ |(f̂ (k))n| < ε/2 + ε/2 = ε.
�

If f ∈ L1(T), we set sn(f) =
∑n

j=−n f̂jγj . Since an element of L1(T) is

an equivalence class of functions, it is appropriate to express Dini’s test in

the following terms.

Theorem 34.4.6 (Dini’s test) Suppose that f ∈ L1(T), that α ∈ C and

that eit ∈ T. Let

φt(f)(e
is) = 1

2 (f(e
i(t+s)) + f(ei(t−s)))− α,

and let θt(f)(e
is) = φt(f)(e

is) cot(s/2). If θt(f) ∈ L1(T) then sn(f)(t)→ α

as n→∞.

Proof Note that φt(f) is an even function and θt(f) is an odd function.

Recall that it follows from the form of the Dirichlet kernel that

sn(f)(e
it)− α =

1

2π

∫ π

−π
θt(f)(s) sinns ds+

1

2π

∫ π

−π
φt(f)(s) cosns ds

= −i(̂θt(f))n + (̂φt(f))n.

The conditions ensure that φt(f) and θt(f) are in L1(T), and so the result

follows from the Riemann–Lebesgue theorem. �

The proof of Riemann’s localization theorem that was given in Theorem

9.6.3 of Volume I does not extend to unbounded functions in L1(T); but we

are now in a position to give an easier proof.

Theorem 34.4.7 (Riemann’s localization theorem) Suppose that f ∈
L1(T) and that f(eit) = 0 for a ≤ t ≤ b. If δ < (b − a)/2, then sn(f) → 0

uniformly on Iδ = {eit : a+ δ ≤ t ≤ b− δ}.

Proof If h ∈ L1(T), the mapping t → Tt(h) from [−π, π] to L1(T) is

continuous, and so {Tt(h) : t ∈ [−π, π]} is a compact subset of L1(T).
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It follows from this that {φt(f) : t ∈ [−π, π]} is a compact subset of

L1(T). Let

g(eis) =

{
cot(s/2) if δ/2 ≤ |s| ≤ π

0 otherwise.

If a+ δ ≤ t ≤ b− δ, then θt(f) = φt(f).g, so that

K = {θt(f) : a+ δ ≤ t ≤ b− δ}

is a compact subset of L1(T).

Suppose now that ε > 0. There exists a finite subset F in [a + δ, b − δ]

such that {θu(f) : u ∈ F} is an ε/3-net in K and {φu(f) : u ∈ F} is an

ε/3-net in {φt(f) : t ∈ [−π, π]}. By Dini’s test, there exists n0 such that

|sn(f)(eiu)| < ε/3 for n ≥ n0 and u ∈ F . If t ∈ [a + δ, b − δ] there exists

u ∈ F such that ‖θt(f)− θu(f)‖1 < ε/3 and ‖φt(f)− φu(f)‖1 < ε/3. Then

|sn(f)(eit) − sn(f)(e
iu)| ≤ 2ε/3 for n ≥ n0, and so |sn(f)(eit)| ≤ ε for

n ≥ n0. �

Exercises

34.4.1 Let (Kn)
∞
n=1 be the sequence of Fejér kernels. Show that if f ∈ Lp(T),

where 1 ≤ p ≤ ∞, then Kn � f → f in Lp-norm, as n→∞.

34.4.2 Suppose that f is an absolutely continuous function on T. Show that

f̂n = o(1/n) as |n| → ∞.

34.5 The Poisson kernel

The Poisson kernel in d-dimensional Euclidean space was defined in Vol-

ume II, Section 19.8, and was used to solve the Dirichlet problem for the

unit sphere. Here we restrict attention to the two-dimensional case. In this

case, ideas and results are more transparent, since the Poisson kernel is

the real part of a holomorphic function. We give a fairly self-contained

account.

Let m(z) = (1+z)/(1−z). m is a Möbius transformation which maps the

unit disc D onto the right-hand half-plane Hr = {z : �(z) > 0}, with

m(−1) = 0, m(i) = i and m(−i) = −i. Writing z = x + iy = reiθ,

we have

m(z) =
(1 + z)(1 − z̄)

1− z)(1 − z̄)
=

1− zz̄

1− (z + z̄) + zz̄
+

z − z̄

1− (z + z̄) + zz̄

=
1− r2

1− 2x+ r2
+ i

2y

1− 2x+ r2
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=
1− r2

1− 2r cos θ + r2
+ i

2r sin θ

1− 2r cos θ + r2

= P (reiθ) + iQ(reiθ).

P (reiθ) = Pr(e
iθ) is the two-dimensional Poisson kernel and Q(reiθ) =

Qr(e
iθ) is the conjugate Poisson kernel.

Proposition 34.5.1 The Poisson kernel has the following properties.

(i) Pr(e
iθ) = Pr(e

−iθ) > 0 for 0 ≤ r < 1;

(ii) Pr(e
iθ) ≤ Pr(e

iδ) for 0 < δ ≤ |θ| ≤ π;

(iii) Pr(e
iθ)→ 0 uniformly for 0 < δ ≤ |θ| ≤ π, as r ↗ 1;

(iv) 1
2π

∫ π
−π Pr(e

iθ) dθ = 1;

Proof (i), (ii) and (iii) follow from the formula for P . By Cauchy’s integral

formula,

1 = m(0) =
1

2πi

∫
Tr(0)

m(z)

z
dz =

1

2π

∫ π

−π
Pr(θ) + iQr(θ) dθ,

so that (iv) follows by taking the real part. �

We can also consider the Taylor series expansion of m:

1 + z

1− z
= (1 + z)(1 + z + z2 + · · · )

= 1 + 2z + 2z2 + · · · .

Thus

�
(
1 + z

1− z

)
= 1 + (z + z̄) + (z2 + z̄2) + · · · ;

hence

Pr(e
iθ) = 1 + r(eiθ + e−iθ) + r2(e2iθ + e−2iθ) + · · ·

=

∞∑
−∞

r|n|einθ,

and the convergence is absolute and uniform in |z| ≤ r < 1, for 0 ≤ r < 1.

Suppose that μ is a complex Borel measure on T. Let

P (μ)(reit) = μr(e
it) = (Pr ∗ μ)(eit) =

∫
T
Pr(e

i(t−s)) dμ(s).
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Theorem 34.5.2 Suppose that μ is a positive Borel measure on T. Then

P (μ) is a non-negative harmonic function on D and

1

2π

∫ π

−π
μ(eit)(t) dt = μ(T).

Proof Let z = reit and let

P (N)(reit) =

N∑
−N

r|n|eint =
N∑
0

zn +

N∑
1

z̄n.

Then P (N)(reit) → P (reit) as N → ∞, and |P (N)(reit)| ≤ (1 + r)/(1 − r).

Thus by dominated convergence,

P (N) ∗ μ(reit) =

∫ π

−π
P (N)(rei(t−s)) dμ(s)

→
∫ π

−π
P (rei(t−s)dμ = P (μ)(reit).

But P (N) ∗ μ(z) =
∑N

0 μ̂nz
n +

∑N
1 μ̂−nz̄

n, and so

P (f)(z) =

∞∑
0

μ̂nz
n +

∞∑
1

μ̂−nz̄
n.

Since supn |f̂n| ≤ ‖f‖1, the two power series have radii of convergence greater
than or equal to 1. Thus P (f) is harmonic on D. Finally

1

2π

∫ π

−π
μr(t) dt =

1

2π

∫ π

−π

(∫
T
Pr(e

i(t−s)) dμ(s)

)
dt

=

∫
T

(
1

2π

∫ π

−π
Pr(e

i(t−s)) dt

)
dμ(s) = μ(T).

�

We can extend this result to signed measures and complex measures.

Theorem 34.5.3 Suppose that μ is a signed or complex Borel measure on

T. Then P (μ) is a harmonic function on D, 1
2π

∫ π
−π |μr(t)| dt ≤ |μ|(T) and

1
2π

∫ π
−π |μr(t)| dt→ |μ|(T) = ‖μ‖ca as r ↗ 1.

Proof We prove this in the case where μ is a signed measure: the complex

case is similar, but messier.

First, Pr(μ) = Pr(μ
+) − Pr(μ

−) is harmonic, and |Pr(μ)| ≤ Pr(|μ|), so
that ‖Pr(μ)‖1 ≤ ‖Pr(|μ|)‖1 = ‖μ‖ca.
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Suppose that ε > 0. There exist disjoint Borel sets P and N with T =

P ∪N such that μ is positive on P and negative on N . There exist compact

sets C and D such that C ⊆ P , D ⊆ N and μ(C) > μ(P ) − ε and μ(D) <

μ(N) + ε. Let d = d(C,D). Let δ = d/3, so that the δ-neighbourhoods Cδ

and Dδ are disjoint.

As usual, μ+(A) = μ(A ∩ P ) and μ−(A) = −μ(A ∩ N). Let μC(A) =

μ(A ∩ C), and let μD(A) = −μ(A ∩D). Then ‖μ+ − μC‖ca < ε, so that

∫
Cδ

Pr(μC)dm−
∫
Cδ

Pr(μ
+)dm ≤

∥∥Pr(μ
+ − μC)

∥∥
1
< ε,

Thus

∫
Cδ

Pr(μ) dm =

∫
Cδ

Pr(μ
+) dm−

∫
Cδ

Pr(μ
−) dm

≥
∫
Cδ

Pr(μ
+) dm ≥

∫
Cδ

Pr(μC) dm− ε

=

∫
T
Pr(μC) dm−

∫
T\Cδ

Pr(μC) dm− ε.

Now Pr(μC)(e
it) → 0 uniformly on T \ Cδ, and so there exists 0 ≤ rC < 1

such that Pr(μC)(e
it) ≤ ε for t ∈ T \ Cδ and rC ≤ r < 1. Thus∫

T\Cδ
Pr(μC)dm < ε, and so

∫
Cδ

Pr(μ)dm ≥
∫
T
Pr(μC)dm− 2ε

= ‖μC‖ca − 2ε ≥
∥∥μ+

∥∥
ca
− 3ε

for rC ≤ r < 1. Similarly, there exists 0 ≤ rD < 1 such that
∫
Dδ

Pr(μ) dm ≥
−‖μ−‖ca + 3ε for rD ≤ r < 1. Consequently,

‖Pr(μ)‖1 ≥
∫
Cδ

Pr(μ) dm−
∫
Dδ

Pr(μ) dm−
∫
T\(Cδ∪Dδ

Pr(μ) dm

≥ ‖μ‖ca − 7ε,

for max(rC , rD) ≤ r < 1. Thus ‖Pr(μ)‖1 → ‖μ‖ca as r ↗ 1. �
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We can also consider functions in L1(T). If f ∈ L1(T), we set P (f) =

P (f.dm), so that

P (f)(reiθ) = Pr(f)(e
iθ) =

1

2π

∫ π

−π

( ∞∑
−∞

r|n|ein(θ−t)

)
f(eit) dt

=

∞∑
−∞

f̂nr
|n|einθ.

Again, P (f) is a harmonic function on D. Let us first consider the case

where f is a continuous function.

Theorem 34.5.4 (Solution of the Dirichlet problem) Suppose that f ∈
C(T), where T = {z ∈ C : |z| = 1}. Let

P (f)(reiθ) = fr(e
iθ) = (Pr ∗ f)(eiθ) =

1

2π

∫ π

−π
Pr(e

i(θ−t))f(eit) dt.

Then P (f) is a harmonic function on D, and fr → f uniformly on T.

Further, P (f) is unique: if g is a continuous function on D̄ which is

harmonic on D and equal to f on T then g = P (f) on D.

Proof We have just seen that P (f) is harmonic. Suppose that ε > 0. Since

f is uniformly continuous, there exists δ > 0 such that |f(eiθ)−f(eiφ)| < ε/2

if |θ − φ| < δ. By Theorem 34.5.1(iii), there exists 0 < r0 < 1 such that

2 ‖f‖∞ |Pr(e
iφ)| < ε/2 for r0 ≤ r < 1 and δ ≤ |φ| ≤ π. Suppose that

eiθ ∈ T. Then if r0 ≤ r < 1,

|Pr(f)(e
iθ)− f(eiθ)| =

∣∣∣∣ 12π
∫ π

−π
Pr(e

i(θ−t))(f(eit)− f(eiθ)) dt

∣∣∣∣
≤ 1

2π

∫ π

−π
Pr(e

i(θ−t))|f(eit)− f(eiθ)| dt

=
1

2π

∫
|θ−t|≥δ

Pr(e
i(θ−t))|f(eit)− f(eiθ)| dt

+
1

2π

∫
|θ−t|<δ

Pr(e
i(θ−t))|f(eit)− f(eiθ)| dt

≤ ε/2 + ε/2 = ε.

This holds for all eiθ ∈ T, and so ‖Pr(f)− f‖∞ ≤ ε for r0 ≤ r < 1.
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Finally we show that P (f) is unique. The function equal to P (f)−g on D

and zero on T is continuous on D̄ and harmonic on D, and must therefore

be zero (see Exercise 22.6.7). �

Corollary 34.5.5 The trigonometric polynomials are dense in C(T).

Proof Given f ∈ C(T) and ε > 0, there exists 0 < r < 1 such that

‖fr − f‖∞ < ε/2, and there exists N such that∥∥∥∥∥fr −
N∑

n=−N

f̂nr
|n|einθ

∥∥∥∥∥
∞

< ε/2.

�

We can use this to give another proof that the polynomials are dense in

C[−1, 1]. Suppose that g ∈ C[−1, 1]. Let f(eiθ) = g(cos θ). Then f is an

even function in C(T), so that

f̂n = f̂−n =
1

π

∫ π

0
f(eit) cosnt dt, and fr(e

iθ) = f̂0 + 2

∞∑
n=1

f̂nr
n cosnθ.

Now cosnθ = Tn(cos θ), where Tn is a polynomial of degree n, the n-th

Chebyshev polynomial. Thus

N∑
n=−N

f̂nr
|n|einθ = f̂0 + 2

N∑
n=1

f̂nr
n cosnθ

= f̂0 + 2

N∑
n=1

f̂nr
nTn(cosθ) = pr,N(cos θ),

where pr,N is a polynomial of degree at most N . Then, arguing as above,

‖g − pr,N‖∞ < ε for suitable r and N .

We now consider the spaces Lp(T) = Lp(T,B,m), for 1 ≤ p < ∞. We

define

hp(D) = {f harmonic on D : ‖f‖hp
= sup

0<r<1
‖fr‖p <∞},

for 1 ≤ p <∞.

Theorem 34.5.6 Suppose that 1 ≤ p < ∞. If f ∈ Lp(T) then P (f) ∈
hp(D), and ‖P (f)‖hp

= ‖f‖p. Further, Pr(f)→ f in Lp-norm as r ↗ 1.
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Proof Suppose that p′ is the conjugate index. If f ∈ Lp, g ∈ Lp′ and

‖g‖p′ ≤ 1,∣∣∣∣ 12π
∫ π

−π
Pr(f)(e

it)g(eit) dt

∣∣∣∣ = ∣∣∣∣ 12π
∫ π

−π

(
1

2π

∫ π

−π
f(ei(t−s))Pr(e

is) ds

)
g(eit) dt

∣∣∣∣
=

∣∣∣∣ 12π
∫ π

−π

(
1

2π

∫ π

−π
f(ei(t−s))g(eit) dt

)
Pr(e

is) ds

∣∣∣∣
≤ 1

2π

∫ π

−π

(
1

2π

∫ π

−π
|f(ei(t−s))g(eit)| dt

)
Pr(e

is) ds

≤ 1

2π

∫ π

−π
‖f‖p . ‖g‖p′ Pr(e

is) ds ≤ ‖f‖p ,

so that P (f) ∈ hp(D), and ‖P (f)‖hp
≤ ‖f‖p. Given ε > 0 there exists

g ∈ C(T) with ‖f − g‖p < ε/3, and there exists 0 < r0 < 1 such that

‖Pr(g)− g‖∞ < ε/3 for r0 < r < 1. Thus ‖Pr(g) − g‖p < ε/3 for r0 < r < 1.

If r0 < r < 1 then

‖f − Pr(f)‖p ≤ ‖f − g‖p + ‖g − Pr(g)‖p + ‖Pr(g − f)‖p < ε.

Thus Pr(f)→ f in Lp-norm as r ↗ 1. Consequently, ‖f‖p ≤ ‖P (f)‖hp
. �

When 1 < p <∞, we can say more.

Theorem 34.5.7 Suppose that 1 < p < ∞. The mapping f → P (f) is a

linear isometry of Lp(T) onto hp(D).

Proof Theorem 34.5.6 shows that the mapping is a linear isometry of

Lp(T) into hp(D). We must show that it is surjective. Suppose that f ∈
hp(D). Suppose that 0 < r < s < 1. fs ∈ C(T), and so fs ∼

∑∞
n=−∞ cnγn,

where cn = (f̂s)n. Let an = cns
−|n|. It then follows that

fr = Pr/s(fs)

∞∑
n=−∞

anr
|n|γn.

This holds for all 0 < r < s < 1, so that an does not depend on s, and

fr =

∞∑
n=−∞

anr
|n|γn for all 0 < r < 1.

If g ∈ Lp′ , let φr(g) =
∫
T frg dm. Then φr is a continuous linear functional

on Lp′(T), and ‖φr‖′ = ‖fr‖p ≤ ‖f‖hp
. Let T be the vector space of trigono-

metric polynomials. If g =
∑N

−N gnγn ∈ T , let φ(g) =
∑N

n=−N angn. Then
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φr(g) =
∑N

n=−N r|n|angn → φ(g), as r ↗ 1, and |φ(g)| ≤ ‖f‖hp
. ‖g‖p′ .

Note that φ(γn) = an. Thus φ is a continuous linear functional on the dense

linear subspace T of Lp′(T), and so it extends to a continuous linear func-

tional, which we again denote by φ, on Lp′(T). By Theorem 34.5.6, there

exists h ∈ Lp such that φ(g) =
∫
T hg dm. Since φ(γn) = ĥn, it follows that

an = ĥn, and so f = P (h). �

This result does not extend to L1(T). Indeed, the following theorem holds.

Theorem 34.5.8 The mapping μ→ P (μ) is a linear isometry of caC(T)

onto h1(D).

The proof of this theorem is beyond the scope of this book1.

Exercise

34.5.1 How would you prove Theorem 34.5.3 for complex measures?

34.5.2 Show that the Chebyshev polynomials satisfy the recurrence relation

Tn+1(x) = 2xTn(x) − Tn−1(x) for n ∈ N, and deduce that if |x| < 1

and |t| < 1 then

∞∑
n=0

Tn(x)t
n =

1− tx

1− 2tx+ t2
.

34.6 Boundary behaviour of harmonic functions

What can we say about the behaviour of the values of an element f(reit) of

h1(D) as r ↗ 1?

Theorem 34.6.1 Suppose that μ is a complex Borel measure on T with

Lebesgue decomposition μ = f.dm+ ν. Then P (μ)(reit)→ f(eit) for almost

all t as r ↗ 1.

Proof By considering real and imaginary parts, and positive and negative

parts, we can suppose that μ is a positive measure. If I is an open interval

in T let AI(μ) = μ(I)/m(I), let

mu(μ)(e
it) = sup{AI(μ) : I an open interval, eit ∈ I},

and let

mδ(μ)(e
it) = sup{AI(μ) : I an open interval, l(I) ≤ 2δ, eit ∈ I}.

1 See P.L. Duren, Theory of Hp space, Dover (2000).
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Then, as in Theorem 33.3.2, mu is a an operator of weak type (M(T), 1),

and so therefore is mδ.

Let sr(t) = Pr(e
it). Then sr is a continuous even function on [−π, π] which

is strictly decreasing on [0, π]. Let γr(u) = m(Pr > u). Then γr(u) = 1 for

0 ≤ u ≤ sr(π), γr(u)/2 is the function inverse to sr for sr(π) ≤ u ≤ sr(0),

and γr(u) = 0 for u > sr(0).

Suppose that eit ∈ T, that 0 < δ ≤ π and that 0 < r < 1. Let J =

(t− δ, t+ δ). Then∫
J
Pr(e

i(t−u)) dμ(u) =

∫
J

(∫ sr(t−u)

0
dv

)
dμ(u)

=

∫ sr(0)

0
μ(J ∩ (sr(t− u) > v))) dv

≤ mδ(μ)(e
it)

∫ sr(0)

0
m(J ∩ (|t− u| < γr(v)/2)) dv

≤ mδ(μ)(e
it)

∫ sr(0)

0
2m(Pr > u) du = 2mδ(μ)(e

it).

Suppose first that f ∈ L1(μ). Then, taking δ = π,

1

2π

∫ π

−π
Pr(f)(e

i(t−s)) ds ≤ 3mu(f)(e
it).

Since the continuous functions are dense in L1(T), the result therefore

follows from Theorem 33.2.1.

Next suppose that ν and m are mutually singular. By Theorem 33.3.7, ν

has spherical derivative 0 almost everywhere. Suppose that ν has spherical

derivative 0 at eit. Suppose that ε > 0. There exists 0 < δ < π such that

mδ(ν) < ε, and there exists r0 such that Pr(e
iδ) < ε for r0 < r < 1. If

r0 < r < 1 then

Pr(ν)(e
it) =

∫
(|t−s|<δ)

P (rei(t−s)) dν(s) +

∫
(|t−s|≥δ)

P (rei(t−s)) dν(s)

≤ 3ε+ ε ‖ν‖ ,

which establishes the result. �
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